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Abstract. In this paper the concepts of approximately pure subacts , approximately
pure intersection subacts, and pure sub-acts relative to sub-acts have been studied.
Some properties and some characterization of these notions are established and study
approximately pure sub-acts with intersection property and pure sub-acts relative to
sub-acts with intersection property.

Keywords: pure sub-acts, approximately pure sub-acts, approximately pure intersec-
tion sub-acts, pure sub-acts relative to sub-acts.

1. Introduction

"Let S be a monoid. A right S-act Mg is a nonempty set M together with
a map (written multiplicatively) from M x S into M satisfying m.1 = m and
m(st) = (ms)t, for all m € M and s,t € S. A nonempty subset N of an S-act
Mg is S-subact if ns € N for all s € S and n € N. We say that Mg is a
cyclic S-act if Mg = uS for some u € Mg. An element z € Mg is called a
fixed element of Mg if zs = z for all s € S. The set of all fixed elements of Mg
will be denoted by F(M). If Mg has a unique fixed element z, then z is called
zero element of Mg. We will denote the zero element of Mg by O. Every S-act
Mg can be extended to an S-act with fixed element z by taking the disjoint
union: Mg U {za}s. A nonempty subset K C S is called left ideal of a monoid
S if SK C K; a right ideal of S if K C K ; an ideal of S if KS C K and
SK C K. Recall that, for two S-acts Ag, Bs a mapping 6 : Ag — Bg is
called a homomorphism of S-acts or just an S-homomorphism if 6(as) = 6(a)s
for all a € Ag,s € S. The set of all S-homomorphisms from Ag into Bg
will be denoted by Hom(Ag, Bs) or sometimes by Homg(A, B). Note that if
0 : As — Bg is an S-homomorphism then I'mf = 0(Ag) is a subact of Bg, and
the S-homomorphism f : Mg — Mg is called an endomorphism of Mg. The set
Homg (M, M) which forms a monoid under composition of mappings is denoted
by Endg(M) and is called the endomorphism monoid of Mg. An equivalence
relation p on an S-act Mg is called an S-act congruence or a congruence on Mg,
if (m,n) € p implies (ms,ns) € p for m,n € Mg,s € S” [1]. "For a congruence
p on an S-act M, the quotient set M/p = {[m] : m € M} becomes an S-act
by defining [m]s = [ms]. Given an S-act A and a subact B of A, we define the
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Rees congruence pp on A by appb if and only if a = b or a,b € Bforalla,b € A.
We denote the quotient act A/pp by A/B and call it the Rees quotient of A by
B. We usually identify the pp -class {a} € A/B with a for each a € A/B, and
denote the p-class B € A/B by 07[2]. Recall that ”let S be a semigroup An
S-subsystem N of a right S-system (S-act) Mg is called R-pure ( pure) in S if
NNMa= Nafor alla € S or N is R-pure ( pure) if and only if NNMI = NI
for every ideal I of S”[3]. Recall ”"that a subact B of a right S-act A is called
essential (or large) if for every right S-act C, every homomorphism f: A — C
with f|p a monomorphism, is itself a monomorphism. Also, a subact B of a
right S-act A is called intersection large if B N C # 0, for each subact C of A.
If S contains a zero, then B is intersection large in A if BN C # 04, for each
non-zero subact C' of A. It is easily checked that B is intersection large in A if
and only if for each a € A (resp.a # 04) there exists s € S (resp. s # Og) such
that as € B (resp. 04 # as € B). Also, it is easy to see that every large subact
B of a right S-act A with a zero 0 is intersection large” [4].

2. Approximately pure subacts and properties of S-acts which has
approximately-pure intersection property

In this section the concept of approximately- pure subacts have been introduced.

Definition 2.1. Let A be S-act . A subact N of A is said to be approximately
-pure if for each ideal I of S, NNITA = INUJ(S)AN(NNIA)) = (INUJ(S)A)N
(NN IA). where J(S) is the Jacobson radical of S. It is clear that each pure
subact is approximately pure subact.

Remark 2.2. 1. Let A be an S-act and N be approximately - pure subact of
A. If H is approximately -pure subact of N, then H is approximately - pure
submodule of A, where J(S) is the Jacobson radical of S.

2. Let A be an S-act and N be approximately -pure subact of A. if K is a
subact of A containing IV, then N is a approximately -pure subact of K

Proof. 1. Let I be an ideal of S, since N is approximately - pure in A and H is
approximately -pure in N, then NNIA = (INUJ(S)A)N(NNIA)and HNIN =
(INUJ(S)A)N (N NIA) but H subact of N, therefore HNIA C NNIA =
(INUJ(S)A)N(NNIA) and hence HNIAC HN[INNJ(S)A)U(NNIA)] =
[HN(INUJ(S)A)IN(NNIA) = HN[(INUJ(S)A)N(NNIA)| = [(HNIN)N(HU
J(S)A)|N(NNIA) =[(HNIN)N(NNITA)JU[HNJ(S)A)N(NNIA)] =[(HN
(INNN)NTA)U[(HNJ(S)AN(NNITA) =[HNINNIA)U[J(S)AN(HNIA)] =
(HNIN)U[J(S)AN(HNIA) = (HNIN)U[(HNITA)NJ(S)A] = [(HNIN)U
(HNITA)N[(HNIN)UJ(S)A] C[(HNIN)U(HNIA)| = [(IHUJ(S)A)N(HN
INJUHNIA) = [[IHUF)N(HNIN)|UH|N[[{HUJ(S)A)N(HNIN)|]UIH]
C[THUJ(S)A)UIH|IN[(HNIN)UIH|= (IHUJ(S)A)N[(HNIN)UIH] =
[(THUJ(S)A)N(HNIN)U[(IHUJ(S)A)NIH] = (IHUJ(S)A)N[(HNIN)UIH|
CUHNJO)AN[(HUIH)N(INUIH)] = (IHUJ(S)A)Nn(HNIN) C
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[(ITHU J(S)A)N(HNIA)]. Since ([HU J(S)A)N(HNIA) C HNIA, then
HNIA=(IHUJ(S)A)Nn(HNIA).

2. Let I be an ideal of S, since N is approximately pure in A, then NNIA =
(INUJ(S)A) N (NnNnIA). But K C A, therefore, NNIK C NNIA =
(INUJ(S)A)N(NNIA), and hence NNIK C [(INUJ(S)A)N(NNTA)|NIK =
(INUJ(S)A)N[(NNIA)NIK]. Since INUJ(S)A)N(NNIK)C NNIK,
then NNIK = (INUJ(S)A)N(NNIK). O

Definition 2.3. S-act A is said to have the approximately -pure intersection
property if the intersection of any two approximately - pure subacts is again
approximately -pure.

Proposition 2.4. 1. If S-act A has the approximately - PIP, then every
approximately - pure subact of A has the approximately - PIP.

2. Let N be approximately - pure subact of S-act A . A has approximately
- PIP if and only if A/N has approzimately -PIP.

Proof. 1. Clear

2. Let L/N, K/N be two approximately pure subacts of A/N and let J(S)
be an ideal in S. we have to show that (L/N N K/N)nN F(A/N) = [F(L/N N
K/N)UJ(S)A/N]N[(L/NNK/N)N F(A/N)], where F is an ideal in S. We
claim that each of L and K is approximately pure in A. To show this, let I
be an ideal in S and let = € L NITA. Since L/N is approximately pure in
A/N, then L/N N I(A/N) = [I(L/N)U J(S)A/N]n [(L/N N I(A/N)], thus
L/NN(IAUN)/N =[(ILUN)/NUJ(S)A/N]N[(L/NN(IAUN)/N], and this
implies that [LN(IAUN)|/N = [(ILUN)/NUJ(S)A/N]N[(L/NN(IAUN)/N] =
[(ILUN)U (J(S)AUN)|N[(LN(IAUN)]]/N , therefore LN (IAUN) =
[(ILUJ(S)A)UN]IN[(LNTA)U(LNN)] =[(ILUJ(S)A)UN]N[(LNIA)UN] =
[(ILUJ(S)A)N[(LNIA)JUN, and hence (LNIA)UN = [(ILUJ(S)A)N[(LNIA)U
NJ]. Sincex € LNIAC (LNIA)UN, then z € [ILUJ(S)A)N[(LNIA)UN],
thus z € (ILUJ(S)A)N(LNIA)orx € N,ifx € (ILUJ(S)A)N(LNIA), then
LNIA=(ILUJ(S)A)N(LNIA), therefore L is approximately pure, if z € N
thus x € (LNTA)UN = [(ILUJ(S)A)N[(LNIA)UN], hence L is approximately-
pure in A. Since A has the approximately -PIP, then L N K is approximately
-purein A. Thus (LNK)NFA=[F(LNK)UJ(S)A|N[(LNK)NFA] where
Fis an ideal in S. Now, let Rees congruence py € [L/N N K/N|]NJ(S)(A/N),
then Rees congruence py € J(S)(A/N) (Rees congruence on J(S)A ) and py €
L/N (Rees congruence on L) and py € K/N (Rees congruence on K), thus
Rees congruence py on L and K therefore py € LN Kbut (LN K)NFA =
[F(LNK)UJ(S)A] N [(LN K)nN FA] therefore (L/N N K/N)N F(A/N) =
[F(L/INNK/N)UJ(S)A/N|N[(L/N N K/N)n F(A/N)]. (<= ) Conversely
letM and N be F- pure subacts of A, let L be a subact of M and L be a subact
of N then M/L and N/L is approximately-pure subacts of A/L. Since A/L has
approximately -PIP, then M/LNN/L = (M N N)/L is approximately - pure
subact of A/L. Therefore M N N is approximately - pure subact of A. O
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Theorem 2.5. Let A be S-act, then A has the approzimately -PIP if and only
if [IMNIN)UJ(S)AIN[(MNN)NIA] = [I(MNN)UJ(S)AIN[(MNN)NIA]
for every ideal I of S and for every approximately - pure subacts M and N of
A.

Proof. Suppose A has the approximately -PIP then for each approximately
-pure subacts M and N, M N N is approximately -pure. Let I be an ideal in S,
then (M NN)NITA=[I(MNN)UJ(S)A]N[(MNN)NIA]. It is clear that
I(MAN)UJS)AIN[(MN)NTA) C([(UMNIN)UJ(S)A]N[(MNN)NIA].
But [IMNIN)UJ(S)AIN[(MNN)NITA]CMN(NNIA)=(MNN)NIA=
[[(MNN)UJ(S)AIN[(MNN)NIA]. Thus [(IMNIN)UJ(S)AIN[(MNN)NIA] =
[[(MNN)UJ(S)AIN[(MNN)NIA] Conversely, let L and B be F-pure subact of A
and J anidealin S. then (LNB)NJA = LN(BNJA) = LN[(JBUF)N(BNJA)].
Similarly (LN B)NJA=BN(LNJA)=Bn(JAUF)N(BNJA). But L, B
are F- pure in A. Thus (LNB)NJA C [(JLNJB)UJ(S)AIN[(LNB)NJA] =
[J(LNB)UJ(S)A]N[(LNB)NJA]. O]

3. Approximately pure intersection large subacts

In this section the concept of approximately- pure intersection large subacts
have been introduced.

Definition 3.1. A subact K of an S-act A is called approximately pure in-
tersection large in A, if for every approximately pure subact L of A with
KnNL C J(S)A implies L C J(S)A. A is called approximately pure inter-
section large of K.

Theorem 3.2. Let K, N be subacts of A such that K is subact of N then:

1. If K is approximately pure intersection large in A, then K is approximately
pure intersection large in N and N is approzimately pure intersection large

n A.

2. If N is approzimately pure intersection large in A and J(S)AN N =
J(S)N and K is approximately pure intersection large in A then K is
approximately pure intersection large in A.

3. If A has approzimately pure intersection large finite intersection property
and if N is approzimately pure intersection large in A and J(S)ANN =
J(S)N then K is approximately pure intersection large in A if and only if
K is approximately pure intersection large in N and N is approxzimately
pure intersection large in M.

Proof. 1. We have to show that IV is approximately pure intersection large in
A. Let L be approximately pure subact of A with N N L C J(S)A, since K is
subact of N, then KN L C NNLand NNL C J(S)A thus KNL C J(5)A.



674 MUNA JASIM MOHAMMED ALI

Since K is approximately pure intersection large in A, then L C J(S)A. Hence
N is approximately pure intersection large in A.

2. Let L be an approximately pure of N with K N L is subact of J(S)N,
thus K N L C J(S)A, since N is subact of A and K is approximately pure
intersection large in A therefore L C J(5)A, therefore L=LNN C J(S)ANN,
thus L C J(S)N, hence K is approximately pure intersection large in N. Now
we have to show that N is approximately pure intersection large in A. Let L be
an approximately pure subact of A with NNL C J(S)A, thus KNLC NNLC
J(S)A therefore L C J(S)A. Hence N is approximately pure intersection large
in A.

3. Suppose that K is approximately pure intersection large in N and N is
approximately pure intersection large in A, we have to show that K is approxi-
mately pure intersection large in A. Let L be approximately pure subact of A
with K N L C J(S)A. By assumption N N L is approximately pure in A, thus
NNL is approximately pure in N by Remark 2.2. Since N is approximately pure
intersection large in A, thus NNL C J(S)N C J(S)A, hence L C J(S)A. Hence
K is approximately pure intersection large in A. Conversely It is clear. O

Corollary 3.3. Let A be an S-act that has the pure finite intersection property.
If H is approzimately pure intersection large of N and J(S)YN N H = J(S)H.
Then K N H is approximately pure intersection large in A if and only if H is
approximately pure intersection large in A and K is approximately pure inter-
section large in A, for any subact K of A.

Proof. = the proof follows by Theorem 3.2.

<= Let L be an approximately pure subact of A with (KNH)NL C J(5)A,
by assumption H N K is approximately pure in A. Since K is approximately
pure intersection large in A, then H N L C J(S)A. So since H is approximately
pure intersection large in A, hence L C J(S)A, therefore K NH is approximately
pure intersection large in A. O

Recall that an S-act M is called decomposable if there exist two subacts
A | B of M such that My = AU BandA N B = 0[5]. We introduce the concept

of approximately pure -direct summed subact.

Definition 3.4. A subact N of S-act A is approximately pure -direct summed
if there exists approximately pure subact L of A such that A = N U L and
NNL=0.

Remark 3.5. 1. Every approximately pure-direct summed of an S-act A is
approximately pure

2. Let A be an S-act. If P is approximately pure subact of A and @ is any
subact of A then P N @ is approximately pure in Q.
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Definition 3.6. A subact N of an S-act A is called approximately pure closed
subact of A if A does not contain a proper approximately pure intersection large
extension of N.

Proposition 3.7. Let J(S)ANK = J(S)K for every approzimately pure subact
K of A, then every approzimately pure -direct summed is approximately pure -
closed.

Proof. Let A= N & L, we want to show that A is approximately pure -closed.
Suppose that N is approximately pure intersection large in K we have to show
that N = K. L is approximately pure in A and K is any subact of A. then
LN K is approximately pure in K by Remark3.5 since N N L C J(S)A. Thus
NN(LNK) C J(S)K C J(S)A since N is approximately pure intersection large
in A therefore LN K C J(S)A. Then K = N, hence N is approximately pure
-closed subact of A. O

Theorem 3.8. Let M, L and N be subacts of S-act A then there exists an
approximately -pure closed subact H in A which is approrimately pure and
J(S)YAN H = J(S)H such that N is approzimately pure closed in H.

Proof. Let V = {K : K is an approximately-pure subact of H and J(S)ANK =
J(S)K such that N is approximately pure intersection large in K}. It is clear
that V is S-act .By Zorn’s lemma, V has a maximal element say H. To show
that H is approximately pure -closed in A. Let D is a subact of A such that
H is approximately pure intersection large in D. Since N is approximately
pure intersection large in H and His approximately pure intersection large in
D. Then by Theorem3.2, N is approximately pure intersection large in D, thus
H=D. O

Definition 3.9. Let N and K be subacts of S-act A with K is pure in A, K is
called pure relative complements of N in A if K is maximal with the property
KnNnN=0.

Definition 3.10. Let N and K be subacts of S-act A with K is approximately
pure in A, K is called relative approximately pure complement of N in A if K
is maximal with K NN C J(5)A.

Proposition 3.11. FEvery subact of A has a relative approzimately pure com-
plement in A.

Proof. Let N be a given subact of A and consider the set B = {K N A, K is
approximately pure in A with N N KJ(S)A}. It is clear that and every chain
of B has an upper bound. By Zorn’s Lemma B has maximal element, which
means that IV has relative approximately pure complement in A. O

The following propositions give the relation between approximately pure
closed subact and relative approximately pure complement subact.
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Proposition 3.12. Let N be a subact of an S-act A and J(S)ANF = J(R)F
for every approximately pure subact F of A. If N is relative approximately pure

complement for some subact K of A, then N is approximately pure closed subact
in A.

Proof. Let L be an approximately pure intersection large subact of A with
N is approximately pure intersection large in L. We have N N K C J(5)A,
(NNK)NLC J(S)AN L. since L is approximately pure in A, then K N L is
approximately pure in L -by Remark 3.5, thus NN (K N L) C J(S) C J(5)A,
hence L = N, hence N is approximately pure closed in M. O

4. Pure subacts relative to subact

Definition 4.1. Let A be S-act and F' be a subact of A. A subact N of A is
said to be F-pure if for each ideal I of S, NNIA =INU(FnN(NNIA)) =
(INUF)N(NNIA).

Remark 4.2. 1. Let A be an S-act and N be F- pure subact of A. If H is
F-pure subact of N, then H is F- pure submodule of A, where F is subact
of A.

2. Let A be an S-act and N be F-pure subact of A. if K is a subact of A
containing N, then N is a F-pure subact of K, where F is subact of A.

3. Let A be an S-act and N be F' -pure subact of M. If H is a subact of IV
and H is subact of F', then N/H is F//H -pure subact of A/H , where F
is subact of A.

4. Let A be an S-act. Let N and H be subacts of A, If H is F-pure subact
of A andN/H is F/H -pure subact of A/H, then N is F-pure subact of
A, where F is subact of A.

Proof. 1. Let I be an ideal of S, since N is F- pure in A and H is F-pure in
N, then NNIA=(INNF)N(NNIA)and HNIN = (INUF)N(NNIA)
but H subact of N, therefore HNIAC NNIA = (INUF)N(NNIA) and
hence HNJAC HN[INUF)N(NNIA)] =[HN(INUF)|N(NUIA) =
HN[INUF)N(NNIA)| =[(HNIN)UHNF)N(NNIA) =[(HNIN)N
(NNTA)U[(HNF)N(NNTA)] = [(HNINNN)NIA)JU[(HNF)(NNIA)] =
[HN(INNTA)UFN(HNIA)] = (HNIN)U[FN(HNIA)] = (HNIN)JU[(HN
TANF] = [(HNIN)UHNIA)N[(HNIN)UF] C [(HNIN)U(HNIA)| =
[(IHUF)N(HNIN)U(HNIA) = [[IHUF)N(HNIN)UH]N
[(IHUF)N(HNIN)|UIH| C [IHUF)UIH|N[(HNIN)UIH| =
(IHUF)N[(HNIN)UIH|=[(IHUF)N(HNIN)|U[IHUF)NIH] =
(IHUF)N[(HNIN)UIH| C (IHUF)N[(HUIH)N(INUIH)| =
(IHUF)N(HNIN) C [IHUF)N(HNIA)]. Since THUF)N(HNIA) C
HNIA, then HNIA=(IHUF)N(HNIA).
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2. Let I be an ideal of S, since N is F-pure in A, then NNIA = (IN U
FYN(NNIA). But K subact of A, therefore, NNIK C NNIA =
(INUF)N(NNIA), and hence NNIK C[INUF)N(NNIA)]NIK =
(INUF)N[(NNIA)NIK]. Since INUF)N(NNIK) C NNnIK,
thenNNIK =(INUF)N[(NNIK).

3. Let I be an ideal of S, since N is F-pure subact of A, then N NIA =
(INUF)N(NNnIA). So NNHNI(A/H) = NJHN (IAUH)/H =
[INN(ITAUH)]/H=[(NNITA)UNNH)|]/H=[INUF)N(NNIA)U
H/H = ((INUF)UH|N[(NNIA)UH])/H = [(INUF)UH]/HnN
(NNIA)UH|)/H = [INUF)HUH)]/HN[NNIA)UH])/H =
(INUH)U(FUH)]/HN|(NNIA)UH]|)/H=I(N/H)UF/HN[(NU
H)YNn(IAUH)|/H = [I(N/H)UF/HIN(NUH)/HN (IAUH)/H =
[[(N/JH)UF/H|N[N/HNI(A/H)).

4. Clear .
O

Definition 4.3. S-act A is said to have the pure relative to subact intersection
property (for short F' — PIP) if the intersection of any two F- pure subacts is
again F'- pure.

Proposition 4.4. 1. If S-act A has the F — PIP, then every F'- pure subact
of A has the F — PIP.

2. Let N be F- pure submodule of S-act A and N subact of F'. A has F—PIP
if and only if A/N has F/N — PIP.

Proof. 1. Clear

2. Let L/N, K/N be two F'/N- pure subacts of A/N and let P be an ideal
in S. we have to show that (L/N N K/N)N P(A/N) = [P(L/N N K/N) U
F/NIN[(L/NNK/N)NP(A/N)]. We claim that each of L and K is F-pure in
A. To show this, let I be an ideal in S and let x € LN ITA. Since L/N is F/N
-pure in A/N, then L/NNI(A/N)=[I(L/N)UF/N]N[(L/NNI(A/N)], thus
L/NN(IAUN)/N =[ILUN)/NUF/N]N[(L/NN(IAUN)/N], and this
implies that [LN(TAUN)]/N = [(ILUN)/NUF/N]N[(L/NN(IAUN)/N] =
[[{LUN)U(FUN)|N[(LN(IAUN)]]/N, therefore LN(IAUN) = [(ILUF)UN]N
[((LNTA)U(LNN)] = [{LUF)UN]N[(LNITA)UN] = [(ILUF)N[(LNIA)]JUN, and
hence (LNIA)UN = [(ILUF)N[(LNIA)]JUN. Since x € LNIA C (LNITA)UN,
then x € [ILUF)N[(LNTA)]UN, thusz € (ILUF)N[(LNIA)orxz e N,
ifr € ILUF)N(LNIA), then LNIA = (ILUF)N(LNIA), therefore L
is F-pure, if x € N thus x € (LNITA)UN = [ILUF)N(LNIA)]UN,
hence L is F-pure in A. Since A has the F' — PIP, then L N K is F- pure in
A. Thus (LN K)NPA = [P(LNK)UF|N[(LNK)NIA]. Now, let Rees
congruence py € [L/NNK/N]N P(A/N), then Rees congruence py € P(A/N)
(Rees congruence on PA) and py € L/N (Rees congruence on L) and py €
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K/N (Rees congruence on K), thus Rees congruence py on L and K therefore
pny € LK ,but (LNK)NPA=[P(LNK)UF|N[(LnNK)NIA], therefore
(LINNK/N)NP(A/N) =[P(L/NNK/N)UF/N|N[(L/NNK/N). Conversely
let M and N be F- pure subacts of A, let L be a subact of M and L be a subact of
N then M/L and N/L is F/L-pure subacts of A/L. Since A/L has F//L— PIP,
then M/LNN/L = (MNN)/Lis F/L- pure subact of A/L. Therefore M N N
is F- pure subact of A. O

Theorem 4.5. Let A be an S-act, then A has the F' — PIP if and only if
[(IMNIN)UFIN[(MNN)NIA] =[I(MNN)UF|N[(MNN)NIA] for every
ideal I of S and for every F- pure subact M and N of A.

Proof. Suppose A has the F-PIP then for each F-pure subact M and N, MNN
is F-pure. Let I be an ideal in S, then (MNN)NIA = [I[(MNN)UF]N[(MNN)N
TA]. Tt is clear that [[(MNN)UF|IN[(MNN)NIA] C ([UIMNIN)UF|N[(MN
N)NIA]. But [(IMNIN)UF|N[(MNN)NIA] C MN(NNIA) = (MNN)NIA =
H(MNN)UFIN[(MNN)NIA]. Thus [IMNIN)UFIN[(MNN)NIA] =
[[(MNN)UF|N[(MNN)NIA] Conversely, let L and B be F-pure subact of A
and J anideal in S. Then (LNB)NJA = LN(BNJA) = LN[(JBUF)N(BNJA)].
Similarly (LN B)NJA=BN(LNJA)=BnN(JAUF)N(BNJA). But L, B
are F- pure in A. Thus (LNB)NJAC [(JLNJB)UF|N[(LNB)NJA] =
[J(LNB)UFIN[(LNB)NJA]. O
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