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Abstract. The aim of this paper is to prove that the envelope of hyperbolically
convex functions is hyperbolically convex function. Furthermore, we study the standard
functional operations of hyperbolically convex functions and introduce a class BH|a, b]
of functions representable as the difference of two hyperbolically convex functions.
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1. Introduction

One of the powerful properties of functions, which play a very important role in
many areas of mathematics both pure and applied, is convexity. An arbitrary
function f defined on an interval I is said to be convex if each point on the
chord between (u, f(u)) and (v, f(v)) is above the graph of f for any u,v € I.
In fact, there are families of real functions {F(z)} which are not topologically
equivalent to the family {L(x)} of all non vertical line segments terminating on
x =wu and x = v. So that, there are many activities concerning to generalize the
notion of a convex function to other classes of functions. But many properties
of convex functions are satisfied for these general functions. Generalized convex
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functions were first defined and systematically investigated by Beckenbach [2]
and studied furthermore by Beckenbach and Bing [3]. More generally, let {F'(x)}
be a family of real functions F'(x) defined in an interval I, such that for given
points p; : (u1,v1) and py : (ug,v2), ur,us € I with u; < ug, there is a unique
member of {F(x)} through p; and ps. Functions f(z) dominated by {F(x)}
are said to be convex relative to {F(z)}. In this work, we concern with one
of these generalizations in the sense of Beckenbach by replacing the family of
linear functions with a family of hyperbolic functions,

H(xz) = Acoshpz + Bsinhpz,

where A, B arbitrary constants and p is a fixed positive constant.

The class of hyperbolically convex functions is closed under addition but it is
not closed under subtraction and scalar multiplication . We may consider the
class of functions representable as the difference of two hyperbolically convex
functions. This larger class is closed under addition, substraction and scalar
multiplication, thus forming a linear space.

2. Definitions and preliminary results

In this section, we introduce the basic definitions and results which will be used
later. For more informations see [1], [4], [5], [6].

Definition 2.1. A function f : I — R is said to be sub H-function on I or
hyperbolically convex function, if for any arbitrary closed subinterval [u,v] of I
the graph of f(x) for x € [u,v] lies nowhere above the function, determined by
the equation H(z) = H(z,u,v, f) = Acoshpx + Bsinhpz; p > 0 where A and
B are chosen such that H(u) = f(u), and H(v) = f(v).

Equivalently, for all x € [u,v]

f(u)sinhp(v — z) 4+ f(v) sinhp(x — u)
sinh p(v — u)

(1)  f2) < H() = .
Remark 2.1. The hyperbolically convex functions possess a number of prop-
erties analogous to those of convex functions. For example: If f : I — R is hy-
perbolically convex function, then for any u,v € I, the inequality f(z) > H(x)
holds outside the interval [u, v].

Note that, from the above definitions H(x) majorizes the function f(x) and
H;j(x) denote the member satisfying H;;(z;) = f(x;), Hij(z;) = f(z;),(a <
x; < xj <b).

Theorem 2.1. Let f : I — R be a two times continuously differentiable func-
tion. Then fis hyperbolically convex function on I if and only if f"(z)—p*f(z) >
o forall x in I.

Definition 2.2. Let a function f : I — R be hyperbolically conver function
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Su(z) = Acoshpx + Bsinhpx

is said to be supporting function for f(x) at the point u € (a,b) if

2. Su(z) < f(x),Vx € I.

That is, if f(z) and Sy(x) agree at x = w the graph of f(x) does not lie under
the support curve.

Proposition 2.1. If f : I — R is a differentiable hyperbolically conver function,
then the supporting function for f(x) at the point u € I has the form

Su(z) = f(u) coshp(z —u) + f’z()u)

sinhp(z — u).

Theorem 2.2. If f : I — R is differentiable function. Then f is convex if and
only if [’ is increasing.

Theorem 2.3. If f : (a,b) = R and g : (a,b) — R are both non-negative,
increasing (decreasing), and convez, then h(x) = f(x)g(x) also preserve these
three properties.

Definition 2.3. Let f : I — R, f is said to satisfy a Lipschitz condition if there
exists a constant K > 0 such that for every x,y € I we have

|f(x) = fy)] < Klz —yl.
Theorem 2.4. A function f that is F' p-convex satisfies a Lipschitz condition

in every compact subinterval J of (a,b), and thus is absolutely continuous and
has a derivative almost everywhere that is bounded in J.

Definition 2.4. Let f : [a,b] — R be a function and I1 = {xg, z1, z2, ...... , Tn}
a partition of [a,b]. We denote Vit(f) = Sp_5|f(z+1) — f(zk)| and set

V2(f) = sup Vir(f).

where the supremum is taken over all partitions of [a,b]. A function fis said to
be of bounded variation on [a,b] if VP(f) is finite. If f is of bounded variation
on [a,b] we write f € V]a,b].

Theorem 2.5. If f : [a,b] — R satisfies a Lipschitz condition on [a,b] with
constant K, then f € V]a,b] and V2(f) < K(b— a).
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3. Results

Definition 3.1. Let f, : I — R be an arbitrary family of hyperbolically convex
functions majorized by f, i.e fo < f, g(x) is called envelope of f(x) if

g(x) = envelopef(x)= sup,, fo(z).

Lemma 3.1. Let f, : I — R be an arbitrary bounded family of hyperbolically
convez functions and f(x) = sup,, fa(x) then f is hyperbolically convex function.

Proof. Let z € [a,b] C I, since f,(x) is hyperbolically convex function. Then,

fl@) = sup fa(2)
fa(a)sinhp(b —z) + fo(b) sinhp(z — a)

= sgp[ sinhp(b — a) ]
[supa fala)sinhp(b — x) + sup,, fa(b) sinh p(x — a)]
- sinhp(b — a) .
Hence,
fz) < [f(a) sinh p(b — x) + f(b) sinh p(z — a)

sinh p(b — a) I

Then, f is hyperbolically convex function.

Theorem 3.1. Let f, : [a,b] = R be an arbitrary bounded family of hyperbol-
ically convex functions majorized by f if fo(z) < f(x) and g(x) = sup,, fa(x),
where the supremum is taken over all hyperbolically convex functions then

1. g is hyperbolically convex function.
2. If f is hyperbolically convex function, then f = g.
3. g is continuous function.

Proof.
1. g is hyperbolically convex function.
It is obvious from Lemma 3.1.
2. If f is hyperbolically convex function, then f = g.
Since, f(x) is hyperbolically convex function f(x) < sup,, fo(x) = g(x), then

(3.1) flz) < g().

Since fo(z) < f(z), then f(z) is an upper bound.
Since fo(z) < sup, fa(z), then sup fo(z) < f(z). Thus,

(3.2) g9(z) < f(x).

Hence, from 3.1 and 3.2 we get f(z) = g(x).
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3. g is continuous function.

We shall show that g(x) is continuous at an arbitrary z,, with a < z, < b.

Let a < x1 < 2, < g < b. Since g(x) is hyperbolically convex function, for
1 <xo—h < x,+h <z Then,

HOQ(xo - h) < g(xo - h) < Hlo(xo - h)7
(3.3) Hio(zo+h) < g(zo+ h) < Hpp(xo + h),

(3.4) —Hio(xo —h) < —g(xo — h) < —Hpa(x, — h),

Hence, from 3.3 and 3.4 we get Hio(xo+h)—Hio(zo—h) < g(zo+h)—g(xzo—h) <
HOZ(xo‘i’h)_HoQ(xo_h)a —|H10(1‘0+h)—H10(330—h)| < Hlo(ivo“‘h)_Hlo(xo_
h) S g(mo+h)_g(xo_h) S H02($0+h)—H02(IL’O—h) S ‘HOQ(xo+h)_H02(xo_h)|7
_|H10(x0+h)_H10($0_h)| < g(l'o“‘h)_g(xo_h) < |H02(xo+h)_H02($o_h)|7
lg(xo+h)—g(xo—h)| < max[|Hio(xo+h)— Hip(xo—h)|, |Hoz(xo+h) — Hoa(xo—
h)|] < €, Ve > 036 >o0s.t |h| < — |g(xo+ h) — g(z, — h)| < €. Hence, g(x) is
continuous.

Theorem 3.2. If f: I — R and g : I — R are hyperbolically conver functions
and o > 0 then f + g and af are hyperbolically convex functions.

Proof. Since f, g are hyperbolically convex function, then V x € [u,v]| C I,
f(u)sinhp(v — z) + f(v) sinhp(x — u)

) < sinhp(v — u) ’
g(u) sinhp(v — x) + g(v) sinhp(z — u)
glx) < sinh p(v — u) ’

f(u)sinhp(v — x) + f(v)sinhp(z — u)
sinhp(v — u)

n g(u) sinhp(v — x) + g(v) sinh p(x — u)

sinh p(v — u) ’

(f (u) + g(u)) sinhp(v — x) + (f(v) + g(v)) sinh p(z — u)
sinh p(v — u) )

f(@) +g(x)

IN

Thus,

(f +9)(u))sinhp(v — 2) + (f + g)(v) sinhp(z — u)

(F+9)(@) = sinh p(v — u)

Hence, f + g is hyperbolically convex function.

f(u)sinhp(v — ) + f(v) sinhp(x — u)

: <
Since, f(x) < sinh p(v — w)

and a>o
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then
af(u)sinhp(v —x) + af(v) sinhp(z — u)

sinh p(v — u)

af(z) <
Hence, af is hyperbolically convex function.

Remark 3.1. If @ < 0 then «af is not hyperbolically convex function. For
example if f : [-1,1] = R, f(z) = 2? is hyperbolically convex function. As
2 — 22 > 0 from theorem 2.1, but —z? is not hyperbolically convex function.
While af is hyperbolically convex function either for f(z) = coshpx or f(x) =
sinh pz for any a € R, as shown in the following lemma.

Lemma 3.2. For any real number m, m sinh px and m cosh px are hyperbolically
conver functions.

Proof. Let x € [u,v], Since

sinh pu sinh p(v — ) + sinh pvsinh p(z — )

b b —
i sinh p(v — u)

Then, msinh pz is hyperbolically convex function. Similarly, m cosh px.

Theorem 3.3. Assume that f : I — R and g : J — R where range(f) C J,
let f and g are both non-negative, hyperbolically convex function, two times
continuously differentiable functions and g is increasing. If f'(x) > 1, then the
composite function gof is hyperbolically conver function on I.

Proof. Since g is increasing, then

(3.5) d(x) >0, Vxel

Since f and g are hyperbolically convex functions, then using theorem 2.1,
(3.6) we have  f"(z) —p?f(z) > 0, Vzrel,

(3.7) and  ¢"(z) —p*g(z) > 0, Vzel

Since,

B (z) =

Then,
W'(x) =p*h(z) = ¢"(f(@))-(f' () + ¢ (f(@))-f"(x) = p*g(f(2))

= @U@ ~ Grgpsl @) +9 (@) @)

Now using 3.5, 3.6, 3.7 and f’(z) > 1 we conclude that
n'(z) — p*h(z) > 0.

Hence, h(z) is hyperbolically convex function.
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Theorem 3.4. If f : I — R and g : I — R are both non-negative, increas-
ing, two times continuously differentiable functions and hyperbolically convex
functions then k(x) = f(x)g(x) also exhibits theses three properties.

Proof. Since f and g are non-negative and increasing functions, then

(3.8) F() >0, g(x) >0,
and
(3.9) f'(x) 20, g'(x) > 0.
Since f and g are hyperbolically convex functions, then using theorem 2.1,
(3.10) we have  f"(z) —pif(z) > 0, Vzel,
(3.11) and  ¢"(z) —pg(x) > 0, Vxel
Since,
k(z) = f(x).g(x)
K(z) = fl(z).g(z)+ f(z).g'()
K'(z) = f"(2).9(z)+2f(2).g'(z) + f(2).9" (z).
Then,
K'(x) = p?k(z) = ["(x).9(x) + 2/ (2).9'(2) + f(2).9"(x) — p* f(x).9(x)
(f"(x) = p* f(2))-9(x) + 2f"(x).4'(x) + f(2).9" ().

Now using 3.8, 3.9, 3.10 and 3.11, we conclude that
K'(x) = p*k(z) > 0

Hence, k(x) is hyperbolically convex function.

Theorem 3.5. If (f,,) is a real valued sequence of hyperbolically conver func-
tions converging to a finite limit function f on I, then f is hyperbolically convex
function.

Proof. Let z € [a,b] C I
flz) = lim fo(z)
 fal@)sinhp(b — 2) + fa(®) sinh p(z — )

lim
n—o0 sinhp(b — a)
limy, 00 frn(a) sinhp(b — x) 4 limy, 00 frn(b) sinh p(z — a)
sinhp(b — a)

f(a)sinhp(b — z) + f(b) sinhp(x — a)
sinh p(b — a) ’

IN

It follows that f is hyperbolically convex function.



ON CERTAIN PROPERTIES OF HYPERBOLICALLY CONVEX FUNCTIONS 483

Definition 3.2. Let BH]a,b] be the class of functions f : [a,b] — R repre-
sentable in the form f = g—h where g and h are hyperbolically convex functions

on [a,b] and ¢’ (a), g"(b), I, (a),h'_(b) are all finite.

Theorem 3.6. BHa,b] is closed under addition, subtraction and scalar multi-
plication.

Proof. Let f,g € BHla,b|, f = f1 — f2, g = ¢1 — g2. For addition: f+ g =
fi—fotg1—g2=(fi+g1)— (f2+g2). Since fi + g1, f2 + g2 are hyperbolically
convex functions, by theorem 3.2, then f + g € BH]|a,b]. For subtraction:
f—=g9=hHh—-fo—g+g2=(fi +92) — (fo+g1). Since fi + g2, f> + g1 are
hyperbolically convex functions, by theorem3.2, then f — g € BH]Ja,b].

For scalar multirlication:

Case(1): let a > o, then af = af; — afs.

Since a.f1, afs are hyperbolically convex functions, by theorem3.2, then af €
BH|a,b]. Case(2): let a < o, then af = afi — afs = —afs — (—a)fi.

Since —a fo, —af1 are hyperbolically convex functions, by theorem3.2, then
af € BH[a,b].

Finally, it is clear that all the previous functions have finite endpoint deriva-
tives.

Corollary 3.1. BH/a,b] is a linear space.

Theorem 3.7. If f € BH|a,b|, then f satisfies lipschitz condition and conse-
quently absolutely continuous on |a,b].

Proof. Let f € BHJa,b], f = fi1 — fa2. Since f; and fy are hyperbolically convex
functions. Then, from theorem 2.4, fy, fo satisfies lipschitz condition,

[fi(z) = A < klz—y[  and  |fa(2) = fo(y)| < mlz —yl.

f@)=fly) = fi@) = folz) = (f1(y) = f2(v)
fi(@) = fily) = (fo(2) = fa(y))-
f@) = fWl = [A@) = fily) = (f2(z) = f2())]
< fil) = AW+ 1= (f2(z) = fa(y)]
< fil) = @) + [ f2() = f2(y)]
< klz —y|+ m|x —y
= (k+m)lz -y
= hlz—yl.

Then
|f(z) = f(y)| < hlz —yl|, Vo, y € [a,b].

Hence, f satisfies lipschitz condition.
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Let € > o, choose § = § such that for any collection {(z;,y;) : i = 1,2,....,n}

of disjoint open subinterval of [a,b] with Y7 |z; — vi| < 6,

n n n €
then Y |f(wi) = fly)l < Y hlei =yl = Y lai =yl <hy =c.
1 1 !

Hence, f is absolutely continuous on [a, b].

Corollary 3.2. If f € BH][a,b], then V?(f) < cc.

Proof. Let f € BH]|a,b] then, from theorem 3.7, f satisfies lipschitz condition.
then, from theorem 2.5, f € V[a,b]. Hence, V(f) < 0.

References

1]

[6]

Mohamed S. S. Ali, On certain properties for two classes of generalized
convex functions, Abstract and Applied Analysis, 2016, Article ID 4652038,
7 pages, 2016.

E. F. Beckenbach, Generalized convex functions, Bulletin of the American
Mathematical Society, 43 (1937), 363371.

E. F. Beckenbach and R. H. Bing, On generalized convex functions, Trans-
actions of the American Mathematical Society, 58 (1945), 220230.

R. Kannan and C.K. Kreuger, Advanced analysis on the real line, Springer-
Verlag, 1996.

M. M. Peixoto, Generalized convex functions and second order differential
inequlities, Bulletin of the American Mathematical Society, 55 (1949), 563-
572.

A. W. Roberts and D. E. Varberg, Convex functions, Academic Press, New
York, 1973.

Accepted: 26.01.2018



