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Abstract. A theoretical analysis of a linearized Crank-Nicolson Galerkin finite ele-
ment method for the nonlocal nonlinear coupled system of the reaction-diffusion problem
is presented here. For sufficiently smooth solutions, the maximal error in the L2-norm
possesses the optimal rate of convergence O(62 + h™™1) (where h is the mesh size and
d is the time step size with r > 1) without any time step restriction. Some important
results on the energy decay and vanishing of the solutions in finite time are also pre-
sented. To confirm our theoretical analysis, some numerical experiments are performed
using Matlab.
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1. Introduction

The following system of reaction-diffusion equations with a specific type nonlocal
non-linearity is the focus of this research article.

ug — a1 (l1(u), l2(v))Au + a|ulP~2u = fi(x,t) in Qx (0,T)
vg — az(l(w), l2(v)Av + agv|P~2v = fo(x,t) in Qx (0,T)
u(z,t) =v(x,t) =0 on 00 x (0,T)

u(z,0) = up(z), v(x,0)=vo(x) in Q

(1.1)

*. Corresponding author
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Where Q ¢ R? is a domain with a smooth boundary 952.

The reaction-diffusion equation-model is one of the most successful models for
describing physical, chemical, biological and ecological systems. Amongst them,
the most successful and crucial one is the following model of parabolic partial
differential equations, called the reaction-diffusion problem

(1.2) up — AAu — f(u) =0,

where f : R™ — R" is the nonlinear function. For n > 2, A is an n xn real matrix
of diffusion (see [1] and references therein) and for n = 1, A is a real function
called diffusion coefficient (see [2, 3]). However, cross-diffusion phenomena are
not uncommon (see [4] and references therein) (1.2) can be treated as a system
of equations in which A is not even diagonalizable. In 2008, Raposo et al. [5]
studied the reaction-diffusion coupled system in a parallel way via a parameter
a = const > 0, of the form

(1.3) {u —a(l(uW)Au+ fu—v) = alu—v) in Qx(0,T)
vy —a(l(v))Av — f(u—v) =a(v—u) in Qx(0,7),

and they proved the existence, uniqueness and exponential decay of solutions
using the energy method. They also presented some numerical simulations using
an implicit finite difference scheme in one dimension and a finite volume method
without an analysis in two dimension.

Recently, Duque et al.[6] considered problem (1.1). Here u and v described
the densities of two populations that interact through the functions a; and as.
The death in species u is assumed to be proportional to |u[P~2u by the factor
a1 > 0 and in species v to be proportional to [v|P~2v by the factor ap > 0. The
external sources are denoted by f; and fo. Existence and uniqueness of weak
and strong solutions were proved, globally in time, and conditions on the data so
that these solutions have the waiting time and stable localization properties were
given. Important results on polynomial and exponential decay and vanishing of
the solutions in finite time were also presented.

There is a vast literature on finite element methods for nonlinear elliptic
and parabolic problems, for instance [7, 8, 9] and references therein. But there
are few studies on numerical approximations of nonlocal problems. Mbehou
et al. [10] proposed a linearized Cranck-Nicolson finite element methods for a
nonlocal nonlinear reaction-diffusion equation. Duque et al. [11] proposed the
P1 or linear approximation finite element method in space variables and the
Euler method for the time variable for the reaction-diffusion system (1.1) and
derived convergence of order O(6 + h?) in the L? norm. Almeida et al. [7]
presented the convergence analysis of the fully discretized in the finite element
method in space variables and the Crank-Nicolson method in time variables for
a nonlocal parabolic equation with moving boundaries.

The main objective of this research article is to prove the convergence of a
total discrete solution using the Crank-Nicolson-Galerkin finite element method.
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To the best of our knowledge, these results are new for the nonlocal reaction-
diffusion coupled system (1.1). This paper is organized as follows. Section
2 is concerned with the weak variational formulation of the problem and the
hypotheses on the data. In Section 3, we present the semidiscrete solution and
its convergence while in Section 4, we derive the optimal L? error estimate of
the fully discrete Galerkin method unconditionnally. Finally numerical results
are presented in Section 5 to demonstrate our theoretical analysis.

2. Preliminaries and weak formulation

H*(Q) is the usual Sobolev space of order k € N with norm | - [|z. HE(Q)
is the closure of C5°(Q) in H¥(Q). D'() is the space of distributions on €.
The Lebesgue space is denoted as L"(€2), 1 < r < oo, with norm || - ||z~ (the
L?(2)-norm is denoted by || - ||). Moreover, we employ the standard notation of
Bochner spaces such as L9(0, T, X), with norm || - || a(x), where X is a Hilbert
space.

Following Duque et al. [6],the existence and uniqueness of strong solutions
of the reaction—diffusion system (1.1) in which a;, ae are nonnegative constants
and p > 1 were proven under the following:

Hyp 1: ug, vo € L?(Q).

Hyp 2: a; : R? — R is bounded with 0 < m < a;(p,q) < M, p,q € R, i =
1,2.

Hyp 3: ¢; : R* = R and |a;(p1,q1) — ai(p2, ¢2)| < Milp1 — pa2| + Kilgs —
q|, pi,qi € R, i = 1,2, a; Lipschitz—continuous.

Hyp 4: [; : L?(Q) — R is a continuous linear form, that is, there exists a pos-
itive function g; € L?(Q) such that [;(w) = ly, (w) = [ gi(z)w(z)dz, for all w
L2(Q),i=1,2.

Hyp 5: fi, fo € LQ(O,T, LQ(Q)).

The proof of the following results (Theorem 2.1, Theorem 2.2 and Theorem
2.3) can be found in [6].

Theorem 2.1. Letp > 1 and 0 < T < oo. If (Hyp1l) — (Hyp5) hold, then
system (1.1) admits a unique solution, that is, there exists a unique couple (u,v)
such that

u, v € L®(0, T, L*(Q)) N L*(0,T, H3(Q)) N LP(0, T, LP(£))
(2.1) nc(o, T); L2 (),
(2.2) ug, v € L2(0,T, HY()),

4 uqf)da}+a1(ll(u),lg(v))/Vu-Vqu:z:+a1/ luP~2u¢ da
dt Q Q Q

(23) = /Q frédz,
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/vwd:n+a2(l1(u),l2(v))/Vv-dex—kcm/ [v|P~2 vy da
Q Q Q
(2.4) :/Qfgwdx,

for all ,v» € HY(Q), where (2.3) and (2.4) must be understood as an equality
in D'(0,T),

(2.5) u(z,t) =v(z,t) =0, on 00x]0,T],
(2.6) u(z,0) =up(z), v(z,0)=vo(z) in Q.

If more regularity is imposed on ug and vg, then
(2.7) ug, v, Au, Av € L*(0,T, L*(Q)).
Denote the global energy function by
E(t) = %(IIU(UH2 + [l (@®)]1?).
Theorem 2.2. If fi = fo =0 and (u,v) the solution of (1.1) then
E(t) < E(0) exp(—pt),

where B is a positive constant which depends on m and Q.
Moreover if p > 2, then

] B(oy!
B < 60 - nEop T

where = p/2 and C a positive constant which depends only on N, p and §).

Theorem 2.3. Suppose that 1 <p < 2. If fi = fo =0 and (u,v) the solution of
(1.1) then (u,v) vanishes in a finite time, that is, there exists t* which depends
only on ||ugl|, ||voll, p and Q such that

u(z,t) =0 and v(z,t)=0 in Q for t>t".

3. Semi discrete approximation

Following classical finite element method theory [12], we define 7}, as a regular
triangulation of € into elements K. Let h = maxge7, {hk} denote the mesh
size, where hx = diam(K) = max{||z — y||, =, y € K}. Let V}, be the finite
dimensional subspace of H&(Q), which consists of continuous piecewise polyno-
mials of degree r > 1 on Tp,.

Let II, be an interpolation operator and let Rj, : H}(2) — Vj, be a Ritz
projection operator defined by

(3.1) /QV(u — Rpu) - Vwdr =0 Yw € H}(Q).
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Lemma 3.1 (cf. Ref. [12]). If u € H™(Q) N HY(Q), then

(3.2) lu — Ipul| + AV (u — Tpu) || < CR™H|ul| gres
(3.3) |lu — Rpul| + h||V(u — Ryw)|| < Ch™ | |ul| gria,

where C is a positive constant which does not depend on h and r.

Lemma 3.2 (cf. Ref. [13]). For all p € (1,00) and T > 0, there exist a generic
constant C = C(p,d) such that for all ¢, n € R? with d > 1

(3.4) leP=2€ — nl~2n] < Clé — nf*7 (€] + ) ~>"
(35) (1€l — P 2n) - (€ —n) = Cle (Il + P>

The semidiscrete problem, based on Theorem 2.1 consists of finding uy,, vy €
V3, for t > 0, such that

/(uh)tgbhda:—l—al(ll(uh),lg(vh))/ VUh‘V(]ﬁh dx
Q Q
p—2 —
+Oz1/Q!uh! upPp dx /waﬁhd%
(3.6) [ on)ein o+ aalta(un).ta(wn)) [ Von- Vi da
+02/Q|Uh|p2Uh1/1hd$:/gf2¢hd$a

up(z,0) = Hpug, vp(z,0) = My,

for all ¢p, vn € V.
We have the following result.

Theorem 3.1. The semidiscrete problem (3.6) admits a unique solution (up,, vy)
and if (u,v) is the solution of (1.1), then

(3.7) |w — up|| + |v —vp|| < CR™L, forall t e (0,T),
where C' does not depend on h.

Proof. Note that (3.6) is equivalent to a system of ordinary differential equa-
tions of first order, so the existence of the solution follows from Caratheodory’s
theorem. The proof of uniqueness is similar to that of Theorem 6 in Ref. [6]. To
prove the convergence, let us write up, —u = (up, — Rpu) + (Rpu —u) = O} +n*

and vy, — v = (v, — Rpv) + (Rpv — v) = O} + n* From Lemma 3.1, we have

Il + Il < CR™ | grrsa
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Now to estimate ©} and ©}, we have

/ (O%)udn da + a (1 (un). 1o (v3)) / VO - Vo da
Q Q
= /(uh)t%dx + al(ll(uh)7l2(”h>)/vuh -Vop dx
Q Q
- / (Ruu)edn e — ar (L (), Ia(on) / V(Ryu) - Vo da
Q Q
- / (u— Ryu)idnde + / (P2 — JunlPun)ép de
Q Q
T (an (i1 (), o (v)) — ar (i (un), Ia(vn))) /Q Vu - Vo, de.

If we take ¢y, = OF, on using the hypotheses (Hyp 2), (Hyp 3), (Hyp 4) and
Lemmas 3.1 and 3 2 we obtain

(3-8) 2dtH@ I+ mlIVORI* < [l 1Ok + Cr(u, un) u — un|l|OF]
+ Co(My, Ky, u)([lu = unll + [lv = DI VORI,

where C1(u, u) = C(||ul oo (z2(0))s [unllLoo(2(0)y) and Co(My, K1,u) = C(Mi, K1,
[Vl g (£2(q2))) are constants. Then we have

2dtll@ 12 +ml[VORIP < C {Inill* + " 1* + In°lI* + 91% + 0311}
(3.9) +m||Vey|?.

If we use the same argument for ©%, we will have
2 v 1|2
3 O8I + mlvey|
(3.10) < NP+ 012 + v 112 + 110512 + 183117} +m[vey|*.

Adding (3.9) and (3.10), we have

Lo+ 1 oy < C {1 + I + I + ORI + 10317}

2dt 2dt

and integrating with respect to time on the interval [0,¢] we obtain

T
1©311* + 1©411* < 1©5(0)* + 950 +C/0 (It ()1
+ ()1 + ()7 + [l° (s)1I7) ds

so the inequality (3.7) follows from Lemma 3.1. O
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4. Fully discrete problem

Let {ty|t, = nd; 0 < n < N} be a uniform partition of [0, 7] with the time step
§=T/N,and t, 1 = 3(tn +t,—1). We denote w™ by w™ = w(z,ty,). For a
2

N

n—o> we define

sequence of functions {w™

1
" = i(w" +w" 1), n=1,2...N,

Q
S
3
I
g

1
w" = 5(31{)’“1 —w"?), n=2,..,N

With above notations, a linearized Crank-Nicolson FEM is as follows:
uy, vy € Vi such that

/8uhd>hdx+a1(l1(uh ), l2(0 /Vuh Von dx
oy / P2, da = / 172 da,

(4.1) / Dubn d + as(ly (1), 1o (7)) / Vo - Vi, da
tas / (6P 2o d = / 1272y, da,

uh = Ijug, Uh =1Ilvg, n=1,....N, forall op, Y, €V},

where (4}, 0} ) is the solution of the following system of equations.

1
/“% h g da + ay (1 (u), I (v0) /v Ve dz
o 6/2

(4.2) +a1/ |uh|p zu}Lqﬁhdaz—/fl/Zd)hdx,

/ 5/ ¢hd:v—|—a2(l1(uh) lo( Uh /Vvh Vo, dx
Q
+a2/|vh|p 25 ¢hd$—/ 1/2 hdl’.

Find

Theorem 4.1. Let p > 2. If (u,v) is the solution of system (1.1) and (uy,v})

is the solution of (4.1) — (?7) then

(4.3) lu™ = ]| + [[o" = v < C(R™ + 67,

where C' is a generic constant which does not depend on h and J.
Proof. We write

uf — " = (uf, = Ryu") + (R — ") = O} + U
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and

vy —v" = (v — Rpo"™) + (Rpo" —o") =0, + U,

The estimations of ¥ and ¥} are given by Lemma 3.1. To estimate ©; and
O, we have

/a@ ondx + ay (11 (a}), lo(H /ve“ v¢hdx+a1/y nP2QU ¢ da
= /Q QR ppdx + ay (1 (43, lo () /Q Vi - Vondr + ay /Q @y P~ 2 ppdx
_ / ORyu" Spde — ar (12 (A7), 1a(0F) / V Ry - Vnda

—a / a2 P2 Ry dpdw = / Y ppde — /Q (ue)" Y2 ¢ dz
—al(ll(u"1/2),12(1)”1/2))/9Vu"1/2-V¢hda:
—al/Q|u”_1/2|p_2u”_1/2¢hda:—i—/Q((ut)"_l/Q—5Rhu")¢hdm

+ ar (I (W Y?), 1 (V"1?)) /Q V(w2 = Rpu™) - Vopda

+ (@), B0 — (). b6R) [ TR Voda

dar [ (e Ry P Ry o

dar [ (B2 = ) Ry o
Q
By applying the definition of Ritz projection operator (3.1), we obtain

| d0%nde + ax(t(a), a(ep)) [ V6L Voo
+ar [ [P 26tonde = [ ()" = R yonda
+ a1 (li(u"™ 1/2 " 1/2 /V nml/2 g u") - Vopdx
(4.4) A+ (a((u™2), (") = ag (I (ap), 1 (67))) /Q V" - Vpds
+a /Q (Ju" =2 P=2um =12 — | Ry P2 Ryu™) pndar

+ oy / (|Rpu™ P2 — |} P~ Rpu™ ppda.
Q
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Choosing ¢, = ©% and applying Holder’s inequality, we arrive at
g n y

1z a ~N|P—2 | QU
23H@iill2+al(ll(un‘l/Q),lz(v”‘l/Q))IIV@ZH?+0<1/ R e CH R
Q

< ()" Y% — ORyu" |10
+ar(l(u"12), (") [V (Y2 —a) [ Ver|
+ (@ (b ("), (0" 2)) = ar (L (@R), L2 (00)) | Va ||| VO

+on / (222 | Ry P2 Ry |6
Q
b [ (R P~2 = a2 R |63
Q
We apply Poincare’s inequality, (Hyp2) — (Hyp3) and Lemma 3.2, to obtain

1 = u AU n— 2 n n— =N
SOOI +m|VOR|* < {CH(Ut) V2= DR || + M|V (u" Y2 — )|
+ O (u) (M [|u" =12 — ]| + K [0 12 = a7))

+ Co(u)|[u" "2 = Ryu"|| + Ca(u, up) | Rpu™ — ﬂh\l} IVeLll,

where C1(u) = C(HVUHLOO(O,T,L?(Q))) and Cz(w) = C(||w||L<>o(0,T,L<>o(Q)))-
Therefore,

15 - 3 n n— =T n— ~ T
Solen]® SC{H(Ut)” V2= R 4 |V (@ =)+ [l
4.5 n—1/2  ~n n—1/2 Riu™ Rou™ — o 2
(4.5) + [lv Opll + flu ||+ [ Bru” —agl o

In the same way we can prove that

I n— 3 n n— ~1 n— )
5010412 < € {2 = BR™ | + [V ("2 — ™) + Jun 2 — |

_ _ 2
(4.6) o2 = o = R+ ([ Rue™ = Rl

By numerical differentiation, interpolation theories and Lemma 3.1, we can
prove that for w € {u, v},

(we)* 2 = Ry < [l(we)" 2 = "] + (| 00|

(4.7) < OO lwut|l Lo, 22(02)) + CR Hlwell Lo 0,1, 57+1(02))
(4.8) IV (w2 — ™) < CO%||Vwul| oo 0,7, 12(02))

w2 — Rpw™|| < w2 — @] + 0" — Ryw”|
(4.9) < C8|lwel| oo (0,1,12(0)) + Ch W]l poo (0,7, 171 (2))
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[ =42 — @ ||<[|w" =2 — @+ [ E 1O | SCo%wel| e (0,7,

(410)  + CH w1y + CIOY_ |+ [OF_]l) form > 2

(411)  [|Bpw” = df | < [ Ryw" = w2 4 (w2 — .
Hence from above inequalities (4.7)-(4.11), we obtain

1% +llen]1? < Ca(llOn_1I1 + 1051 1” + 105 _l* + 105 _211)
(4.12)  +C8(0* + )2

By iterating and noting that for all 1 <n < N, >}, 6 < T, we obtain

(4.13) [|lO%]12 +ll6n 17 < C(Ieg]1* + 195]1* + 181]1* + [©1]%) + C (8% + A" ).

Note that by the definition of w) with w) € {u?, v)} and Lemma 3.1, we have
101l < ChrJrlHwOHLOO(O,T,HTH(Q))‘

To conclude the proof, we have to estimate ||@Y|| for w € {u, v}.
From (4.5), we have

1o 5 _ .
Joler|* <c {II(Ut)l/2 = ORyu | + |V (' = ah)|| + (a7 — ag |
_ _ 2
(4.14) + ([0} = oyl + [lu'”? = Ry || + || Ry — fbiH} )

where (4,0} ) is the solution of (4.2)-(??). From inequalities (4.7)-(4.11) and
the triangle inequality, we can write

1= . 12
(415)  SOIOY|? < C{0* + 12+ C {| R/ = o} | + | R * — |}

Let us denote ég and ©% by QY = O and Qv = a} — Rpa' with a! = ull? =
u(ty/2). Then from (4.2), using (3.1), we have

2 /Q DO ppdx + ay(ly(u), lo(v))) /Q VOl . Vopdx

ay /Q [ [P=26% gy da

= /Q((ut)l/2 — 20Ryut?)ppdx 4 (ay (11 (u*/?), Io(v*/?))
@16)  —ar (L), (D)) /Q Va2 . Venda

+a; /Q(‘u1/2|p—2u1/2 _ |Rhu1/2|p_2Rhu1/2)¢hd:r

+ a1 / (‘Ug\p” — ]Rhu1/2|p72)Rhu1/2¢hdx.
Q
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By choosing ¢}, = (:)11‘ and applying the properties of ai(.,.), Poincare’s inequal-
ity, Holder’s inequality and Lemma 3.2, we arrive at

2 AU 2 U QU AU
S1611° =3 [ epords -+ m|véy|?
< O {l(ue)? = 20RuM 2| + ull? — | + 0!/ = of|

+ a2 = Ry 2|+ | Ryt — ]} 901,

that is

Loayo 1o .

16112 < S13112 + € {Jlue)* = 20Ru | + u’? = | + [|o*/2 = of|
2

(4.17) +”ul/?—Rhul/?n+||Rhu1/2—u2||} .

Again applying numerical differentiation and interpolation theories and Lemma
3.1, we can prove that

(ue)/? = 20Rpu 2| < [|(ug) "/ = 20u'?|| + 2[|0u'/? — ORyu'?|
< OB lugll poo (0.1, 1202)) + CR™ Hluell poo (0.1, 171 (52))
[w'/? = wp| < lw"? = wol| + [Jwo — wh]|
< ClJwe|l e (o,1,22(02)) + CBH|woll oo 0,1, m+1.(02))-
Finally, we have
(4.18) 1642 < C{8° + h2Ur 1},
By substituting (4.18) into (4.15), we conclude that
|ey|? C||O¢|? + C8{8% + B2+ 4 C6{82 + B2

<
< 0{52 + hr+1}2_

(4.19)
In the same way, wex can prove that

(4.20) l07]* < C{6* + hrH1Y2.

5. Numerical simulations
5.1 Example 1: Energy decay and the vanishing in finite time

In order to verify the properties of the energy decay exponentially and the finite
time extinction when 1 < p < 2, we consider the system (1.1) in Q = (0,1)?
with a; = g = 1 and functions satisfying (Hyp 1) — (Hyp5).

ai(s,z) = 3+ sin(s) + cos(z),

as(s,z) =3 —cos(s) +sin(z), (w)=l(w) = /deac

uo(z,y) =2zy(l —z)(1 —y), wvo(z,y) = 0.5zy(1l —x)(1 —y),
fi(z,y,t) = 0.0ln(z +y +1)(0.1 — )%,  fo(x,y,t) = 0.01sin(zy)(0.1 — ).
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Figure 1 and Figure 2 show that, for p = 1.2, the solutions uj = 0 and v} = 0 for
t > 0.046 while in Figure 3 and Figure 4 (p = 3.5), the solutions u} and v} are
very small but not zeros for ¢ > 0.046. For the asymptotic behavior, the energy
function E, = 1/2(||u}||* + ||v}[|?) decays and is extinguished at ¢ &~ 0.045 for
p = 1.2 (See Figure 5).

Figure 1: Evolution of the solution uj for some values of t and p=1.2

\ t=0:005 e t= 001
005
o
1
)" [ 1( j' 00 05
uh.t=0-015 t=ﬂ.ﬂ‘23
a1 o1 o
005 005 0.0%
? ?“ i '
1 1 05
1 05 05 ¥y 00 x
ﬂ‘,-s’ P 105 y 00 x

Figure 2: Evolution of the solution v}’ for some values of ¢ and p = 1.2

¥ o t=0.005 vy =001
ol
0.05
]
1
0.5 05
y 00 x )’ L Jf y [ ;.;
Vi t=0015 v, 1=0023
o1
005
[
i
0.5 05
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Figure 3: Evolutlon of the solution uj for some values of ¢ and p = 3.5

hﬂ'ﬂﬂs TIU‘.D‘
}" LU ].; ,, 00 05 y o0 ;.;
1= 003
u, t=0015 Uy 1= 0023

0l
0.05

05

Figure 4: Evolution of the solution v}’ for some values of ¢ and p = 3.5

Ya ¥, = 0005 ¥, =001
'y L] ]( )l' a0 1
t=0.015 v = 0023 Vo (=005

bbb

5.2 Example 2: Illustration of the diffusion property

We consider system (1.1) in Q = (0,1)? with p = 3.5, a; = as = 1 and
ai(s,z) = 3+ sin(s) + cos(z),

as(s,z) =3 —cos(s) +sin(z), li(w)=Il(w)= /dea:,

wo(e.y) {20xy(0.2 —(2—02)2%—(y—02)?), if 0<az, y<05

0 elsewhere

(2,y) = 15(1 —2)(1 —4)(0.2 — (x — 0.8)%2 — (y — 0.8)%), if 05<z,y<1
HY= 0 elsewhere
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Figure 5: Evolution of the energy function F, for p = 1.2 and p = 3.5 respec-
tively

E 2
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Figure 6 and Figure 7 show that, initially the solutions u} and v}’ are concen-
trated in two different small regions, and as time increases these solutions spread
over the domain and decrease.

Figure 6: Evolution of the solution uj for some values of ¢t and p = 3.5
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Figure 7: Evolution of the solution v} for some values of ¢ and p = 3.5
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5.3 Example 3: Convergence rate

We consider the system (1.1) in Q = (0,1)? with p = 3.5, a1 = ag = 1 and

ai(s,z) = 3+ sin(s) + cos(z),
as(s,z) =3 —cos(s) +sin(z), l1(w)=Il(w) = /deac

u(z,y,t) = sin(mwz) sin(ny) cos(nt), v(x,y,t) = 0.5sin(rzx) sin(wy) cos(wt).

We solve the system (1.1) by the linearized Crank-Nicolson Galerkin finite ele-
ment method (4.1)-(4.2) with a linear and quadratic finite element approxima-
tion. A uniform triangulation is used. For the convergence with respect to the
mesh size h, § = h? and for the time step, h = 0.01. From Figure 8, we see that
errors estimate in L?-norm are in the form of O(h™! 4 §2), with r = 1,2 which
confirm our theoretical analysis.

6. Conclusion

We have presented and analyzed a linearized Crank-Nicolson Galerkin finite
element method for a nonlocal nonlinear parabolic system. The optimal L? error
estimate has been obtained using sufficient conditions on the exact solution.
Some numerical experiments on Matlab’s environment have been carried out
and our numerical results confirmed the theoretical analysis.

References

[1] J. K. Hale, Large diffusivity and asymptotic behavior in parabolic systems,
Journal of mathematical analysis and applications, 118 (1986), 455-466.



650

2]

M. MBEHOU anp E.F. DOUNGMO GOUFO

Figure 8: Convergence rate
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