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Abstract. For any non-trivial ideal I ⊆ ℘(N), and any non-empty closed subset
Ak ⊆ X, where (X, ρ) is a metric space. Let f be a modulus function, The ob-
jective of this paper is to introduce and study the new notation by using a mod-
ulus function, I(WL), I(fW ), I[WN ]Lθ , I(WfL), I(Wθ f), I(WSL) and I(WSL

θ ).
Which are natural combinations of the definitions for asymptotically lacunary equiva-
lent (Wijsman sense). In addition, some relations among these new notions are also
obtained.

1. Introduction and preliminaries

The idea of convergence of a real sequence had been extended to statistical
convergence by Fast [7] (see, also [26]). as follows: if K is a subset of natural
numbers N, Kn will denote the set {κ ∈ K : κ 6 n} and |Kn| will denote the
cardinality of Kn. Natural density of K [9] is given by

δ(K) := lim
n

1

n
|Kn|

, if δ̄(K) = δ(K) then we say that the natural density of K exists and it is de-
noted simply by δ(K). A sequence (xn) of real numbers is said to be statistically
convergent to L if for arbitrary ε > 0, the set K(ε) = n ∈ N : |xn − L| ≥ ε has
natural density zero. The concept of statistical convergence plays an important
role in the summability theory and functional analysis. The relationship be-
tween the summability theory and statistical convergence has been introduced
by Schoenberg [26]. In [3], Borwein introduced and studied strongly summable
functions. The concept of Wijsman statistical convergence is implementation of
the concept of statistical convergence to sequences of sets presented by Nuray
and Rhoades in 2012. Similar to this concept, the concept of Wijsman lacunary
statistical convergence was presented by Ulusu and Nuray in 2012. Kostyrko
et al. [11] generalized statistical convergence with the help of an admissible
ideal I of subsets of N, the set of positive integers and called it I-convergence.
Quite recently, Savaş et al. [25] unified the notions of statistical convergence
and I-convergence to introduce new concepts of I-statistical convergence.
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In order to compare the rate of growth of two sequences, Marouf [16] defined
asymptotically equivalent sequences of real numbers and studied its relations
with certain matrix-transformed sequences. In 2003, Patterson extended these
concepts by presenting an asymptotically statistical equivalent analog of these
definitions and natural regularity conditions for nonnegative summability matri-
ces. In 2006, many authors have shown their interest to solve different problems
arising in this area. In this work, we define asymptotically equivalent sequences
using lacunary sequences, ideals, Wijsman sense and a modulus function and
obtain some revelent connections between these notions.

2. Preliminaries

Definition 2.1 ([16]). Two nonnegative sequences x = (xn) and y = (yn) are
said to be asymptotically equivalent to multiple l provided that

lim
κ→∞

xn
yn

= L,

(denoted by x ∼ y) and simply asymptotically equivalent if L=1.

Definition 2.2 ([21]). Two nonnegative sequences x = (xk) and y = (yk) are
said to be asymptotically statistical equivalent of multiple L provided that for
every ε > 0.

lim
n→∞

1

n

∣∣∣∣{κ ≤ n :

∣∣∣∣xnyn − L

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0.

(denoted by x ∼SL y)

By a lacunary sequence, we mean an increasing sequence θ = (kr) of positive
integers such that K0 = 0 and hr = kr − kr−1 → ∞ as r → ∞. Let, Ir =
(kr−1, kr] and qr = kr

kr−1
. Using lacunary sequences, Fridy et al. [8] defined

Sθ-convergence, a generalized statistical convergence as follows.

Definition 2.3 ([22]). Let θ = kr be a lacunary sequence, the two nonnegative
sequences x = (xk) and y = (yk) are said to be asymptotically lacunary statistical
equivalent of multiple L provided that for every ε > 0.

lim
r

1

hr

∣∣∣∣{κ ∈ Ir :

∣∣∣∣xnyn − L

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0.

(denoted by x ∼SL
θ y) and simply asymptotically lacunary statistically equivalent

if L=1.

Definition 2.4 ([22]). Let θ = kr be a lacunary sequence, the two nonnegative
sequences x = (xk) and y = (yk) are strongly asymptotically lacunary equivalent
of multiple L provided that.

lim
r

1

hr

∑
κ∈Ir

∣∣∣∣xnyn − L

∣∣∣∣ = 0.
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(denoted by x ∼NL
θ y) and strongly simply asymptotically lacunary equivalent if

L = 1.

Let (X,σ) be a metric space. For any point x ∈ X and any nonempty subset
A of X, we define the distance from x to A by

d(x,A) = inf
a∈A

σ(x,A).

Definition 2.5 ([1]). Let (X,σ) be a metric space. For any nonempty closed
subset A, Ak ⊆ X, we say that the sequence {Ak} is Wijsman convergent to A
if

lim
k→∞

d(x,Ak) = d(x,A),

for each x ∈ X In this case we write W − limAk = A.

Definition 2.6 ([18]). Let (X,σ) a metric space. For any nonempty closed
subset A, Ak ⊆ X, we say that the sequence {Ak} is Wijsman statistically
convergent to A if {d(x,Ak)} is statistically convergent to d(x,A); that is, for
ε > 0 and for each x ∈ X,

lim
n→∞

1

n
|{κ ≤ n : |d(x,Ak)− d(x,A)| ≥ ε}| = 0.

In this case we write st− limW Ak = A or Ak → A(Ws).

Also the concept of bounded sequence for sequences of sets was given by
Nuray and Rhoades.

Definition 2.7 ([18]). Let (X,σ) a metric space. For any nonempty closed
subset, Ak ⊆ X, we say that the sequence {Ak} is bounded if

sup
k

d(x,Ak) < ∞,

for each x ∈ X. In this case we write {Ak} ∈ L∞.

Definition 2.8 ([27]). Let (X,σ) a metric space and let θ = {Kr} be a lacunary
sequence. For any nonempty closed subset A, Ak ⊆ X, we say that the sequence
{Ak} is Wijsman statistically convergent to A if {d(x,Ak)} is statistically con-
vergent to d(x,A); that is, for ε > 0 and for each x ∈ X,

lim
hr→∞

1

hr
|{κ ∈ Ir : |d(x,Ak)− d(x,A)| ≥ ε}| = 0.

In this case we write Sθ − limW = A or Ak → A(WSθ).

Definition 2.9 ([10, 28]). family I ∈ ℘(X) is said to be an ideal in X if

1. ∅ ∈ I;
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2. A ∈ I and B ⊂ A implies B ∈ I;

3. A ∈ I and B ∈ I implies A ∪B ∈ I.

Definition 2.10. A non-empty family F ∈ ℘(X) is said to be a filter in X if

1. ∅ /∈ F ;

2. A ∈ F and A ⊂ B implies B ∈ F ;

3. A ∈ F and B ∈ F implies A ∩B ∈ F .

An ideal I is said to be non-trivial if I ̸= ∅ and X /∈ I. A non-trivial ideal
I is called admissible if it contains all the singleton sets. Moreover, if I is a
non-trivial ideal on X, then F = F(I) = {X − A : A ∈ I} is a filter on X and
conversely. The filter F(I) is called the filter associated with the ideal I.

Using ideals, Kostyrko et al. [11] defined I-convergence, a stronger conver-
gence in a metric space, whereas Dass et al. [6] unified this idea with statistical
convergence for real sequences.

Definition 2.11 ([11]). Let I ∈ ℘(x) be a non-trivial ideal in N and (X,σ) be
a metric space. A sequence x ∈ (xk) in X is said to be I-convergence to ξ if for
each ϵ > 0, the set

A(ϵ) =

{
K ∈ N : ρ(xk, ξ) ≥ ϵ

}
∈ I.

Definition 2.12 ([25]). Let I ∈ ℘(x) be a non-trivial ideal in N and (X,σ) be a
metric space. A sequence x ∈ (xk) in X is said to be I-statistically convergence
to ξ provided that for each ϵ > 0 and every δ > 0,{

n ∈ N :
1

n
|{κ ≤ n : |xk − ξ| ≥ ϵ}| ≥ δ

}
∈ I.

In this case we write I-S − limk→∞ xk = ξ or xk → ξ(I − S)

Definition 2.13 ([13]). Let I ∈ ℘(x) be a non-trivial ideal in N the two non-
negative sequences x = (xk) and y = (yk) are said to be asymptotically I-[C, 1]-
equivalent of multiple L provided that for each δ > 0,{

n ∈ N :
1

n

n∑
κ=1

∣∣∣∣(xnyn )− L

∣∣∣∣ ≥ δ

}
∈ I

(denoted by x ∼[C,1]LI y) and simply asymptotically I-[C, 1]-equivalent if L = 1.

Definition 2.14 ([12]). Let I ∈ ℘(x) be a non-trivial ideal in N and let θ =
{Kr} be a lacunary sequence. The non-negative sequences x = (xk) and y =
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(yk) are said to be asymptotically lacunary statistical equivalent multiple L with
respect to the ideal I provided that for each ϵ > 0 and δ ≥ 0,{

r ∈ N :
1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xnyn − L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I

(denoted by x ∼I(Sθ) y) and simply asymptotically lacunary statistical equivalent
with respect to the ideal if L = 1.

Definition 2.15 ([13]). Let I ∈ ℘(x) be a non-trivial ideal in N. The non-
negative sequences x = (xk) and y = (yk) are said to be asymptotically I-
statistical equivalent multiple L provided that for each ϵ > 0 and δ ≥ 0,{

n ∈ N :
1

n

∣∣∣∣{k ≤ n :

∣∣∣∣(xnyn )− L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I

(denoted by x ∼S
L(I)

y) and simply asymptotically I-statistical equivalent if
L = 1.

Nakano [17] introduced the notion of a modulus function in 1953 as follows.
By a modulus function, we mean a function f from [0,∞) to [0,∞) such that

1. f(x) = 0 if and only if x = 0;

2. f(x+ y) ≤ f(x) + f(y) for all x ≥ 0, y ≥ 0;

3. f is increasing;

4. f is continuous from the right at 0;

It follows that f must be continuous on [0, 1). A modulus may be bounded
or unbounded. Many authors, including Connor [5], Kolk [14], Maddox [15], Ö
ztürk et al. [20], Pehlivan et al. [23, 24] and many others used a modulus f to
construct some sequence spaces. Recently, Bilgin [4] used modulus function to
define some notions of asymptotically equivalent sequences and studied some of
their connections.

Definition 2.16 ([19]). Let (X,σ) be a metric space and let θ = {Kr} be a
lacunary sequence. For any nonempty closed subset Ak, Bk ⊆ X, such that
d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak},
{Bk} are asymptotically equivalent (Wijsman sense) if for each x ∈ X,

lim
κ→∞

d(x,Ak)

d(x,Bk)
= L,

(denoted by Ak ∼ Bk).
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Definition 2.17 ([19]). Let (X,σ) be a metric space. For any nonempty closed
subset Ak, Bk ⊆ X, such that d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X.
We say that the sequence {Ak}, {Bk} are asymptotically statistically equivalent
(Wijsman sense) of multiple L if for each x ∈ X,

lim
n

1

n

∣∣∣∣{κ ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0

(denoted by {Ak} ∼WSL {Bk}) and simply asymptotically statistical equivalent
(Wijsman sense) if L = 1.

Definition 2.18 ([19]). Let (X,σ) be a metric space and let θ = {Kr} be a
lacunary sequence. For any nonempty closed subset Ak, Bk ⊆ X, such that
d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak},
{Bk} are asymptotically lacunary equivalent (Wijsman sense) of multiple L if
for each x ∈ X,

lim
r

1

hr

∑
κ∈Ir

∣∣∣∣d(x,Ak)

d(x,Ak)

∣∣∣∣ = L

(denoted by {Ak} ∼WNL
θ {Bk}) and simply asymptotically lacunary equivalent

(Wijsman sense) if L = 1.

Definition 2.19 ([19]). Let (X,σ) a metric space and let θ = {Kr} be a
lacunary sequence. For any nonempty closed subset Ak, Bk ⊆ X, such that
d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak},
{Bk} are strongly asymptotically lacunary equivalent (Wijsman sense) of mul-
tiple L if for each x ∈ X,

lim
r

1

hr

∑
κ∈Ir

∣∣∣∣d(x,Ak)

d(x,Ak)
− L

∣∣∣∣ = 0

(denoted by {Ak} ∼[WN ]Lθ {Bk}) and simply strongly asymptotically lacunary
equivalent (Wijsman sense) if L = 1.

Definition 2.20 ([19]). Let (X,σ) a metric space and let θ = {Kr} be a
lacunary sequence. For any nonempty closed subset Ak, Bk ⊆ X, such that
d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak},
{Bk} are asymptotically lacunarily statistical equivalent (Wijsman sense) of
multiple L if for each x ∈ X,

lim
r

1

hr

∣∣∣∣{κ ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Ak)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0

(denoted by {Ak} ∼WSL
θ {Bk}) and simply asymptotically lacunarily statistical

equivalent (Wijsman sense) if L = 1.
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3. Results and discussion

We now consider our main results. We begin with the following definitions.

Definition 3.1. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric
space. For any nonempty closed subset Ak, Bk ⊆ X, such that d(x,Ak) > 0 and
d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak}, {Bk} are strongly
asymptotically equivalent (Wijsman sense) of multiple L with respect to the
ideal I provided that for each δ ≥ 0,{

n ∈ N :
1

n

n∑
k=1

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ δ

}
∈ I

(denoted by {Ak} ∼I(WL) {Bk}) and simply strongly asymptotically equivalent
with respect to the ideal (Wijsman sense), if L = 1.

Definition 3.2. Let I ∈ ℘(x) be a non-trivial ideal in N and (X,σ) a metric
space. The nonnegative sequences x = (xk) and y = (yk) are said to be asymp-
totically statistical equivalent (Wijsman sense) multiple L with respect to the
ideal I provided that for each ϵ > 0 and δ ≥ 0,{

n ∈ N :
1

n

∣∣∣∣{k ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I

(denoted by {Ak} ∼I(WSL) {Bk}) and simply asymptotically statistical equivalent
(Wijsman sense)with respect to the ideal I, if L = 1.

Definition 3.3. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric
space and θ = {Kr} be a lacunary sequence. The nonnegative sequences x =
(xk) and y = (yk) are said to be asymptotically lacunary statistical equivalent
(Wijsman sense) multiple L with respect to the ideal I provided that for each
ϵ > 0 and δ ≥ 0,{

r ∈ N :
1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ δ

}
∈ I

(denoted by {Ak} ∼I(WSL
θ ) {Bk} and simply asymptotically lacunary statistical

equivalent (Wijsman sense)with respect to the ideal I, if L = 1.

Definition 3.4. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric space
and θ = {Kr} be a lacunary sequence. For any nonempty closed subset Ak,
Bk ⊆ X, such that d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the
sequence {Ak}, {Bk} are strongly asymptotically lacunary statistically equivalent
(Wijsman sense) of multiple L with respect to the ideal I provided that for each
δ ≥ 0, {

r ∈ N :
1

hr

∑
k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}
∈ I

(denoted by {Ak} ∼I[WN ]Lθ {Bk}) and simply strongly asymptotically lacunary
statistically equivalent (Wijsman sense) with respect to the ideal I, if L = 1.
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Definition 3.5. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric space
and f be a modulus function. For any nonempty closed subset Ak, Bk ⊆ X,
such that d(x,Ak) > 0 and d(x,Bk) > 0 each x ∈ X. We say that the sequence
{Ak}, {Bk} are f -asymptotically equivalent (Wijsman sense) of multiple L
with respect to the ideal I provided that for each ε ≥ 0,{

k ∈ N : f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ε

}
∈ I

(denoted by {Ak} ∼I(fW ) {Bk} and simply f -asymptotically equivalent (Wijs-
man sense) with respect to the ideal I, if L = 1.

Definition 3.6. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric space
and f be a modulus function and θ = {Kr} be a lacunary sequence. For any
nonempty closed subset Ak, Bk ⊆ X, such that d(x,Ak) > 0 and d(x,Bk) > 0
each x ∈ X. We say that the sequence {Ak}, {Bk} are strongly f -asymptotically
lacunary equivalent (Wijsman sense) of multiple L with respect to the ideal I
provided that for each ε ≥ 0,{

r ∈ N :
1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ε

}
∈ I

(denoted by {Ak} ∼I(Wθ f) {Bk} and simply strongly f -asymptotically lacunary
equivalent (Wijsman sense) with respect to the ideal I, if L = 1.

Definition 3.7. Let I ∈ ℘(x) be a non-trivial ideal in N, (X,σ) a metric
space. For any nonempty closed subset Ak, Bk ⊆ X, such that d(x,Ak) > 0 and
d(x,Bk) > 0 each x ∈ X. We say that the sequence {Ak}, {Bk} are strongly
f -asymptotically equivalent (Wijsman sense) of multiple L with respect to the
ideal I provided that for each δ ≥ 0,{

n ∈ N :
1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ϵ

}
∈ I

(denoted by {Ak} ∼I(WfL) {Bk}) and simply strongly f-asymptotically equiva-
lent with respect to the ideal (Wijsman sense), if L = 1.

Theorem 3.8 ([2, 24]). Let f be a modulus function and let 0 < δ < 1. Then

for y ̸= 0 and each
(
x
y

)
> δ, we have f

(
x
y

)
≤ 2f(1)

δ

(
x
y

)
.

Theorem 3.9. Let I ⊂ ℘(N) be a non-trivial ideal in N, (X, ρ) be a metric
space and f be a modulus function. Then,

1. If {Ak} ∼I(WL) {Bk} then {Ak} ∼I(WfL) {Bk} and

2. limt→∞
f(t)
t = α > 0 then {Ak} ∼I(WL) {Bk} ⇔ {Ak} ∼I(WfL) {Bk}.
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Proof. (1) Let {Ak} ∼I(WL) {Bk} and ϵ ≥ 0 be given. Choose 0 < δ < 1 such
that f(t) < ϵ for 0 ≤ t ≤ δ. We can write

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣) =
1

n

∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣)+
1

n

∑
k=2

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣),
where the first summation runs over

∣∣d(x,Ak)
d(x,Bk)

− L
∣∣ ≤ δ, and the complement of

first a summation is
∣∣d(x,Ak)
d(x,Bk)

− L
∣∣ > δ. Moreover, using the definition of the

modulus function f , we have

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) < ϵ+

(
2f(1)

δ

)
1

n

n∑
k=1

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣.
Thus, for any γ > 0{

n ∈ N :
1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ γ

}

⊆
{
n ∈ N :

1

n

n∑
k=1

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ (γ − ϵ)δ

2f(1)

}
.

Since {Ak} ∼I(WL) {Bk}, it follows the final set, and hence, the first set in above

expression belongs to I. This prove that {Ak} ∼I(WfL) {Bk}.
(2) If limk→∞

f(k)
k = β > 0, then we have f(k) ≥ kβ for all k > 0. Know

suppose that {Ak} ∼I(WfL) {Bk}. Since

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣) ≥ 1

n

n∑
k=1

β

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣) = β

(
1

n

n∑
k=1

∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣)
it follows that for each ϵ > 0, we have{
n ∈ N :

1

n

n∑
k=1

∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣ ≥ ϵ

}
⊆

{
n ∈ N :

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
−L

∣∣∣∣) ≥ βϵ

}
.

Since {Ak} ∼I(WfL) {Bk} ϵ > 0 it follows that the later set belongs to I, from
(1) and (2), the theorem is proved.

Theorem 3.10. Let I ⊂ ℘(N) be a non-trivial ideal in N, (X, ρ) be a metric
space and f be a modulus function. Then,

1. If {Ak} ∼I(WfL) {Bk} then {Ak} ∼I(WSL) {Bk} and

2. If f is bounded, then {Ak} ∼I(WfL) {Bk} ⇔ {Ak} ∼I(WSL) {Bk}.
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Proof. (1) Suppose {Ak} ∼I(WfL) {Bk}, and let ϵ ≥ 0 be given, then we can
write

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ 1

n

∑
k=1∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣
f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

≥ f(ε)

n

∣∣∣∣{k ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣.
Consequently, for γ > 0, we have{

n ∈ N :

∣∣∣∣{k ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣ ≥ γ

f(ϵ)

}
⊆

{
n ∈ N :

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ γ

}
.

Since {Ak} ∼I(WfL) {Bk}, it follows by Definition 3.7 that the{
n ∈ N :

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ γ

}
∈ I,

and therefore {Ak} ∼I(WSL) {Bk}.
(2) Suppose f is bounded and {Ak} ∼I(WSL) {Bk}. Since f is bounded,

there exists a real number M such that sup f(t) ≤ M . Moreover, for ϵ > 0, we
can write

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) =
1

n

[ n∑
k=1∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣≥ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

+
n∑

k=1∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣<ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)]

≤ M

n

∣∣∣∣{k ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

2

}∣∣∣∣+ f(
ϵ

2
).

Thus if we denote the sets

B(ϵ) =

{
n ∈ N :

1

n

n∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)}
and

A(ϵ) =

{
n ∈ N :

1

n

∣∣∣∣{k ≤ n :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

2

}∣∣∣∣ ≥ f(ϵ)

2M

}
,

then we have the inclusion B(ϵ) ⊂ A(ϵ). Since {Ak} ∼I(WSL) {Bk} it follows
that A(ϵ) ∈ I, and therefore B(ϵ) ∈ I, by applying the operators ϵ → 0 This

shows that {Ak} ∼I(WfL) {Bk}.
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Theorem 3.11. Let I ⊂ ℘(N) be a non-trivial ideal in N, (X, ρ) be a met-
ric space, f be a modulus function and θ = {Kr} be a lacunary sequence. If

lim infr qr > 1, then {Ak} ∼I(WfL) {Bk} ⇒ {Ak} ∼I(Wθ f) {Bk}.

Proof. Suppose lim infr qr > 1, then there exist δ > 0 such that qr = kr
kr−1

≥
1 + δ. This implies that hr

kr
≥ δ

1+δ . Let {Ak} ∼I(WfL) {Bk}. For a sufficiently
large r, we obtain the following:

1

kr

kr∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ 1

kr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)
=

(
hr
kr

)
1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)
≥

(
δ

1 + δ

)
1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣).
Which gives for ϵ > 0{

r ∈ N :
1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ϵ

}

⊆
{
r ∈ N :

1

kr

kr∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ϵδ

1 + δ

}
.

Since {Ak} ∼I(WfL) {Bk}, its followes that the set{
r ∈ N :

1

kr

kr∑
k=1

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ϵδ

1 + δ

}
∈ I,

and hence the set{
r ∈ N :

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ϵ

}
∈ I.

This shows that {Ak} ∼I(Wθ f) {Bk}.

Theorem 3.12. Let I ⊂ ℘(N) be a non-trivial ideal in N, (X, ρ) be a metric
space and f be a modulus function. Then,

1. If {Ak} ∼I[WN ]Lθ {Bk} then {Ak} ∼I(Wθ f) {Bk} and

2. limt→∞
f(t)
t = α > 0 then {Ak} ∼I[WN ]Lθ {Bk} ⇔ {Ak} ∼I(Wθ f) {Bk}).

Proof. The proof is similar to the proof of Theorem 3.9

Theorem 3.13. Let I ⊂ ℘(N) be a non-trivial ideal in N, θ = {Kr} be a
lacunary sequence, (X, ρ) be a metric space and f be a modulus function. Then,
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1. If {Ak} ∼I(Wθ f) {Bk} then {Ak} ∼I(WSL
θ ) {Bk} and

2. If f is bounded, then {Ak} ∼I(Wθ f) {Bk} ⇔ {Ak} ∼I(WSL
θ ) {Bk}.

Proof. (1) Suppose {Ak} ∼I(Wθ f){Bk}, and let ϵ ≥ 0 be given, then

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ 1

n

∑
k=1∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣≥ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

≥ f(ε)

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣.
For η > 0, if we denote sets{

r ∈ N :
1

hr

∣∣∣∣{k ∈ Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ η

}
⊆

{
r ∈ N :

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ηf(ϵ)

}
.

Since {Ak} ∼I[WN ]Lθ {Bk}, so{
r ∈ N :

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) ≥ ηf(ϵ)

}
∈ I.

By the definition of ideal{
r ∈ N :

1

hr

∣∣∣∣{k ∈ Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ ≥ η

}
∈ I

and therefore {Ak} ∼I(WSL
θ ) {Bk}. (2) Suppose f is bounded and {Ak} ∼I(WSL

θ )

{Bk}. Since f is bounded, there exists a real number M > 0 such that |f(t)| ≤
M for all t ≥ 0, by using this fact

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣) =
1

hr

[ ∑
k∈Ir∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣≥ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

+
∑
k∈Ir∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣<ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)]

≤ M

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

2

}∣∣∣∣+ f(
ϵ

2
).

Thus if we denote the sets

B(ϵ) =

{
r ∈ N :

1

hr

∑
k∈Ir

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)}
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and

A(ϵ) =

{
r ∈ N :

1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

2

}∣∣∣∣ ≥ f(ϵ)

2M

}
,

then we have the inclusion B(ϵ) ⊂ A(ϵ). Since {Ak} ∼I(WSL
θ ) {Bk} it follows

that A(ϵ) ∈ I, and therefore B(ϵ) ∈ I, by applying the operators ϵ → 0 This

shows that {Ak} ∼I(Wθ f) {Bk}.

Theorem 3.14. Let I ⊂ ℘(N) be a non-trivial ideal in N, (X, ρ) be a metric
space, θ = {Kr} be a lacunary sequence and let Ak, Bk ⊆ X be a non-empty
closed subset of X.

1. If {Ak} ∼I[WN ]Lθ {Bk} then {Ak} ∼I(WSL
θ ) {Bk} and {Ak} ∼I[WN ]Lθ {Bk}

is proper.

2. If {Ak}, {Bk} ∈ L∞ such that {Ak} ∼I(WSL
θ ) {Bk}, then {Ak} ∼I[WN ]Lθ

{Bk}.

3. {Ak} ∼I(WSL
θ ) {Bk} ∩ ℓ∞ = {Ak} ∼I[WN ]Lθ {Bk} ∩ ℓ∞.

Here ℓ∞ denotes the class of bounded sequences.

Proof. (1) Suppose Ak, Bk ⊆ X be a non-empty closed subset of X such that

{Ak} ∼I[WN ]Lθ {Bk} . We show that {Ak} ∼I(WSL
θ ) {Bk}. Let ϵ > 0. Since∑

k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ∑
k=1∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣≥ϵ

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣
≥ ε.

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣,
given δ > 0

1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣ implies that
1

hr

∑
k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵδ.

{
n ∈ N :

1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣ ≥ δ

}
⊆
{
n ∈ N :

1

hr

∑
k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵδ

}
.

Since {Ak} ∼I[WN ]Lθ {Bk}, it follows by the definition that the set in the right
side belong to I which immediately implies{

n ∈ N :
1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣ ≥ δ

}
∈ I.
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This shows that {Ak} ∼I(WSL
θ ) {Bk}.

We next give an example to show that the inclusion {Ak} ∼I[WN ]Lθ {Bk} ⊂
{Ak} ∼I(WSL

θ ) {Bk} is proper. Consider the sequences Ak, Bk defined by

Ak =

{
{k}, , if kr−1 < k < kr−1 +

[√
hr
]
r = 1, 2, ...

{0}, otherwise

{Bk} = 0 for all k. Then clearly {Ak} /∈ ℓ∞. We have for every ϵ > 0 and for
each x ∈ X,

1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

}∣∣∣∣ =
[√

hr
]

hr
→ 0 as r → ∞.

That is {Ak} ∼I(WS1
θ ) {Bk}. On the other hand,

1

hr

∑
k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ 9 0 as r → ∞.

Hence {Ak} �I[WN ]Lθ {Bk}.

(2) Suppose Ak, Bk ∈ ℓ∞ such that {Ak} ∼I(WSL
θ ) {Bk}. Then we can find

a number M such that ∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≤ M,

for all k ∈ N. Given ϵ > 0, We have

1

hr

∑
k∈Ir

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ = 1

hr

∑
k∈Ir∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣≥ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

+
1

hr

∑
k∈Ir∣∣ d(x,Ak)

d(x,Bk)
−L

∣∣<ϵ

f

(∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣)

≤ M

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d(x,Ak)

d(x,Bk)
− L

∣∣∣∣ ≥ ϵ

2

}∣∣∣∣+ ϵ

2
.

This shows that {Ak} �I[WN ]Lθ {Bk}.
(3) This immediately follows from (1) and (2).

4. Conclusions

We observe that if the modulus function f satisfies limt→∞
f(t)
t = α > 0, then

the notions I(WL) and I[WN ]Lθ respectively coincide with the notions I(WfL)
and I(Wθ f). However, if f is bounded, the notions I(WfL) and I(Wθ f) coincides
respectively with the notions I(WSL) and I(WSL

θ ).
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[25] E. Savaş, P. Das, A generalized statistical convergence via ideals,
Appl.Math. Lett., 24 (2011), 826-830.

[26] I. J. Schoenberg, The integrability of certain functions and related summa-
bility methods, Amer. Math. Monthly, 66 (1959), 361-375.

[27] U. Ulusu and F. Nuray, Lacunary statistical convergence of sequence of sets,
Progress in Applied Mathematics., 4 (2012), 99-109.

[28] R. Vaidyanathaswamy, Set topology, Chelsea Publishing Company, 1960.

Accepted: 18.04.2018


