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1. Introduction

In 1922, S. Banach [1] introduced the concept of Banach contraction principle.
It is the most celebrated fixed point result in nonlinear analysis. The concept
of mixed monotone mapping has been introduced by Bhaskar and Lakshmikan-
tham [2] and established some coupled fixed point results for mixed monotone
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mappings. Subsequently to improve many authors have established coupled
fixed point results for mixed monotone see ([3]-[7]). In 2011, V. Berinde and
M. Borcut [8] initiated concept of triple fixed point and established some fixed
point results for contractive mappings in partially ordered metric spaces. After-
ward many investigators have established triples fixed point results for different
spaces see ([9]-[11]).

Very recently, in 2016 Mutlu and Giirdal [12] introduced the notion of Bipolar
metric spaces, which is one of the generalizations metric spaces. Also they
investigated some fixed point and coupled fixed point results on this space, see
([12], [13]). Later, we proved some fixed point theorems in our earlier papers
([14]-[17)):

In this paper, we prove tripled fixed point results in bipolar metric spaces.
Also, we gave an example which supports our main result.

2. Preliminaries

First we recall some basic definitions and examples.

Definition 2.1 ([12]). Let A and B be two non-empty sets. Suppose that d :
A x B — [0,00) is a mapping satisfying the following properties :

By) If d(a,b) =0 then a =b for all (a,b) € A x B,

By

(Bo)
(B1) If a=0b then d(a,b) =0, for all (a,b) € A X B,
(B2) If d(a,b) = d(b,a), for all a,b € AN B.

(Bs)

Bg Ifd(al,bg) < d(al,bl) + d(ag,bl) +d(a2,b2) f07’ all al,as € A, bl,bg € B.

Then the mapping d is called a bipolar-metric on the pair (A, B) and the triple
(A, B,d) is called a bipolar-metric space.

Example 2.2 ([12]). Let A = (1,00) and B = [—1,1]. Defined : A x B —
[0,4+00) as d(a,b) = |a® — b?| for all (a,b) € (A, B), then the triple (A, B, d) is
a bipolar-metric space.

Definition 2.3 ([12]). Assume (A1, B1) and (A2, B2) as two pairs of sets.

The function F' : AyUBy — A9UBs is said to be covariant map if (A1) C As
and F(B1) C By and denote F : (A1, B1) = (Asg, B2).

The mapping F' : A1 U By — As U Bs is said to be contravariant map if
F(A1) C By and F(B;1) C Ay and denote F : (A1, By) = (As, B2).

In particular, if di and dy are bipolar metrics in (A1, B1) and (Az, Bg) re-
spectively, then some times we use the notations F : (A1, B1,d1) = (Ag, Ba, d2)
and I : (Al, Bl, dl) = (AQ, Bg,dz).

Definition 2.4 ([12]). Let (A, B, d) be a bipolar metric space. A pointv € AUB
is said to be left point if v € A, a right point if v € B and a central point if both.
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Similarly, a sequence {an} on the set A and a sequence {b,} on the set B
are called a left and right sequence respectively.

In a bipolar metric space, sequence is the simple term for left or right se-
quence.

A sequence {v,} is convergent to a point v if and only if {v,} is a left
sequence, v is a right point and nh_}r{)lo d(vp,v) = 0; or {v,} is a right sequence, v
is a left point and lim d(v,vy) = 0.

n—oo

A bisequence ({an},{bn}) on (A, B,d) is sequence on the set A x B. If the
sequence {a,} and {b,} are convergent, then the bisequence ({a,},{bn}) is said
to be convergent. ({an},{bn}) is Cauchy sequence , ifnTlirgoo d(an,bmy) = 0.

A bipolar metric space is called complete, if every Cauchy bisequence is con-
vergent, hence biconvergent.

Definition 2.5 ([12]). Let (A1, B1,d1) and (As, Ba, ds) be bipolar metric spaces.

(1) A map F : (A1, B1,d1) = (A2, Ba,da) is called left-continuous at a point
ag € Ay, if for every € > 0, there is a 6 > 0 such that di(ag,b) < § implies
that da(F(ao), F'(b)) < € for all b € By.

(15) A map F : (A1, B1,d1) = (Ag, Ba,ds) is called right-continuous at a point
by € By, if for every € > 0, there is a 6 > 0 such that di(a,by) < § implies
that da(F(a), F'(bo)) < € for all a € A;.

(ii1) A map F is called continuous, if it left continuous at each point a € Ay
and right continuous at each point b € Bj.

(tv) A contravariant map F : (A1, B1,d1) = (A2, Ba,ds) is continuous if and
only if it is continuous as a covariant map F : (A1, B1,d1) = (Ag, By, ds).

It can be seen from the definition (2.4) that a covariant or a contravariant map
F from (A1, B1,dy) to (Aa, Ba,dg) is continuous if and only if (up,) — v on
(A1, By,dy) implies F((uyn)) = F(v) on (Asg, Ba,d2).

3. Main results

Definition 3.1. Let (A, B, <) be a partial ordered set and F : (A, B) = (A, B)
be a covariant mapping, we say that F' is non-decreasing with respect to < if
a,b € AUB, a < b implies F(a) < F(b), and similarly, a non-increasing
mapping is defined.

Definition 3.2. Let (A, B, <) be a partially ordered set and F : (A%, B?) =
(A, B) be a covariant map. The map F has the mized monotone property, if
F(a, b, c) is monotone non-decreasing in a and ¢ and is monotone non-increasing
in b, that is, for any a,b,c € AU B.

ay,az € AUB, a1 <ay= F(ay,b,c) < F(ag,b,c)
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bi,bo € AUB, by §b2:>F(a,bl,c) ZF(G,()Q,C)

and
C1,C2 EAUBa c1 < ¢ :>F((L,b,61) SF(aabch)

Definition 3.3. Let F : (A3, B3) = (A, B) be a covariant map, an element
(a,b,c) € A3 U B3 is called tripled fived point of F if

F(a,b,c) =a, F(ba,b)=0b and F(c,b,a)=-c.

Let (A, B, <) be a partially ordered set and d be a bipolar metric on (A, B)
such that (A, B,d) is complete bipolar metric space. Moreover, we endow the
product space (A3, B3) with the following partial order: For

(a,b,¢), (p,q,7) € AU B, (p,q,7) < (a,bc) &a>p, b<gq, c>r.

We begin with the following theorem that achieves the existence of a fixed point
results for a mapping F on the product space (43, B3).

Theorem 3.4. Let (A, B,<) be a partially ordered set and suppose that d is
bipolar metric on (A, B) such that (A, B,d) is a complete bipolar metric spaces.
Let the covariant map F : (A3, B®) = (A, B) is a continuous mapping having
the mized monotone property on (A, B) and pu , \, k be a non-negative constants
with the condition

(3.1) d(F(l,m,n),F(r,s,t)) < ud(l,r) + Ad(m, s) + kd (n,t)

VimmneA rs,teBwithl>r, m<sn>tandpu+A+r<1.
If there exist (lg, mo,ng) € A3 U B3 such that

lo < F(lg,mp,ng), mo > F(my,ly,mo) and ng < F(ng, mo,lo).

Then there exist (I, m,n) € A3UB3 such that The mapping F : A3UB3 — AUB
has
F(l,m,n)=1, F(m,l,m)=m and F(n,m,l)=n

Proof. Let Iy, mg,ng € A and 1o, so, tg € B, we choose an elements 1, m1,n1 €
A and 11, s1,t1 € B such that

lo < F(lp,mp,ng)) =li, mo > F(my,lo,mg) =mq, and ng < F(ng, mg,ly) = n1,
and also

ro < F(ro, so,to) =71, So > F(so,70,50) = s1, and tg < F(to, so,70) = t1
similarly, we take

l2 = F(ll,ml,nl), mo = F(ml,ll,ml), and ng = F(’I’Ll,ml,ll)



602 G.N.V. KISHORE, B. SRINUVASA RAO aND R. SUBBA RAO

T = F(Tl,sl,tl), S9 = F(sl,rl,sl) and tg = F(tl,sl,rl)

we denote

F2(ly, mo, mo)=F (F(lo, mo,n0), F(mo, lo,mo), F(no, mo, lo)) =F(l1,m1,n1) = lo,
F%(myg, lo, mo)=F (F(mg,lo, mo), F(ly, mg,n0), F(mo, lo, mo)) =F (m1, 1, m1)=ma,
FQ(no,mo,lo) F (F(ng,mo,lo), F(mo,lo, mo), F(lo, mo,ng)) =F (n1,my, l1)=na,
F2(rg, 50,t0) = F (F(ro, 50, t0), F(s0,70,50), F(to, s0,70)) = F(r1,s1,t1) = 79,
F2%(s0,70,50) = F (F (50,70, 50), F(r0, 50, t0), F (50,70, 50)) = F(s1,71,51) = 52,
F2(to, 50,70) = F (F(to, 50,70), F (50,70, 50), F (70, 50, t0)) = F(t1,51,71) = ta,

for n > 1, we denote
ln = F(ln—lamn—la nn—l) Tn = F(rn—lv Sn—lutn—l)
mp = F(mn—la ln—lymn—l) Sn = F(STL—17TTL—17 Sn—l)

(32) nnp = F(nn—lv mp—1, ln—l) tn - F(tn—b 3n—17rn—1)-
Due to the mixed monotone property, We can obviously verify that

lo < F(lop,mop,m0) =l < F(lh,mi,n1) =lp <--- <
mo > F(mo,lo,mo) =my1 > F(my,li,m1) =mg >+ > F(mp—1,lp—1,mMp-1) > ...
no < F(ng,mo,lo) =n1 < F(ni,mi,L) =ng <--- < F(np—1,mp—1,lp—1) < ...

F(ln—l)mn—lvnn—l) <...

ro < F(ro,50,t0) =11 < F(r1,81,t1) =12 < -+ < F(rp—1, Sn—1,tn-1) < ...
50 > F(80,70,80) = 51 > F(s1,71,51) = s2 > 2 F(Sp—1,"n—1,80-1) > ...
to < F(to,s0,70) =t1 < F(t1,s1,71) =t2 < -+ < F(tp—1,8n-1,"n-1) < ...

thus, we obtain three bisequences satisfying the following conditions

lh<h<lh< <[ <...;, 1p<r<r<--<r<.

mo=>mp 2>2mg >+ 2Mp 2> ..., S0=2812822 28,2 ...
nog<np <ng<---<ny <.
to simplify the writing, denote
Dq)fl = d(ln—la Tn) Dz;l = d(mn—la Sn) ‘DTZLl = d(nn_l’tn)
sz = d(lnu Tn—l) Dz? = d(mn) Sn—l) ‘DTZLQ = d(nn’ tn—l)
D2y = d(ln1,ma1)  Dp’y = d(mn1,501)  Dpy = d(nn-1,tn-1)-
Then by (3.1), we get

Dy =d(ly,m2) = d(F(lo,mo,n0), F(r1,s1,11))
< ud (lo, 1) + Ad (mo, s1) + Kd (no, 1)
< uD* 4+ \DY* 4 kD7,
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Similarly, we obtain

D' =d(my,s9) = d(F(mo,lo, mo), F(s1,71,51))
< pd (mo, s1) + Ad (lp, 1) + rd (mo, s1)
< ,uD}/1 + )\Df(l + ,%D}/l
=AD" + (u+ K)DY* + 0D

DI' =d(n1,t2) = d(F(no,mo.lo), F(t1,51,71))
< Md (no,tl) + \d (mo, 81) + kd (lo, T1)
< uD{' + MDY + kD

and

Dg(l = d(lg,’l“g) = d(F(ll,ml,nl),F(rg, Sg,tg))
< ud (ll,TQ) + Ad (mq,s2) + kd (nl,tg)
< uDy" + ADY' + kD
< (% + N2+ k2D + (2u) + 20k) DI 4 2uxDP

D;}fl = d(m2,33) = d(F(ml,ll,ml),F(SQ,Tg,Sg))
< pud (ml, 52) + Ad (ll, 7"2) + rd (ml, 82)
< uDY* + AD5* 4 kD)
<MD + (u+ k) DY
< AuD 4 N2DYY + MDY 4 (A + k) D
+(pu+ k)2DY* + 0D7)
< (20 + A&) D 4+ (A2 4 (u+ £)?) D] + A D

D?)Zl = d(ng, t3) =d (F(nl, mi, ll), F(tQ, 59, 7"2))

< pd (ni,te) + Ad (my, s2) + kd (11,72)

< uDF* + ADJ* + kD3

< p(uDF + ADY* + kD) + MADY + (1 + k) D)* +0DF)
+k(uD{ + ADY + kD)

< 2DE 4 pADY 4 ukDY + N2D 4 (Ap + Ak) DY + 0DZ)
+ruD + KADYY 4+ k2DE

< (2uk + N2)D 4 (2u) 4 2Xk) DYt + (42 + K2) D7

In order to simplify writing we also consider the matrix

BooA K inoJ1 k1
X = A 1% +k 0 = ll mi1 Nni
KA PLoJ1 Q1
and further denote
p2 XN+ K2 2uN 42Xk 2uk i Jo ko
X? = 2\ N2+ (u+ k)2 MK = la ma mno

2uk + A? 2N+ 2Xk p? + K P2 J2 Q2
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where ig +jo+ ke =lo+ma+na=patjotq=(p+A+K)?<pu+A+r <1
Now we prove by induction

X"=1 1, m, n,
Pn Jn Gn

where
(3.3) in+tinthn=lp+mp+n, =pp+jn+ag. = (L+A+K)" <pu+A+r <1

Indeed, if we assume that (3.3) is true for n, then since

Xl = X" X = ln mp ny || A p+s 0
Pn Jn  4n R A 1%

inth + oA+ knk  in A+ Jn(+ K) + kpN dnk 4 kpp
= | lap+mpA+npk A +mp(p+ &) + 1\ Ik + npp
Dbt + Jn A+ qnk  PuA+ jn(,UJ + ’i) + qnA  Duk + qup

we have

int1 + Jnt1l t knt1 = i+ Ju A + knk +in A+ Gn (1 + K) + kA 4 dnk + kpp
=+ A+ K)in+ (+ A+ E)jn + (L+ X+ Kk,
=(in+jn+Eh)(p+A+56)=E+A+R)"(L+A+kK)
=(u+A+r)" P <u+I+r<l

Similarly, we can prove that l,+1 4+ Mpt1 + g1 = Pnrtl + Jntl + Qa1 =
(p+ X+ k)" < p+ XA+ K < 1. Therefore, we get

D,,;/(_’l_l 1% /\ K D{:/l

D%:Ll < A u+rk 0 ). Dlzl

Dyt RoOA L p DT
that is

Dty <inD + DYt + k, D
DM <1,D* +m,D}* +n,D¥

n+1
(3.4) D74y < paDY + ju DY + ¢, DY

n+1

On the other hand

Dy? = d(la,r1) = d(F(l1,m1,m1), F(ro, 50, t0))
< pud (ll, ’I“o) + Ad (ml, 80) + rd (nl, to)
< uD;® 4 \DY? 4 kD?2.
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Similarly, we obtain

DY? =d(mg,s1) = d(F(my,ly,m1), F(s0,70,50))
< ,ud (m1, 80) + \d (ll, To) + rd (ml, So)
< ,uD}/2 + )\Df(2 + ,%D}/2
= AD;® + (u+ k) DY? + 0D?>

D =d(na,t1) =d(F(ni,mi,h),F(to,s0,70))
< pd (ny,to) + Ad (m, so) + kd (11, 70)
< uD{ + ADY? + KDy

and

D?Q = d(lg,’l“g) = d(F(lg,mg,ng),F(rl, Sl,tl))
< ud (lg,?“l) + Ad (ma, s1) + kd (ng,tl)
< uD3® + ADY? + kD%
< (% + N2+ k2D + (2u) + 2Xk) D)2 + 2ux D2

D;;é = d(m3, 82) =d (F(mg, lg, mg), F(Sl, 1, 81))
< pud (mg, 51) + Ad (l2, 7"1) + rd (mg, 81)
< uDY? + A\Dy? 4 kD3>
<MD + (u+ K)Dy?
< MDY + X2DY? + AeD{?) 4+ (Ap + Ak) D;?
+(pu+ k)2DY? + 0D%?)
< (20 + A8) D2 4+ (A2 + (u + v)?) D)2 + Ak D?2

D =d(ns,ta) = d(F(n2,ma,la), F(t1,s1,71))

< ,ud (77,2, tl) + Ad (mg, 81) + rd (lg, Tl)

< uDP? + ADY? + kD3>

< p(uDP? + ADY? + kD?) + MAD;® + (1 + k) D)2 + 0D7")
+k(uD? + ADY? + kD??)

< u2D? 4 pADY? 4 ukD + N2Di2 4+ (Ap + Ak) D)2 + 0D??)
+ruD? + KADY? 4 k2D72

< (2uk + N2)D2 4 (2u) 4 2Xk) D)2 + (42 + k2) D72,

In order to simplify writing we also consider the matrix

B K i J1 k1
Y = A 1% +rx 0 = ll mi1 N1
KA B PLoJ1 @
and further denote
PN+ K2 2uN 42Xk 2uk ia  jJo ko
y? = 2\ A2+ (u+ K)? AR =1 ls mg no

2uk + A2 2uX+ 22Xk p? + K P2 J2 @2
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where ig +jo+ ke =lo+ma+na=patjotq=(p+A+K)?<pu+A+r <1
Now we prove by induction

Y" = ln, m, n,
Pn Jn  dn

where
(3.5) in+tinthn=lp+mp+n, =pp+in+ag. = (p+A+K)" <pu+A+r <1

Indeed, if we assume that (3.5) is true for n, then since

in  Jn kn I A K
yrtl—yny = ln mn np || N p+s 0
Pn Jn Gn K A w

intt + jnA+ knk  inA+ Jn(p+ K) + koA ik + kpp
= Lnpt + mpA + npk LA+ mp(p+ K) +np Lk + npp
Pl + oA+ qnk P+ n(f+ K) +qnA puk t+ gnp

we have

int1 + Jnt1 + kns1 = npt + Ju A + knk + inA + Jn (0 + &) + kp A+ ink + knp
=+ A+ K)in+ (+ X+ E)jn + (L + X+ Kk,
= (in 4o+ k) (LA XN+ R) = (L + X+ K)" (1 + X+ k)
=(p+rA+r)"M<p+A+r<l

Similarly, we can prove that l,i1 + Mpuy1 + N1 = Pril + Jnsl + Qui1 =
(p+ X+ k)" <+ XA+ K < 1. Therefore, we get

X X
Dy, T D;’
Dy | <| A wer 0 || D
Dnil K A H Dl2

that is

X2
Dn+1

Y
Dn+1

(3.6) D%,

< i,D{? + j,D¥? + k, D%
<1,D* + m,DY* + n, D
< puD? + 5, DY? + ¢, D?2.
Moreover,

DXs

n+1

Y3
Dn+1

(3.7) Dy,

< ip,D{® 4 j,DV3 + k, D%
< 1, D +m,DY® + n, D
< anf(g + jnD%/B + anlZs.
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Using the property (Bs), we obtain

d( n Tm) < ( n TnJrl) + d(ln+1a TnJrl) + - d(lmfly Tm)

d(mna Sm) < d(mna 5n+1) + d(mn+1a 3n+1) + - d(mmfly Sm)
(38) d(nna m) < (nn, n+1) + d(nnJrlathrl) + - d(nmflatm)
and

d(lma Tn) < d(lma 7"m—l) + d(lm—la Tm—l) +--- d(ln—i—la Tn)

d(mm7 Sn) < d(mma Sm—l) + d(mm—l) Sm—l) + - d(mn+17 Sn)
(39) d(nm, tn) < d(nm, tm—l) -+ d(nm_l, tm—l) =+ - d(nn+1, tn)

for each n,m € N with n < m. Then from (3.4), (3.6), (3.7), (3.8)and (3.9), we
have

ALy, 7)) + d(My, Sm) + d(np, t)

< (d(lns rn1) + d(mn, spt1) + d(nn, tht))

+ (d(ln+1, 1) + d(Mpt1, Snv1) + d(npg1s tngr)) +

+ (d(lp=1,Tm—1) + d(mm—1, Sm—1) + d(nm—1,tm-1))

+ (d(ly—1,7m) + d(Mm—1, 8m) + d(Nm—1,tm))

<Dy + Dyl + D2+ DS 4+ D+ D+

+DX 4+ D% 4 D% 4 DXty DMy DA

< ((ip +ipgr + - Fim1) + (b Flpgr + -+ 1)
Dn+Pnt1+ -0+ pmfl))Df(1

+(

+ (G + Gt + -+ F 1) + (Mo + Mipgs + -+ M 1))2D)

+ ((kn + kn1 4+ + k1) + (4 M1+ + 1)

+ (Gn + Gnat +++ + 1)) DY

+ (i + ing1 + - +imez) + (n + o1 + -+ + Lns)

+ (Pn + Pny1 + -+ P 2))DX3

+ ((Jn + Jns1 + -+ Jm—2) + (Mp + M1 +--- + mm—z))ZD}/3
+ ((kn + Engr 4+ + km—2) + (N + N1 + -+ + nn2)
+ (@n + Qg1 + -+ Gm—2))D7?
< (B4 A 4 4 MY (3D 44D + 3D
+ (8" B”“ <4 873D + 4Dy 4+ 3D?)

n 5m X Yi z p L= pm s Y- Z

< fr.———(3DF 44D 4 3D7) 4 g™ (3DX% 4 4DYs 4 3D%)

-p 1-p

—>Oasn,m—>oo.
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Similarly, we can prove d(lm,rn) + d(Mum, sn) + d(Nm, tn) — 0asn,m — oo
where 8 = u+ A+« < 1. Which shows (l,,,7,), (mn, sn) and (n,, t,) are three
Cauchy bisequences. Since (A, B,d) is complete bipolar metric spaces, there
exist [,m,n € A and r,s,t € B with

lim l,=r lim m,=s limn, =t

(3.10) lim r, =1 lim s, =m lim ¢, =n.
n—oo n—0o0 n—oo

Finally, we will prove

r=F(,m,n), s=F(m,n,m) and t=F(n,m,l).
l=F(r,s,t), m=F(s,r,s) and n=F(ts,r).

Let € > 0. Since F' is continuous at (I,m,n), or (r,s,t) for a given § > 0, there
exists a § > 0 such that d({,r)+d(m, s)+d(n,t) < d = d(F(l,m,n), F(r,s,t)) <
. Then by (3.10) it follows that & = min {g, %}, there exist ng, mg, po such that,
for n > ng,m > mg, p > py, we have

d(lp,r) <& d(mp,s) <& d(np,t) <§
d(l,rn) <& d(m,s,) <& d(n,t,) <&.

Now, put ko = max {ng, mo,po}. Then, for any integer n > kg, we have

d(F(lv m, TL), T) S d(F(la m, n), TnJrl) + d(anrla TnJrl) + d(anrl, T)
S d(F(lam7n)7F<rn78n7tTl)) + d(F(ln7m7’Z7n7’l)7F(r’n7 Sn;tn))
+d(ln+1,7“)
<s+5+E<e

which implies that d(F(l,m,n),r) = 0 that is F(l,m,n) = r. Similarly, we can
prove that

s=F(m,n,m) and t= F(n,m,l).
l=F(r,s,t), m=F(s,r,s) and n=F(ts,r).

On the other hand (3.10), we obtain

d(l,r) =d( lim ry,, lim l,) = lim d(l,,r,) =0
n—oo n—oo n—oo
d(m,s) =d( lim sy, lim m,)= lm d(my,,s,) =0

d(n,t) =d( lim t,, lim n,)= lim d(ny,t,) =0.

Sol =r7m = s and n = t. Therefore, (I,m,n) € A N B? is a fixed point of
F. O

The achieved theorem is still valid for the covariant map F' is not necessarily
continuous. Instead, we require that underlying bipolar metric space (A, B, d)
has an additional postulate. We discuss this in the following result.
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Theorem 3.5. Let (A, B, <) be a partially ordered set and suppose that (A, B, d)
is complete bipolar metric spaces on (A, B) such that (A, B) has the following
postulate:

(i) If a non-decreasing bisequence ({ln, },{rn}) — (,1) then (I,,1,) < (1,1),
vV n;

(13) If a non-increasing bisequence ({my, },{sn}) — (m,m) thenm < (my, sp) <
(m,m), ¥ n;

(tit) If a mon-decreasing bisequence ({nn,},{tn}) — (n,n) then (n,t,) <
(n,n), V n.

Let F (A3,B3) = (A, B) be covariant mapping having the mized monotone
property on (A, B) and p , \, k be a non-negative constants with the condition
(3.1) satisfied for each 1 > r,m < s andn >t and p+ X+ k < 1. If there exist
(Ig, mo, o) € A3 U B3 such that

lo < F(lo,mo,n0), mo > F(mo,ly,mg) and ng < F(ng, mo,lo)

then there exist (I, m,n) € A3U B3 such that the mapping F : ASUB? — AUB
has
F(l,m,n)=1, F(m,l,m)=m and F(n,m,l)=n

Proof. Following the proof of previous Theorem 3.4, we only have to prove
F(l,m,n) =1, F(m,l,m)=m and F (n,m,l) =n. Let € > 0.

Since {F" (lg,mo,n0)} — 7, {F™ (mo,lo,mo)} — s, {F" (ng,mo,lo)} — ¢
and {F" (ro,so,t0)} — 1, {F"(s0,70,80)} — m, {F" (to,S0,70)} — n. Then
there exist ni,n9,n3, ng,n5,ng € N such that for all ny > n,ny > m,n3 > p
and ng > k,,ns > q,ng > w every € > 0, we have

d(Fn (lo,mo,no) ,T‘) < i, d(Fm (mo,lg,mo),s) < i, d(Fp (ng,mo,lo) ,t) <

N

d (I, F*(ro,s0,t0)) < &, d(m,F?(so,70,50)) < &, d(n,F* (to,s0,70)) < &

for each n > n; and every e > 0, since ({F"(ly, mo,n0)}, {F" (70, So,t0)}),
({Fn(mo, lo, mo)} y {Fn(s(), To, 80)}) and ({Fn(no, myo, lo)} y {Fn(to, So, To)}) are
Cauchy bisequences, we get

d(Fn(107m07nO)aFn(T()ySO?tO)) < ia d(Fn(movl07m0)7Fn(307r0730)) < i
and d(F”(no,mg,lo),F”(to,50,7‘0)) < i

taking n € N, n > {n1, ng, n3, n4, ns,ng} and using

F™ (lg, mg,ng) <r, F"(mo,ly,mo)

>
m (TOa SOatO) S l7 " (SO7T07m0) Z m

s and F™ (ng,mo,lo) <t
and F" (to, s0,70) < n
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we obtain

d(F (I,m,n),r)<d (F (I,m,n), FH (7“0,30,150))

+d (F”"'1 (lo, mo,mo) , F™ ™ (g, so,to)) +d (F”'*'1 (lp, mg, no) ,7“)
<d(F(,m,n),F(F" (ro,so,to), F" (s0,70,50) , F" (to, S0,70)))
+d (F”Jr1 (lo, mo,n0) , F™ 1 (19, 50, to)) +d (F”Jrl (lp, Mo, mo) ,7')
< ud (1, F™ (ro, s0,t0)) + Ad (m, F™ (so,70, $0)) + kd (n, F™ (to, $0,70))
+d (F"+1 (lo, mo,n0) , F™ L (19, s0, to)) +d (F"Jr1 (lp, Mo, no) ,7“)

<(pHA+R)Z S+ <

H MyTaTs¢

This implies d (F (I,m,n),r)

F(m,l,n)=s, F(n,m,l)=t
On the other hand,

0, hence F (I,m,n) = r. Similarly, we obtain
( ):l,F(s,r,s):mandF(t,s,T):n.

F
d(l,r) = d<n1LIEOF”(lo,mO,no),nllr{:oF"(ro,so,to))
= hm d(Fn(lo,mo,TLo),Fn(’r’o,So,to)) = O

n—o0

Similarly, we show that d(m,s) = 0 and d(n,t) = 0. Therefore, | = r, m = s
and n = t, hence F (I,m,n) =1, F (m,l,m) =m and F (n,m,l) =n O

Theorem 3.6. Adding conditions of Theorem 3.4 to the hypothesis of theorem
3.5, then the mapping F : A3 U B®> — AU B has unique tripled fized point.

Proof. Let (I*,m*,n*) € A3U B3 be a another fixed point of F. Then we prove
that d (1,1*) + d (m,m*) + d (n,n*) = 0 where

lim F™ (lp,mg,n0) =1 lm F™(mg,lyg,mg) =m, lim F™ (ng,mo,lp) = n.
n—roo n—oo n—o0

If (I*,m*,n*) € A% and (I,m,n) is comparable to (I*,m*,n*) with respect to
the partial ordering in (A3 , B3), then, for every n € N, we have

(F™ (I,m,n),F"™ (m,l,m),F" (n,m,l)) = (I,m,n) is comparable to
(F™(I*,m*,n*), F™ (m*,I*,m*), F" (n m*, %)) = (I*,m*,n*).

Now we claim that d(I,1*) + d(m,m*) + d(n,n*) =0

d(I*,0) = d (F™ (I*,m*,n*) , F" (I, m, n))
iy ( F (F"=L (15, m*,n*), F*~ L (m*, 1*,m*) , F"~! (n*, m*, [*)), )
F (F”_1 (I,m,n), F*=t (m,l,m), F"~ (n,m, l))
< pd(F" L (1%, m*, n*), F"" 1 (I,m,n))
+ M(F™Y (m*, 15, m*) , F" 1 (m, 1, m))
(3.11) 4 wd(F" Y (n*,m*,1*), F"! (n,m, 1))
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and

d(m*,m) =d(F" (m*,I*,m*), F" (m,l,m))
4 < F (F"_1 (m*, 1*,m*), F*= Y (I*, m*,n*) , F"~! (m*,l*,m*)) , )
F (FT“1 (m,l,m),Fn! (l,m,n)) S F 7 (my1,m)
< pd(F" Y (m*, 1*,m*) , F" 1 (m,1,m))
+ M(F™L (1, m* n*), F L (1,m,n)
(3.12) + kd(F™ Y (m*, 1*,m*) , F"" 1 (m, 1, m))

and also

d(n*,n)=d(F" (n",m*, 1), F" (n,m,l))
4 ( Ia (F"_l (n*,m*, 1*), F*=1 (m*, ¥, m*), Fn1 (l*,m*,n*)) , )
F (F”_1 (n,m, 1), F*= Y (m,l,m), F* (I, m, n))
< pd(F™ (n*,m*, 1*), F" (n,m, 1))
+ M(F™ Y (m*, 15, m*) , F" Y (m,1,m))
(3.13)  + wd(F™ L (1*,m*,n*), F"" 1 (1,m,n))

for all n € N, combining (3.11), (3.12) and (3.13)

d(l*,1) d(Fr=t (I, m* n) , F (1,m, n))
+d(m*m) | <(u+A+r) HdFE (m* 15, m*), F*~ L (m,1,m))
+d (m*,m) +d(F (n*, m*, 1*), F" 1 (n,m, 1))

d(F"=2 (", m*,n*) , F"~2 (I, m, n))
< (m+X+rK)2 Hd(F2 (m* 15, m*), F*2 (m,1,m))
+d(F"2 (n*,m*, 1*), F"2 (n,m, 1))

{ d(F (I*,m*,n*) , F (I,m,n)) }

<(p+A+r)"{ +d(F (m*1",m*), F

+d(F (n*,m*,I*), F

< (p+A+w)"(d1,17) +d(m,m") + d(n,n"))
d(n*,n)

Since p+ A+ k < 1 which implies d (I*,1) + d (m*, m) + = 0. Hence we
obtain [* =1, m* =m and n = n*.

Similarly, If (I*,m*,n*) € B3 and (I, m,n) is comparable to (I*, m*,n*) with
respect to the partial ordering in (A?’,BB), then we have [* =1, m* = m and
n=n*.

If (I*,m*,n*) € A3 and (I, m,n) is not comparable to (I*,m*,n*), then there
exist two comparable lower or upper bounds (a,b,c) , (a*,b*,c¢*) € A3 U B3 of
(I,m,n) and (I*, m*,n*). Then, foralln € N, (F"(a,b,c), F"(b,a,b), F"(c,b,b)) =
(a,b,c) and (F™(a*,b*, c*), F"(b*,a*,b*), F™(c*, b*,a*)) = (a*,b*,c*) is compa-
rable to (F™(l,m,n), F™"(m,l,m), F"(n,m,l),) = (I,m,n) and (F"(I*,m*,n*),
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Fr(m*, I*,m*), F™"(n*,m*,1*)) = (I*,m*,n*). Then we have

l I* F"(l,m,n) F(I*, m*,n*)
d m m* =d F(m,n,m) F(m*,n*,m*)
n n* F"(n,m,1) F(n*, m*1*)
F"(l,m,n) F"(a,b,c)
<d Flm,n,m) F(b,a,b)
F"(n,m,1) F"(c,b,a)
F"(a*, b, c*) F"(a,b,c)
+d F* a*, b) F(b,a,b)
F"(c*, b*,a*) F"(¢,b,a)
F"(a*, b, c*) F(1*,m*,n*)
+d F®* a*, b) Flm* 1*, m*)
F™(c*,b*, a%) F"(n*,m*,1*)

< (p+ A+ r&)"(d(l,a)+ d(m,b) + d(n,c))
+ (u+ A+ K)"(d(a”, a) + d(b",b) + d(c, c))
+ (p+ A+ &) (d(a™, ") + d(b*,m™) + d(c*,n"))

so that

d m m* =0

which implies I* = [, m* = m and n* = n. Similarly, If (I*,m*,n*) € B? and
(Il,m,n) is incomparable to (I*, m* n*) with respect to the partial ordering in
(A3,B3), then we have [* = [, m* = m and n* = n. Therefore (I, m,n) €
A3 N B3. Hence (I,m,n) is unique tripled fixed point of F. O

Example 3.7. Let A = {U,,(R)/U,(R) is upper triangular matrices over R}
and B = {L,,(R)/L(R) is lower triangular matrices over R } with the bipolar
metric

m
d(P,Q) =" Ipij — ajl,
ij=1

for all P = (pij)mxm € Un(R) and Q = (¢ij)mxm € Lm(R). On the set (A, B),
we consider the following relation :

P,Q e AUB,P 2Q < pij < qij,
where < is usual ordering. Then clearly, (A, B,d) is a complete bipolar metric
space and (A, B, =) is a partially ordered set, and (A, B) has the property as in
Theorem (3.4). Let F : (A3, B) = (A, B) be defined as

PiRQR) = (B
V(P = (pij)mxms @ = (¢ij)mxms B = (Tij)mxm) € A3 U B3.
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Then obviously, F' has the mixed monotone property, taking

{ (P = (pij)mxmaQ = (Qij)mxm,R = (Tij)mxm)
(S (sij>m><m;T = (tij)mey U= (uz’j)mxm)

e AU B3 }

with P = S, Q) 2T and R = U that is p;; > si5, q;; < t;; and r;; > u;5, we have

3pij + 6¢i; — 2ri; + 95 385 + 6t — 2ui; + 9iy5

F(P F(S,T,U)) =
1 «— , .
= E i]z:l ’(3])1']' + 6qij — 27“1']' + 921']') — (3Sij + 67fij — 2ui]’ + 921']')’
1 m m m
<1 Z [3pij = 3sij| + Z [6gij — 6tij] + Z |2rij — 2usj]
7,7=1 2,7=1 7,7=1
1 m m m
<75 3 piy—sil +6 D laig —tigl +2 Y |rij — uyj
ij=1 ij=1 ij=1
1
< — (3d(P,8) +64(Q, T) + 2d(R, 1)
<3ars)+ Lao.m + Zar v
=127 127V IR

It is easy to verified that F' satisfies Theorem (3.4) and Theorem (3.6) with

W= i, A= % and kK = % and (%I, %I, %I) is the unique tripled fixed point of F.

Note that in this case we have P = Q = R.

Definition 3.8. Let F': (Ax Bx A,Bx Ax B) = (A, B) be a covariant map,
an element (a,p,b) € A x B x A is called tripled fized point of F if

F(a,p,b) = a,F(p,a,p) = p and F(b,p,a) =b.

Theorem 3.9. Let F': (AxBx A, BxAxB) = (A, B) be a covariant map. If
F is a continuous mapping having the mized monotone property on (A, B) and
W, A, k be a non-negative constants with the condition

(3.14) d(F(l,r,m),F(s,n,t)) < ud(l,s) + Xd (n,r) + kd (m,t),

Vi,m,n € Ar,s,t € Bwithl>s, n<r, andm >t withu+A+r<1. If
there exist (lg,m9,mp) € (A X B x A)U (B x A x B) such that

lo < F(lo, 7m0, m0), 70 > F(70,10,70) and mo < F(mo, 10, o),

then there exists (I,m,m) € (A x B x A)U (B x A x B) such that the mapping
F:(AxBxA)U(BxAxB)— AUB has

F(l,r,m)=1,F(r,l,r) =71 and F(m,r1) = 1.
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4. Conclusions

In the present research, we introduced and proved tripled fixed point theorems
by using weak contractive type and mixed monotone type mappings, defined on
a partially ordered bipolar metric space and gave suitable example that support
our main result.
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