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Abstract. In this paper, Einstein operations for cubic hesitant fuzzy sets have been
introduced and also proved its various results. Aggregation operators play an important
role to aggregate the fuzzy information, in view of this fact cubic hesitant fuzzy Ein-
stein weighted averaging operators, cubic hesitant fuzzy Einstein weighted geometric
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operators have been introduced. Finally, by using these aggregation operators a multi
criteria decision making problem of real life has been solved.

Keywords: Cubic hesitant fuzzy sets (CHFSs), aggregation operators (AOs), cu-
bic hesitant fuzzy Einstein weighted averaging (CHFEWA) operators, cubic hesitant
fuzzy Einstein weighted geometric (CHFEWG) operator, multi criteria decision making
(MCDM).

1. Introduction

Fuzzy set theory which was developed by L. A. Zadeh [33] in 1965 is a useful
tool to describe the situation when the information is indefinite or indetermi-
nate. Since its inception, fuzzy set theory has been developed and used in many
directions of engineering and mathematics. Fuzzy set is a necessary mathemat-
ical tool to handle a compilation of facts whose division line is not clear. These
facts are given by the membership grade which belongs to [0, 1]. If the member-
ship grade is 0 it means that the object does not belong to defined criteria and
if this value is 1 it shows that it is fully agreed by the given condition. When
defining the membership criteria someone has its own approach to determine
the fact. For example when defining the term intelligent someone feels that a
person is intelligent if he got 90 percent marks in his academic career while the
other has the concept that he should have a better IQ level. In such types of
generally fuzzy sets does not help to point being different between immaterial
elements and opposite parts. In view of these facts several types of general-
ization of fuzzy sets have been made which includes interval valued fuzzy sets
(IVFSs) [34], hesitant fuzzy sets (HFSs) [15, 16], interval valued hesitant fuzzy
sets (IVHFSs) [3], intuitionistic fuzzy sets [1], interval valued intuitionistic fuzzy
sets [2], cubic sets (CSs) [6], cubic hesitant fuzzy sets (CHFSs) [11, 12], etc. V.
Torra [15, 16] introduced HFS that gives a set of possible values in which each
value belongs to [0,1]. Actually the concept of HFS was defined due to the
phenomena when a group of people have the hesitancy to reach the ultimate
decision. N. Chen et al [3] defined IVHFSs that generalize the concept of HFSs
and allow membership value to be the closed subintervals of [0, 1]. T. Mahmood
et al [11, 12] introduced CHF'Ss which is a very vital generalization and the only
tool to solve such type of uncertain information when there is hesitancy in both
IVFSs and fuzzy sets.

There are lots of problems in the world that needs choice of appropriate
alternative amongst possible options. Such types of problems are called deci-
sion making problems and have applications in almost every field of life like
economics, medical sciences, engineering and information technology etc. When
decision makers suggest a collection of alternatives against a set of criteria then
these sorts of arguments are called multi criteria decision making (MCDM)
arguments [4, 5, 7, 13, 14, 17, 20, 22, 27, 32]. The MCDM method is accept-
able when an instinctive method is not appropriate, for example considering
the decision makers finger the visualization is too large and ramified to handle
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instinctiveness, because it has a number of inconsistent goals, or has several col-
laborators with contrary views. When reaching the ultimate result in MCDM
process, information given by the decision makers need to be aggregated. For
this purpose many aggregation operators (AOs) have been introduced. M. Xia
and Z. S. Xu [23] introduced AOs for HFSs. N. Chen et al [3] gave AOs for
IVHFSs and used them in group decision making. It is noted that these AOs
[24, 25, 26] are established of algebraic operational laws. Many AOs [8, 9, 10,
18, 19, 28, 29, 31] for fuzzy information have been introduced by using Einstein
operations. D. Yu [28] defined AOs in order to aggregate hesitant fuzzy facts
through Einstein operational laws. G. Wei and X. Zhao [21] explored AOs for
IVHFSs by using Einstein operational laws. W. Wang and X. Liu [19] used
Einstein operations to aggregate intuitionistic fuzzy information. H. Zhao et al
[30] provided aggregation for dual hesitant fuzzy information by using Einstein
operations.

The structure of this paper is as follows: Section 2 consists of primary defi-
nitions which are utilized to form the paper. Section 3 has Einstein operations
for CHF'Ss and the proof of its various results. Section 4 gives CHFEWA and
CHFEWG operators. Section 5 describes the algortim for solving MCDM prob-
lem with an example of real life. Section 6 concludes the paper.

2. Notations and preliminaries

In this section some fundamental notions and results have been studied which
are used to from the paper.

Definition 2.1 ([33]). Assume 7" be a non-empty set. A fuzzy set is defined
by the function f : T — P where P = [0, 1]. Denote P” as the collection of all
fuzzy sets (F'Ss) in T'.

Definition 2.2 ([34]). Assume T be a non-empty set. An interval valued fuzzy
set (IVFS) is defined by the mapping s from T to the set of closed intervals in
[0,1].

Definition 2.3 ([6]). Let 7" be a non-empty set. The cubic set on T is defined
by
C={<t,s(t),f(t)>/teT}.

Where s(t) represents interval valued fuzzy set (IVFS) in T and f(¢) is a
fuzzy set in T'.

Definition 2.4 ([15,16]). Let T be a non-empty set. A hesitant fuzzy set (HFS)
is a function that when applied on T" returns a finite subset of [0, 1] which is
denoted and defined by

R={<tg(t) > /teT}.
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Where ¢(t) is a set of different values in [0, 1], which denotes the possible
membership degrees of the element ¢ € T' to the set R.

Definition 2.5 ([3]). Assume 7" be a non-empty set and C[0, 1] denotes the set
of all closed subintervals of [0, 1]. An interval valued hesitant fuzzy set (IVHEFS)
on T is denoted and defined by

T={<trulty) > /t,€eT,r=1,2,....,n}.

Where u(t,) : T — C[0,1] denotes all possible interval valued membership
degrees of the element t, € T to the set T.

Definition 2.6 ([11,12]). Let 7" be a non-empty set. A cubic hesitant fuzzy set
(for short, CHFS) is defined by

Z = {<tult),gt)> /t € T}.

Where u(t) is an interval valued hesitant fuzzy element (briefly IVHFE) and
g(t) is hesitant fuzzy element (briefly, HFE). A CHFS Z = {< t,u(t),g(t) >
/t € T} is simply denoted by Z =< u,g > .

Definition 2.7 ([11,12]). A CHFS < u, g > is called an internal cubic hesitant
fuzzy set (for short, ICHFS) if Vi € A (where A is an index) and V¢ € T' we have
N7 (t) < hy < Nf(t), where X; = [N, NF] € s(¢) and &; € g(t).

Definition 2.8 ([11,12]). A CHFS < u,g > for a non-empty set T is said to
be an external cubic hesitant fuzzy set (briefly, ECHFS) Vi € A (where A is an
index) and Vt € T we have f; ¢ (N7 (t), R (¢)), where X; = [, Rf] € s(¢) and
h; € g(t).

Definition 2.9 ([11,12]). Let Z = {< t,u(t),g(t) > /t € T'} be a CHFS. The
cubic hesitant fuzzy element (brieflyy, CHFE) on a non-empty set 7" is defined
by

ch = {<¥; = [N, XF] € u(t), by € g(t)/{[R;, XS]}, {hi} >}

177 177"

Where u(t) represents IVHFE and g(t) represents HFE.

Definition 2.10 ([11,12]). Let ch={< N;=[N;,NF] € u(t), h; € g(t)/{[¥;, XS]},

177 )

{hi} >} be the CHFE on a non-empty set 7', the score of ch is defined by

(Ni+Nj—®(26h)+hi).

Where ¥; = [N, Xf] € s(t) (an IVHFE), h; € g(t) (HFE) Vt € T,®(ch) is

[ )
the number of elements in ch.

Definition 2.11 ([28]). Let g,g1,92 be the three HFEs, then the Einstein
operational laws are defined as follows,
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3. Einstein operations for CHF'Ss

In this section, based on Einstein operational laws Einstein operations for CHFSs
are proposed.

Definition 3.1. Let ch = {< {[N;, R}, {A;} >}, chi = {< {[N;; N+]} {hi,} >

i1
tchy = {< {[NlQ,N+]},{hi2} >} be CHFEs. Then we define the following
Einstein operational laws as follows:
N AR RS RE

h; fz
N_N_ R N+ Ry +h
_ i1 19 i1 19 11 ] .
2. Chl Re Ch2 —({< {)[1-1-((1 Nll)) (1(Ni2)+’)1+§1 Nirl)) (1 N_+>]}7{1+hilhi2} >}7
_ LR )7 (1R)7 (1R) 7 (1-8F)” 2(hy)°
3. och = {< Al (1+Nj)“+(1—Nj)"]}’{ Pt
o _ 2(8, ) 2(8F)” (14hi)7 —(1—hy)°
4. Ch {< {[(2 N )o’ ) 9 (Q_NT)U_;'_(N;")U]}’{(l—}—ﬁ )O' ﬁl)o'} >}

Theorem 3.2. Assume ch,chy,cho be the three CHFEs and o > 0. Then
chy ®¢ cho, chy R, cho,och,ch® are also CHFFEs.

Proof. We have ch = {< {[N7,Rf]}, {I} >}, chi = {< {X;, N1}, {;, } >
},cho = {< {[N;, X1}, {h;, } >} are CHFEs.

127 > 1o

0 < V7 NF N ONF RN By by By, <1
0< (1-R;) (1-N,),

0<1-N =R +N R

11 127

N, + R <1+N N

127

N. + N.’
<1
T4+ N N
NN Ry AR RNt
Similarly 1+N+ Ni <1, also TNE >0 and 1+§W Ni >0,

1119 11719 1171

0<hy <1,0< Ry, <1,

0 < iy + hyy <2,

0<2—hy —hi,

hiy Riy, <2 — hiy — Ry + Ry Ry
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hilhi2 <1+ (1 - hi1) (1 - hi2)7

hilhi2 <1,
1+ (1—hiy) (1 —hyy)
hi, Ry > 0.
l—i-(l—hi )(l—hiQ)
Thus 0 < 0 <9< Xt o < hiy iy <1
=~ 1+N2’1N3; — Y = 1+Ni—1Ni—2 >~ 1LL,U > 1+(1_hi1)(1—hi2) ~ 1.

So chy @, chy is a CHFE.

0<N; <LO<SRNS <1,0<R, <1,0<Rf <1,
0 <R 4+ R <2,
0<2-N —N7,

RIR <2 - N7 — R 4 RiRE

11 12 11° 1)
RN €1 (13;) (1),
N;_NZ._Q <1
1+ (1 o N’h) (1 - Nig)
N;_Ni_g — > 0.
L (1=8) (1-R5)
Similarly
RE
0< 12 <1,
L) (1)
0< (1_hi1)(1_hi2)7
0<1— i — hiy + Ry By,
hiy + hiy <1+ By gy,
M <1,
1+ hyy Ay,
M >0,
1+hi1ﬁi2
TR ot
Thus 0< 02 < 1,0 < — 1% <1 and 0 < futh

(187 (1-R) =
So chy ®, chy is a CHFE.
(1+87)7 = (1=87)7 < (14+87)7+ (L -87)7,
(L+X7)7 = (1-x7)°
(1+X7)7+ (1-%7)7

1+ (1—&;*1) (1-&?2)

<1

Similarly
+ o2 —+ (o2
(1+ ) )U*(lfNi )U <1
(T+X5)7+ (1=-xF)7 ~

(2

1+hi1 hig —

657
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k3 k3

Hence och is a CHFE. In the same way we can show that ch? is a CHFE.

Proposition 3.3. Suppose ch,chy,cho be the three CHFEs and o,01,09 > 0
then,

1. chy ®. chy = chy e chy

2. chi1 ®e chy = chy ®c chq

3. (01 ®e 02)ch = o1ch B, o2ch

4. J(Chl De Chg) = ochy @, ochy

5. (chi ®e cha)? = ch] ® ch§
Proof.

1. chy ®¢ chy = chy @, chy
N +Nv_ N +N h;
Chl @e Ch2 = {< {[14&\2*& ) 1+N+N+ ]} {1+( )(21_ﬁ22)} >}7

h’2 i1

2. ch1 e ch2 = chg ®e ch1

- N N+N+

chy ®e chy = {< {[ (1-&2)2(214;) 1+(1- N+)(1 N"’)]} {1h+hjr1hf“2} b

<Ay i) o) () (g} >) = cha el

3. (01 ®e 02)ch = o1ch B, oach

1+N )0'1+02 (1— N )0'1+0'2 (1+N+)‘71+‘72 (1— N+)0'1+<72
(O’l De UZ)Ch {< {[(1+N )01+02+(1 N )0'1+c72? (1+N+)a1+02+(1 N+)01+02

0‘1 +o9
{ o1 + 2 gl +oo } }

(2—hy;) +(h
THR7)71—(1-R;7)7  (14R])71—(1-R])1 2(h;)71
O'lChEBeO'QCh == {< {[El"'N ;01+E1 N 301 ) EI+N+§01+ N+;0'1:|} { 2 i 01)4_ 01} >
(14R7)72—(1-R;)%2  (14R])%2 —(1-1}1)o2
Y@ {< (TR iy gw;mg wFoa 1 et ) >
(14R7)91 — (1~ N )71 (14R7)92—(1-R7)92
—{<{] <1+R;)"1+(17N;>"1 <1+N;>"2+(17N;>"2
(14R7)7L—(1-87)7L (14X )72 —(1-x; )72’
(4RI (I-RT)TL 7 (148 )72+ (1-R; )72




A MULTI CRITERIA DECISION MAKING METHOD FOR CUBIC HESITANT ... 659

(+RD)71—(1-rF)71  a+rF)%2-a-rF)o2
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(4R7)71—(1-R7)7L  (14R)72—(1-r)72 1

1+(1+N+)01+(1—M’)01 (1+R)72+(1-rF)72
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(G ey (s e R ) (8 ]
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2(E)T1 x2(E)"2
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Where C~ =1+4+R,,0t =14+RF D~ =1-X, Dt =1-X/ and E = I,

yoito2 (D~ o1+og cHyo1toa _(pt)oi1to2
{< {[ 01+02+ED—301+02§7 EEC+§01+U2+ED+301+02§]}
2(E)"1+"2

e @} >
_ o (BRI aR T (e (1)
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Hence (01 ®e 02)ch = o1ch @ oach.
4. o(chy @, chg) = ochy Ge ochy

N, AN R RY Ry i
(Ch’l @e Ch2) = {< {[1+N N, ’ 1+N;L1N;;}} {1+(1 hl];_)(2 —h; )} >}7
— inT + nt + o nt
(Ao ATy - e
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hy; h
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) () (1 ) (1)
B (LR )7 (1HR7)7 —(1-R7 )7 (1-R7)7  (14R] )7 (14RF )7 —(1-R] )7 (1R )7
= {<dl (LR )7 (1R )7 +(1-R7 )7 (1R )7 ’(1+le)U(1+N;;)“+(1—N;F1)U(1—Nj2)f’]}’
259 h
= TN e F>1
(1R )7 —(1-R7 )7 (147 )7 —(1-R
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(1R, —(1-R7 )7 (14RF )7 —(1-RF )7
ochy = {<{] (1+R; )6+( R (1+ N+)<f+(1 N*)v]} { (2— hzz) + U} >}

- +
ochy = {< {[K +L_ ;m]} {243 >},

K
Where K; = ( +Ni1) KT = (1487 Ly = (1-R)7, LT = (1-
N7 M= (i), Ny = (2= hiy)7, Ky = (14 R)7, K = (1+N;§)U,L2‘ =

(1=N;)7, Ly = (1 =R)7, My = (hi,)7, Ny = (2 — lig,)°,
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K{-Ly Ky —Lj Ki—L}t K{—L%
K[ +L] Ky +Ly Kf+LT K +L]
_ 1 2 t1lg
ochy ®e ochy = {<{] KT —Ly . Ky —Ly.’ Kl+ L7L K7L LJr I}
1
+(K1 +LT K;+L5) +(K++L+)(K++L+)
2M; 2My
N+ M7 < No+ Mg
{ 20, 205 }>}

1+( N +M1)( _N2+MQ)

y—LiLy, KiKj-LiL} oMy M
- {< {[K K +L L—7K+K++L+L+]} {NlNQ‘i{M?M2} >}

i< {[ (1R )7 (1R )7 —(1-R; )7 (1-R] )7 (1+le)0(1+N;)0—(1—N;)0(1—Nj2)6]}
(1+X ) (LR )7 +(1-R7 )7 (1-R7 )77 (TR )7 (LR )7+ (1R )7 (1R )7 07
2hg h"

{(2 iy )e (2 1}‘122)04,-}7 ho } >}

Thus o(ch; @, chg) = ochi ®. ocha.

5.(Ch1 Re ChQ)U = Ch({ Qe Chg

. 2(%;,)7 28 )e (1+5;, ) —(1—Fig, )*
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4. Cubic hesitant fuzzy Einstein weighted averaging and geometric
operators

In this section Einstein weighted averaging and weighted geometric operators
for CHFSs are defined which helps to aggregate the given cubic hesitant fuzzy
information.

Definition 4.1. Let chs(s = 1,2,...,n) be the number of CHFEs. The cu-
bic hesitant fuzzy Einstein weighted averaging (brieflyy, CHFEWA) operator is
defined by the mapping G"™ — G such that

CHFEW A(chy, chy, ..., chy) = (®e) i (wschs).

Here w = (wy,ws, ..., w,)" be a weighting vector of CHFEs where w, € [0, 1]
and ) ", ws = 1. As a special case when w = (%, %, cey %)T then CHFEWA
operator becomes CHFEA operator as

CHFEA(chy, chs, ..., chy) = (®e)"_ (= ch)

Theorem 4.2. Suppose chs(s = 1,2,...,n) be the number of CHFEs. Their
aggregated result obtained by using CHFEWA operator is a CHFE,
CHFEW A(chy, cha, ..., chy) = (Be)?_ (wschs)
Iy (1R )¥Ws — H" LR )ws TR (14RF )ws —TI7_, (1-R] )ws
={< {[ (LR )ws +TT7_ (1—N{S)w8’Hg=1(1+>zjs)ws+ng:1(1—&js)ws] ’

2I_Is (hls)
{H” Ne=r )vleJan (his) ws}>}'

Proof. We show the result by using mathematical induction.
When n = 2 and by applying operational law 3 of Definition 3.1 it results,
(LR )WL —(1-R; )™ (LR )1 (18] )*1
{ {[ w1y _NT wy ? +\wq __+w1]7
(LR )™+ (I8, )1 (THR) )1+ (1R},

2(h, )01
{(2 iy ) 11+h )w1}>}
(LHR])w2 —(1—
{< {[(1+N S+
2(hiy )2
{(2 th)wngr 7 )wg} >}
By applying operatlonal law 1 of Definition 3.1 we have,

w16h1

L) (RS we—(1-n e

k2
'lUZChQ ; ywa?! (1+N;;)w2+(17N;;)w2] )

R
—N
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(143, )1 —(1-N >”1 (143, )2 (1%, )2

(LR, VL1, )WL (1R, )w2+(1 RT W2
wichy e wochy = {< {[ £2

(1+>< V1—(1— N*)wl <1+N*)w2 (1-x; >“f2 ’

(1+N*)w1+(1 Ri VLT (R W2 (1R )Y
w w w w
(1+le) 17(17@:) 1 (1+Ni+2) 2 (1— N;;) 2

HRT)WLH=RF)WL T (RT )2 418 )2

T ¥ T o)
)WL -a-wiwn s r2—a-n e

+
R+ (e E w2 w2

2(h; )1 2(% )2
(&, >w1+<h )“’1) (@—hi)"” S >w2)
{ 2(hi )1 2(h; ) 2 }>}7
1+(1*<2 Fiiy )1+ (R )w1)(1 (27ni2)W2+<ni2)W2
_ {< {[ T (1R )ws* — (1R )ws H§=1(1+N2)ws71]?:1(1,&;:)“13]}
1 (1R )ws+H2 QIR yws T T2 (148 )ws 112 (1-RF Yws 1S
2HS 1(h7ls)

(e e >0
Suppose the result is true for n = t,
CHFEWA(chl,chg, ey Chy) = (®e)i_; (wschy)
e (IR )® 7H§:1(17N;S)ws Iy (1R )™ —IIE (1R )ws
= (<A e oo T 1

2Hs, (hzs)
{H§:1(2—his)”»is_H'[?;:l(his)ws } >}.

Now we have to show that the result holds for n =t 4+ 1,
CHFEW A(chy, chy, ..., chy, chip1) = (Do) T (wschs) = (@e)l_q (wschs) Be
(wir1chiy)
Iy (1R ) —IIE ) (1=R7)™s T (LR )ws —IIE ) (1R )ws
={< {[ 1 (1R )ws+Ht (=R Jws 7 ITE (1+N;:)ws+1'[§:1(1—&js)ws]}’
2H9 (Rig)™s ARG )T (ARG )
{Hé 1(2 ﬁ )ule+Ht l(h )ws} >} @3 { {[ 1+Nj+1)wt+1+(1_Niii)wt+17

P i B(hiy,, Ve

e T e 1]}{2 iy VL (7 wer b >}
(1+N1t+1) BLH(IR ) Uigy1) +(hiy )

Now again applying operational law 1 of Deﬁnition 3.1 we obtain,
CHFEW A(chy,cha, ...,chy, chyt1) = (EBe)t'H (wschg)
L0 (14 )ws — Hf+11(1 N )ws IR (14R])ws — Ht“( - )ws
={< {[n’f+1 (1R )ws+nf+1(1 N, )ws” Ht+1(1+N+)Ws+Ht ta st)ws]}’
T8 (s,
{HZLII(Q h S)ul;i+n)t+1(h ws} >}
Hence the result holds for all n.

Definition 4.3. Let chs(s = 1,2,...,n) be the number of CHFEs. The cu-
bic hesitant fuzzy Einstein weighted geometric (brieflyy, CHFEWG) operator is
defined by the mapping G™ — G such that

CHFEWG(chi,cha, ...,chy) = (Qe¢)i_y(chys).

Here w = (w1, wa, ..., w,)T is a weighting vector of CHFEs where w; € [0, 1]
and Y7 ws = 1. As a special case when w = (2,1 . )T then CHFEWG
operator becomes CHFEG operator as,

CHFEG(chy,chs, ...,chy) = (®¢)"_; (chs) 7.
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Theorem 4.4. Suppose chs(s = 1,2,....,n) be the number of CHFEs. Their
aggregated result obtained by using CHFEWG operator is a CHFE,
CHFEWG(chi,cha, ...,chy) = (Re)t_1 (ch?s)

— (<] 2017, (R )™s 27 (R])ws 1l
nr_, (2— N )W I 1(N Yw s’ngl(Q—st)WSJng:l(st)ws )
H?=1(1+h13) S— 1(1 th } }
ws

5 (T+hi)ws +H?1 1 (I=Pi

Proof. We show the result by using mathematical induction.
When n = 2 and by applying operatlonal law 4 of Definition 3.1 we have,
Q(Nl )wl (N+ 1+h1 wl_(l h
o = < Al i e e ) >
-(1-
+(1-

- 2(;;)"2 28}, )2 (L2
Ch22 - {< {[(2_Ni_2)w22+(Ni_2)w2, (Q—Nj;)w2+ N+ w2]} {(1+h;)w

By applying operational law 2 of Deﬁnltlon 3.1 we have,

2(8; )wl 2(R )w2
)
2-x; >w1+m AR >”2+<N )2
w1 w2 __
Chl Qe Chg *{< {[ Q(N*)uu 20, >w2 ’

1+(1—

(=R, )“’1+(N )wl)(l (-8, )“’2+(N )“’2)

+ yw + yw
28 )1 287 ) 2 )

2(N+ ywi 2(N+ yw2 ]}7
(=N LT )Y )= (2—x7 yw2 +(Ni+2)w2 )
(147, )1 =(1=h; )1 (1+h) "2 —(1—hy, ) 2
(47 ) T+(0—h; NPT T (1+8,) 2 +(1 -y,
{—am o th1> T k(1 hz o} >}
(14h; )w1+(1 hiy )((1+h )w2+(1 h; )“’2
2012_ (Nf)ws 2012_, (R )ws

Chwl ® Ch’w2 — < _571 is — s=1 1s

e {2 ({[ (2N )wS+H§:1(Nis)wS ’ ngl(Z_N;:)ws_,_Hg:l(Nit)ws]}7
LR ) s —T12_ (1 h
{ (1+ms)ws+n2 L(1=Fs,) WS} >}
Suppose the result is true for n =t,
CHFEWG(chy,cha, ...,cht) = (@)L, (ch?s)
_ {< {[ 2Hg:1(N;)ws 21‘[221(;\(1_‘:)1113 }}

Iy (27 )ws +11E ) (8 )ws 7 IIL ) (2R yws +IT_ (R yws
Now we have to show that the result holds for n = ¢ + 1,

t+1
CHFEWG(chy, cha, ..., chy, chiy1) = (@) (ch¥s) = (®e)s 1(ch¥s)®cch
_ 2ITE_ (R )™ 211, (NTS) s
- {< {[Ht 27}(# ws 4Tt Nf ws ) ITt Q,N{r ws 4TIt Rt u)s}}7
s=1( S)Us I (R) s=1( Les I (R)
T )Wt

T, (14h;, )®s —TT0_ | (1= ) 20%,,,)
{ l—i—h w3+1—[t 1(1 h ws} >} ®€ {< {[ 2 N* )wt+1+mf )“’t+1’
+1 t+1

AR O L R CR e N O

14+(1—

1+(

Wiy ]
(7't+1) Wil (]— mm

(I4hiy )
e A R O )“’i“]} { (Ithi, ) (1R, ’““f“} >}

Again by applylng operational law 2 of Deﬁnitlon 3.1 we get,
CHFEWG((chy, cha, ..., chy, chiy1) = ()51 (chs)

AT (v, )™ 20T (R )ws
~ < o e e e
{“t“ummws—ntﬂu M)y 5y,
I0EY (1hy ) ws +11ET (1= )ws
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Hence the result holds for all n.

5. Multi criteria decision making (MCDM) using einstein weighted
averaging and geometric aggregation operators for CHFSs

In this section, CHFEWA and CHFEWG operators are applied to MCDM with
cubic hesitant fuzzy information. Let D = {D1, Do, D3, ...Dq} be a finite set
of ¢ alternatives. Let U = {[?1, Us, Us, ..., [u]p} be a finite set of p criteria. Let
w = (wy,ws, ...,wp)T be the weight vector of criteria’s U= {(v]l, Us, Us, ..., Up}
with w;,1 <1 < pand > ]_,w =1. Suppose E = (chjs)mxn is cubic hesitant
fuzzy matrix, where chjs = {< {{N7,N}]},{h;} >} is the CHFE given for
alternative D;(j = 1,2,...,q) with respect to criteria Us(s = 1,2,..p). The
CHFEWA and CHFEWG operators are utilized to develop a MCDM method
with cubic hesitant fuzzy information by the following steps.
Algorithm 1;

Algorithm 1

Input: A set of criteria associated with alternatives.
Output: Best alternative.

1: Obtian a set of criteria associated with a set of alternatives.

2: Obtain CHFEWA and CHFEWG result through the weight vector associated with the

mapping G" — G and by applying Definition 4.1 and Definition 4.3 respectively.

Calculate the scores of CHFEWA and CHFEWG results by using Definition 2.10.

4: Rank given alternatives D,,,1 < m < ¢ by applying accuracy procedure through score
values.

5: Obtain a best choice on a maximum score.

w

Next, an example is presented to select best alternative from a set of alter-
natives utilizing Algorithm-1.

5.1 Illustrative example

Let an organization interested to build a sugar industry in Guangzhou, China.
The three districts namely, Conghua (D;), Nansha (Ds) and Huangpu (Ds)
are alternative districts to build a sugar industry. In each district a place is
selected to build a sugar industry. Since different factors need to manage before
selecting a district for industry. Then the organization mainly consider three
main criterias “Waste management (U;)”, “Water resources planning ()" and
“Population of area ((?3)”. A team of experts are selected to collect data from
three districts and experts give their data on each criteria as a CHF number,
that is, < t,u(t), g(t) >. In Table 1 CHFS values are given.

A set of weights on CHFEs is given as w = (wy, wo,w3)? = (0.2,0.3,0.5)7.
Now to calculate CHFEWG and CHFEWA, first ch,,y,, n,m = 1,2, 3 cumulated

as follows:
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Table 1: Matrix containing ICHF'S values
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Uy Uz Us

Dy { <10.1,0.2],10.3,0.5], 0.7, 0.9], } §< [0.4,0.6],[0.7,0.9], {0.5,0.8} >  {< [0.6,0.8], {0.7} >},

{0.15,0.4,0.8} >

Do {< [0.4,0.7], {0.6} >} {

o 198, 0.91, } {< [0.3,0.5],[0.4,0.7], {0.4,0.6} >

A

D3 {< [0.2,0.5],[0.6,0.9],{0.4,0.7} >  {< [0.5,0.9],{0.7} >}
}

< [0.3,0.4], [0.5,0.6], [0.7, 0.9],
{0.35,0.55, 0.8} >

3

ch11 = {< {[0.1,0.2],[0.3,0.5],[0.7,0.9] },{0.15,0.4,0.8} >},
chio = {< {[0.4,0.6],[0.7,0.9]}, {0.5,0.8} >},
chiz = {< {[0.6,0.8]},{0.7} >}.
Next, CHFEWG are calculated as follows;
CHFEWG(chi1, chiz, chiz) = 1 = ((®e)3=y)j=1(ch}y)

201y (R; )™ 2015, (%] )™
- {< {[H3 1 (2R )19‘1‘11%3—1(&71 yws’ ngl(Q_N;S)iﬂerllf[g:l(st)’ws]}’

{ 1 (L4hsy )®s H§11hzlg } }
H LRy s I3 (1—hyy ) @s

CHFEWC(chu, chis, ch13) ¢1 = {< {[0.3867,0.5796], [0.4678, 0.6740],

[0.5524, 0.7565], [0.4636, 0.6626], [0.5552, 0.7632], [0.6490, 0.8497]},

{0.5571,0.5936,0.6741,0.6604, 0.6900,0.7543} >},

chat = {< {[0.4,0.7]},{0.6} >},

chas = {< {[0.2,0.4], 0.5,0.7],[0.8,0.9]}, {0.3,0.6,0.85} >1,

chag = {< {[0.3,0.5],0.4,0.7]}, {0.4,0.6} >},

CHFEWG(Cth,ChQQ, Chgg) =g = ((®e)§:1)j:2(ch;};‘g)

_ 24Ty (R;) )™ 21_[25:1(?*:r )

= {< {[HB (2 N_ )w5+21_[3 1(Ni_2 )ws7H§:1(2_N3—25)w8+H3 1(N+ )ws]}
(1+h, )s — H L(1=h;

{HS 1(1+h2‘ )wS+H3 1 ﬁ2 wg} }

CHFEWG(chsy, ch22, Ch23) ¢ = {< {[0.2828,0.5036], [0.3278, 0.5992],

(0.3726,0.5952], [0.4283, 0.7000], [0.4398, 0.6489], [0.5024, 0.7581]},

{0.4164, 0.5213, 0.5068, 0.6000, 0.6214, 0.6973} >},

chz1 = {< {[0.2,0.5],[0.6,0.9]}, {0.4,0.7} >},

chzy = {< {[0.5,0.9]},{0.7} >},

chss = {< {[0.3,0.4],[0.5,0.6],[0.7,0.9]}, {0.35,0.55,0.8} >},

CHFEWG(chay, chaa, chss) = ¢z = ((®e)3—y)j=3(ch}y)
21‘[?21(&2,—35)1113 2H§:1(N;§5)ws

=1< — —
{ {[H§:1(2*N¢35)wS+H§:1(N¢35)wS ’ Hg:l(Z*N;;S)WJFHE:NN;;S)“’S ]}’

CHFEWG(Chgl, Ch32, Ch33) = ¢3 — {< {[0.3259, 0.5485], [0.4222, 0.6621],

[0.5076,0.8121], [0.4064, 0.6229], [0.5191, 0.7439], [0.6164, 0.9000] },

{0.4836,0.5744,0.7135,0.5486, 0.6308,0.7543} >}.

The operators CHFEWA are calculated as in following:

CHFEWA(ChH, chis, Chlg) =6 = (<@€)§=1)j:1 (wschjs)

R .
1 (1HRE )wS+H§:1(1_Ni_15)wS ’ H§:1(1+Ni+15)wS+H§:1(1_Ni+15)wS ’
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2L (1)
{H§:1(27h1 )}Uéfns 1 i wa} >}

CHFEW A(chiy, chia, Ch13) =&, = {< {[0.4572,0.6628], [0.5559, 0.7745],

04896, 0.6999], [0.5841, 0.8008], [0.5697, 0.7824], [0.6528, 0.8579] },

{0.4841,0.5644,0.5714,0.6599, 0.6547,0.7494} >},

CHFEWA(Cth, Ch22, Chgg) = (52 = (<@6)§:1)j:2 (wschjs)

_{ {[ L (1R ) S*H§:1(1*N¢;S)ws H§:1(1+Nz;s)wS*H§:1(1*NZ;S)wS}}
(1+N )w9+H§ LR Jws IR (LR Jws 113 (1R ws 1D

2H 1(ﬁ12
U oy o T g e ) 2

CHFEWA(Cth, ChQQ, Ch23) = (52 = {< {[0.2916, 0.5192}, [0.3429, 0.6256],
[0.3836, 0.6096], [0.4312, 0.7000], [0.5147, 0.7113], [0.5554, 0.7813]},
{0.4010, 0.4944, 0.4932, 0.6000, 0.5564, 0.6708} >},
CHFEW A(chsi, chaz, chss) = 03 = ((®e)3_1) i3 (
(< {[H?’ (LR, ) T (1R, v H§:1(1+Ngs)“’5—H§:1(1—%5)’”5}}
-_ )ws+1‘[§ 1(1= R )’ws7H§:1(1+N;;S)ws+]—[§:1(1_}(;25)1115 ’

U)SCh]’S)

{HS (2 Zh?s )}”(sh+n3 1(Rig ) s +>1

CHFEWA(Chgl, Ch32, Chgg) = 53 = {< {[0.3453, 0.6431}, [0.4462, 0.7154],

[0.5642, 0.8585], [0.4286,0.7388], [0.5212, 0.7942], [0.6274, 0.9000] },

{0.4495,0.5587,0.6789, 0.5052, 0.6226, 0.7494} >}.

Step 2

S(¢1) = 0.4408, S(¢2) = 0.2935, S(p3) = 0.3994,

S(d1) = 0.4643,.5(d2) = 0.3069, S(d3) = 0.4289.

Step 3

Since S(¢1) > S(¢3) > S(¢2) so by accuracy procedure ¢1 > ¢z > ¢a.

Also S(61) > S(03) > S(d2) hence by accuracy procedure we have §; > J3 >
0a.

So we conclude that by applying both averaging and geometric operators we
have the same result.

Hence D; is the best choice.

6. Conclusion

In our work we defined Einstein operations for CHFSs and also proved their
important results. We defined CHFEWA and CHFEWG operators which are
necessary and important to handle and aggregate the data given by decision
makers. Cubic hesitant fuzzy sets provide such type of information which is so
complicated because of its hesitancy factor. T. Mahmood et al [12] gave some
generalized aggregation operators for CHFSs which worked very effectively to
solve these problems. But there was a need to provide an easy and effective
approach which provide more accuracy then the previous methods. So Einstein
operations are the one which gave the solution to our problem.
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