ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 42-2019 (467-475) 467

A new criterion of optimization of the cross multipole
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Abstract. The question of non-uniqueness in the integral formulation of an exterior
boundary value problem in the elastic two-dimensional case has been resolved using
the modified’ Green’s function technique. In this work, a new criterion of optimality
based on the minimization of the norm of the surface stress operator (modified traction
operator) is established.
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1. Introduction

The question of non-uniqueness in the integral formulation of an exterior bound-
ary value problem in the elastic two-dimensional case has been resolved using
the modified” Green’s function technique, where the simple and cross multi-
pole coefficients must satisfy some suitable and mild conditions (2.5) [3]. Some
criteria to determine an optimal choice for these multipole coefficients are de-
veloped recently; the first criterion is based on the minimization of the norm
of the modified integral operator [2, 8], and motivated by enlarging the radius
of convergence of the numerical method used (successive approximations). The
second criterion is based on the minimization of the norm of the modified Green’s
function [9], and motivated by the minimization of the norm of the difference
between the modified and exact Green’s function. In [1], Argyropoulos et al.
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have presented another criterion based on the minimization of the condition
number of the boundary integral equations describing the problem. In [6], we
have developed a new criterion based on the minimization of the norm of the
surface stress operator, or the norm of the modified traction operator using sim-
ple multipole coefficients, motivated this time by the minimization of the norm
of the difference between the modified and exact kernel of the integral operator.
In this work we generalize the same criterion but for the case of cross multipole
coefficients.

2. Formulation of the problem

An exterior Neumann boundary value problem in two-dimensional elastic case
can be described through a boundary integral equation of the form [3]:

(2.1) (574K ) () 0) = 7 9). p e oD,

where f is a Holder continuous density, and the integral operator Ky is defined
as :

(2.2 (Ko2) (1) = 5 [ T:Go (v @) () dsys p€ 0D,
oD

Gy is the Green’s function (fundamental solution), and T is the surface stress
operator.

Using the modified Green’s function technique, by introduce a regular solu-
tion [3], the modified Green’s function is written as:

Gl (p7 Q)
i 2 o Fgl P>®Fﬂ< )+ agl Fgl(P)® FZH(Q)
(2’3) = 4MK2mZ: Uzz:l lz_l 1 a—l—lb Fal (P) ® F}i"”)(?)—l) (Q)
where
(2.4) Fol(P) = grad (H,), (kry) EZ, (6,)),
EJ? (P) = rot (Hy, (Krp) EJ, (6,) és),

F;,Tf are obtained by changing the function of Hankel H} of the vector Hankel
functions into the function of Bessel J!, [3], and

ES, (0) = Vem cos(mbp), o =1y —JLm=0
mAp " sin (mbp), o =2 ’ " 2, m >0,

ol

ay, and by, are the simple and cross multipole coefficients, which must satisfy

the following conditions:
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2. b | ag, b a7 + 5 ) =
(2.5) <am + 2) + ( + 2> 0,
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and
2

1
+ |bm]* == <0, Ym=0:00 and Vo, [ =1:2.

1
ol -
am+2 1

3. Main results

3.1 General case

We now consider the question of how to choose the simple and cross multipole
coefficients ag! and by, in the modification (2.3) so to minimize TGl 1, o)
The question is answered by the following theorem.

Theorem 1. There are uniquely defined simple and cross multipole coefficients

a?l and by, which minimize the quantity:
(3.1) / ||TpG1||i2(8D) dsp, YA > maxry, q € 0D.
rp=A
These simple and cross multipole coefficients are given by the relations:
polyro Rol o 3—0)(3=1) nro 3—0)(3=1) nror
52) o BIIMZl, + BglMgt, _ AB=) )le,1 NGl )le,2
" Alop ’
and
(3.3) (=1)7+ b, = B%N%ZJ + 5%]\%{2 - A%Mg@l,l - Q%Mg@l,z
A%oD ’

with
(3.4) Mol =A% [BW?L»fo)(?rl)ggfa)(sfl) _ Aggfo)(?)fl)h%] 7
(3.5) Mo, =A% . [@(3—0)(3—097(3—(7)(3—1) EPNCERICRD h%} ,
(86) N = Ag [BEE RGO gl gel]
(87)  Noly= A7 ap [BEEDREmION _ qima@hgel]
38)  gn=—(AITEG D v agiT B TEY),
(39) k== (BATEGED 4 aflT Byl TEEED),

2
(3.10) oY= HTF,gf = (rEg, TF’%U)(H»A’

2
(3.11) At = HTF%Z , B = — <TF7‘7’IZ, TFT(S)—J)(S—I)> ,

oD oD
(3.12) roa = (0 Al 2AG-2 _ gelpel el Bl

m ~m

(813) A% = (aflA7lali AR — grlBIIBBT)
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where (., .)op and (., .), are the inner product on the boundary 0D and on a
circle of radius A respectively.

Proof. Step 1:

We have
(3.14) / IToGlI%, o) dsp = / / T,G1 (P, q) : T,G1 (g, P)ds,ds,
'r'p:A T'p:AaD
' 1B 13 + a5 (B, Fela '
oo 2 ~ (=1 (EG, F " )op
=33 gl (Fg, Fob)op +aglag) A7)
0o (=)0l By — ()b (F 7, Fitop
i —(=1)°a5 b BT + bbm A ]
B <F01 F(S U)2> D+C_L( ) <F01 F(3 ‘7) >8D 7
_(_ ) b <F01 Fol>a +aal<F01 F(3 a)2 >8D
+ B3} +a"1a( )2 B‘71 (=1)%agh,, A%l
_(_1>o-bm<F(3 0')2 F(3 O' ) ( l)gag—U)QbmAgg—U)Q
L +bmbm i
[ < A'rT?_O-)Qa F%1>8D +a/'$7§4_a) <F(3_U)27 F%1>6D
| Db Bt ap + a7 ag By
" (1)ral b AT — (<17 (ESL, ESNap
i —(—1)7ag bm AZ} + by by Bg}

||pr(r§*0)2”gD+a$fa)2<ﬁ(3fa)2 FE=02y,
3-0)2 —(=1)b (B2 Bl o 4 a5 72300 A(3—U)2
m —(_1)‘7a£2_”)25m3%1 — (=1)%by, <Fo'1 F(S 0)2 Vo
—(—1)7a%"72b,, BG! + bynbyn AZ)

A necessary condition for the existence of a minimum of (3.14) is the van-
ishing of the gradient with respect to the simple and cross multipole coefficients
a’l, a,&i“’ﬂ and b,,. So, we obtain the following relations:

(315) 0’1A0’1 ol ﬁalBol "?; 0)2 (_1)0(0[%13%1 _|_A;tnlBg]1) ol

m mm m_gm7

IBUlBal ol —|—Oé(3 O')ZA(S—O')Z (3—0)2

(3.16) —(=1)° ( (3— 02301+A3 U2ﬂal)m_g(3 a‘)’
( 1)0(30106014-1401,3%1)0,211
( 1)0 3 0)2/801 B%lagfa)Q)agfa)Q

1T+ (ARG + B0 + BT + Al

= —(~1)7 (g} + B,
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Exploiting the Schwartz inequality and linear independence of the multipole

vectors {F"l}al L2 and {TF,?LZ}U’I_:I.:2 we can show that the determinant of
. m=0:00
the system (3.15 — 3. 17) is greater than zero:

AT Aal ( 0)2 alA(?’—U)z
m (BO’l/BO’l+/BO’lB )
(3.18) + (A;IAQ—")? - ‘B;‘,f ) (am a3=0)2 _ | gal )

A fact that ensures this system has a unique solution. Its solution is given
by the relations (3.2) and (3.3).

Step 2:

In order to prove that these simple and cross multipole coefficients really
minimize the quantity given by (3.1), we have to show that the sufficient condi-

tions for a minimum are also satisfied. So, we assume that the integrand in (3.1)

is a function of the variables 27}, yol ., xSﬁ 0)2, yﬁs—a)z and y,, , where:

(319)  aft =20t +iygt, 0392 = pB-2 4 iy B=2 and b, = xpy + iy,

Then we see that the optimal choice of the simple and cross multipole coeffi-
cients defined in (3.2) and (3.3), and which ensure that first derivatives vanish,
also make the determinants of the second derivatives greater than zero:

(3.20) |Hessien / IToGLI17 o) dsp | | =
rp=A
(1604;’,},4;1@(3*”)%(3*0)2) Ag, + 16 (Re* (850 BY) + Im* (550 B3Y)) |
(3.21) |Hy| = |Hu| = (16a(3 %) ff)?) A7 >0,
(3.22) |Hoo| = |Hss| = <8a (8-0)2 4(3-0)2 )A;fn >0,

(16ag, AZ}) AT > 0.

(3.23) |Hss| = |Hes|
So the required sufficient conditions can be satisfied. O

3.2 Circular case

As shown in [4, 5], the lack of orthogonality between the multipole vectors
{F,‘,’ll }0,121:2 nd {TF ol }OI 1 > does not permit a tractable analytical approach

m=0:00
to show that the choice of the simple and cross multipole coefficients given in
(3.2) and (3.3) satisfy the conditions (2.5), so ensuring the unique solvability
of the modified integral equation given by (2.1). so we treat the problem by

considering only the special circular case as an indication of the general case.
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Lemma 1. If the boundary 0D is a circle of radius , then the simple and cross
multipole coefficients of theorem 3.1.1 are given by the relations:

(3.24) R W |
(3.25) al2 = g2 _ _% :ain@%A—;nﬁm@m |
_ 1| 6B — atBm 1 [Bmd2, — o2 om
20 bm_zl A ] 2[ AL ]
where
12 (2, (ko) — AHp (k) ’2
(3.27) a}n = 2ma ,
L |2 <ng1 (ka) — Hm(’“‘)>
a a
(3.28)
B (27, (ka) = A (ka) ) (20, (ka) = Ay, (Ka) )
al =2ra ) B
n <2um> (k:FIm (ka) — Hm(lm)) (kj;n (ka) — Jm(lm))
a a a
" 2
(qu <2ﬂHm (Ka) + Hp, (Ka)) ‘
(3.29) a?, = 2ra 7
4 |2Em <KH,’n (ka) — HMK@))‘
a a
(3.30)
(uk?)? <2J;;L (Ka) + Jm (Ka)) (2/,LFI;; (ka) + H,y, (ka))
a2 = 2ma ) )
+ <2Mm> (KJ,;@ (Ka) — J’"(Ka)> <K i (ka) — Hm(K‘I))
a a a
(3.31) )
K2 (21, (ka) = AHy, (ka) ) (KH;n (Ka) — W)
B = 2mpum ’

H,, (ka)

a

uK? (kH;n (ka) — > (2Hm (Ka) + Hy, (Ka))



A NEW CRITERION OF OPTIMIZATION OF THE CROSS MULTIPOLE ... 473

(3.32) i
k2 (2MJ,C,; (ka) — A (ka)) <KH,’n (Ka) — fhniKa))
B = dmpm :
FuK? <kJ;n (ka) — ‘]mik“)) (QH;; (Ka) + Hpy, (Ka))
(3.33)
;2 (2MH,;; (ka) — A, (ka)> <KJ;n( )
Pm = dmpm _
FuK? <kJ;n (ka) — Hmf”) (2J (Ka) + Jp )
(3.34)
k2 K? (2#H,’,’L (ka) — \Hn, (/m)> (2H,i; (Ka) + Hyp, (Ka))
m = (2mp)?

a

- <2“m>2 (kH;n (ka) — Hmcfka)> (KH,’n (Ka) - HmiK“))

Proof. Using the well-known relations which hold for the inner product of the
multipole vectors {F"l}al 12 and {TF"Z}UI 12
can obtain, after easy calculatlons (3, 7, 10]:

on the circle of radius a we

(3.35) gt = =Bt (TEG=60, TRg!) —

a

—(TFG=C, TR (TEG=E, TE)

ag! (T, T

a

a

- HTF,;’j Z <TF,;7, Tng>a.
So
(3.36) 95 == (= (=17 Bum) (= (=1)7 $m) — Ak,
(337) 97 = = (= (1) ) (= (<17 Bn) — aduih
and

h;fnl — 75'2'7‘1 <Tﬁv7g?—0')(3—l) , TFS—O’)(?)—Z))(Z o a,(rTnl <Tﬁgll’ TF,{S?—O’)(3—[)>a
(3.38) = —(TEG=2)6B-0 ppohy (7FB=0)B-) 7E=)B=0p)
— |TER|(TES!, TESG0),.

So
(3.39) Bt = = (= (=1)7 Bné,) — oy (= (=1)7 Bn)
(3.40) W32 = — (= (=1)7 Bmbiy,) — a2y (= (—=1)7 @) -
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From (3.38) to (3.40) we obtain (3.24) to (3.26).
Note here, that we have all = a2! and al? = 22, and we can show [10]
that the two ewpressions found for b, (3.26) which appear to be different, are

equal. O

Theorem 2. If the boundary 0D is a circle of radius , then the optimal choice
of the simple and cross multipole coefficients given by (3.24) to (3.26) yield the
exact Green’s function for the Neumann problem, i.e.:

(3.41) G (0 @) = Glluet (0, @) -

Proof. As it was proved in [10], the exact Green’s function for the exterior
Neumann problem for the circle of radius is given by the relation:

Gé\;act (pa q) = Gy (p7 Q) +

( A )
122 -
() 0
Z 22 Mo o,
i BmamA/ aWW)E? (p) ® F3! (q)
(842 TR | (e G
me0 | Fil(p) @ F! (q) +
é‘}nﬁm - Oé}nﬂm
N FpH(p) ® Fy? (q)
122 .
+ <amamA, Bmwm> 2 (p) ® F22 (q)
Bm&qzn _mam Dm
+< ~ om ) B2 (p) @ F)L (q)

then from (3.24) to (3.26) we conclude that when 0D is a circle of radius a, the
simple and cross multipole coefficients yield the exact Green’s function for the
Neumann problem. This result ensures the unique solvability of the modified
integral equation defined by (2.1). O
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