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Abstract. We present a time discrete stability results presented in [9], we use the
tools presented in [3,6] to show that the results obtained in [9] can be generalized to
obtain estimates not only for the velocity but also for the orientation tensor and a non
zero body force, and without decomposing the orientation tensor into a sum of diagonal
and a traceless tensors. As for the regular solutions, we prove the solutions of a discrete
scheme are continuously dependent on the initial data and the same body force. Also,
the restrictions imposed on the data con rm a well known result proven in [4, 8, 9], that
for the rest state to be stable, the particle number Np must be less than 35/2.
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1. Introduction

Fibre suspension flows are modelled by a coupled system of nonlinear partial
differential equations, with the velocity, the pressure and orientation tensorial
as primary variables variable (for more details, see [1, 2, 4, 7,8, 9]). Both the
velocity and orientation tensor constitutive equations contain a fourth—order
tensor, which in this paper, is approximated by the linear closure.

The constitutive equations investigated in the present work were the subject
of theoretical studies by Galdi and Reddy [4], Munganga, Reddy and Diatezua
[9], Munganga and Reddy [8]. Their work have helped to better understand
the properties of the equations governing the flow of fibre suspensions. Galdi
and Reddy, [4] showed that for the linear closure, there is a connection between
stability and the particle number: in particular the rest state is unstable, in the
sense of Liapounov, when the particle number exceeds 35/2.

In recent years, stability of fibre suspension flows, from thermodynamic and
energetic perceptive were investigated by Munganga et al. [8,9] using linear clo-
sure and quadratic closure approximations. Under certain conditions, and when
the rotary diffusivity is constant, with the use of the linear closure, Munganga
et al. [8,9] proved locally and globally existence of a unique classical solution, in
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time. For the quadratic closure, the same authors also established the existence
of a local solutions in time.

Galdi and Reddy [4] established a unique local solution in time and insta-
bility for the rest state flow for the constitutive equations for fibre suspension
flows for the linear closure, if the particle number N, > 35/2 and the rotary
diffusivity D, is proportional to |D|,.

Munganga and Reddy [9] extended the stability analysis started in [4] by
considering others closure rules like quadratic, orthotropic, hybrid. The ques-
tion of consistency of the equations with respect to the second law of thermo-
dynamic was also investigated in [9]. For D, constant, the local in time solution
constructed in [4], was shown by Munganga and Reddy [8] to be global and
stable for the linear (NN, < 35/2) and quadratic closure in the absence of body
force. Munganga [7] established existence, uniqueness, convergence and stabil-
ity of solutions to the equations of steady flows of fibre suspension flow. It is
important to point out that the stability results obtained in [9] only involve the
velocity.

In this paper, we present a time discrete schemes similarly to the results
obtained in [9] by estimating not only the velocity but also the orientation tensor
where the external force is considered to be non zero. We also prove that the
regular solutions of the equations of fibre suspension flows depend continuously
on the initial data with the same non zero body force. The solution is proven
to be bounded for all time in the absence of body force. The solutions of the
discrete problem also satisfy the same properties as the solutions of continuous
problem.

The rest of the paper is organised as follows. Section 2 reviews the math-
ematical model and carries out simplifications to the constitutive equations.
Section 3 derives a priori estimates for the continuous problem, and shows the
dependence of the solution with respect to the initial data. Section 4 establishes
the continuous dependence of the solution with respect to the initial conditions
of a time discrete scheme, results similar to continuous model are replicated in
this section. Section 5 proves the instability of the rest state for a time discrete
problem in the sense of Lyapounov if N, > 35/2. We draw our conclusions in
Section 6.

1.1 Notation and function spaces

Coordinate-free notation will be used wherever convenient, and vectors and
tensors will be denoted by bold-face letters.

If u and v are two vectors, their scalar product will be denoted by u - v
or by (u,v), while the scalar product of of two second-order tensors A and
B will be denoted by A : B. In index form these expressions read u;v; and
A;; B;j, the summation convention on repeated indices being applied at all times.
The magnitude of a vector u and a tensor A are then naturally defined by
lu| = (u-u)'/? and |A| = (A : A)V/2,
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We summarise here some notations that will occur throughout the paper:
e x : location of fluid particle

e u : velocity field of the flow

e b: body force

e p: pressure

e 1: dynamic viscosity

e p: fluid mass density

e A: second-order orientation tensor.

e D= 1(Vu+(Vu)T) deformation tensor
e W=21(Vu—(Vu)T) spin tensor

e T : symmetric Cauchy stress tensor

e A: fourth-order orientation tensor

We will also need the following function spaces:

Here Q denotes a bounded domain of R? (d = 2 or 3), with regular boundary
I". We will assume that € is locally located on one side of I', and that I is at least
locally Lipschitz, with more regularity to be specified whenever it is needed.

Qr =Qx(0,T), for T > 0.

LP(Q),1 < p < 00, the Lebesgue spaces with norms defined in the usual way
and their norms denoted by || - || z».

For a multi-index o = (a1, ...,q) where «; are nonnegative integers, we

define for-tt 0
a1tFag (.
0 () =

T aalxl e aadxd‘

The following classical function spaces will be used throughout

L*(Q,R) = {U:Q—>R,/Q|v|2<oo}
HY(Q) = {ueL2(Q,R):aﬁveLQ(Q,R),mygl}.

We denote by (-,-) and ||-|| the L? -inner product and norm respectively.
The notation will be used for scalar-, vector- and matrix-valued functions, with
the norms for the latter two types of functions being defined in the usual,
component-wise way. As usual, u (¢) stands the function x € Q@ — u (x,1).

The double contraction 7,0 € R%? two rank two tensors is denoted by
T : 0, and given by

T:0=1r [TO'T] =tr [TTO'] = Tij0%j-
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One should note that if 7 is antisymmetric and o is symmetric, then 7: o0 = 0.

The logarithm of a positive definite diagonal matrix is a diagonal matrix
with, on its diagonal, the logarithm of each entry. If B is a symmetric matrix,
the logarithm of B, [nB is given by

InB = QT InCQ, where B = Q7'CQ,

with Q and C orthogonal and positive definite diagonal matrices respectively.
We have the following two lemmas from [3]:

Lemma 1. Let N, M be two symmetric and positive definite matrices. Then

(a) trlnN = Indet N,
(b) N—InN —1I is symmetric, tr (N —InN —1I) > 0.

(¢) N+N—1-2I is symmetric positive semi-definite, and tr (M +M-! - 21) >
0

(d) tr [(M—N)N~! =t [MN~! —1I] > Indet [MN '] = ¢7 [In M—InN].
(e) tr (NM) =tr (MN) >0

d(d+1)

Lemma 2. If A (t) € (C' ([0,T])) 2, thenVt € [0,T):

(1) <th> AT =t <A‘1th> = %tr (InA)
d d d

(2) ((ﬁlnA) A = tr (Adtln A> = atrA

H*(Q), k = 0,1,... the Sobolev spaces endowed with the inner product
(v, ) grx defined by

(u,v)gr = Z /DauDavd:c, a= (a1, ..,ap).
Q

lo| <k

Whke(Q) = {feL®(Q):D*f e L*(Q),0<a<k}k = 1,23,.. wil
denotes the Sobolev spaces in L™ ().

HEQ) ={f € H* Q) : fr =0and D*f =0 onT for |a| <k}

H=*(Q) the topological dual space of HE(Q).

We denote the space of vector- or tensor valued functions with components
in one of the spaces introduced above as follows:

LP(92) will denote the space of vector-or tensor valued functions with com-
ponents in LP(Q2). The same will apply to H*(Q),...

We will also require the following spaces:

H={u:v€L*N),divu=0in Q, un=0 on I}
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V={u:u; € HY(Q),divu=0 in Q}.
A= {A : Aij S LZ(Q),AU = Aji7 Am =0 a.e in Q}
These spaces are equipped respectively with the norms

- llm=1 e =10
- lv=1-llm  and
- la=1 - e

A =ANHF(Q).
We denotes by P the orthogonal projection of L?(€2) onto H, and the operator
L by

L(u) = —PAu;
where A is the Laplacian operator. The domain of £ is given by D(L) =
V N H*(Q), and the norm |[u [[pz) = [[£u ||z is equivalent to the natural
H2-norm.
|lu || = [Vu | is the Dirichlet norm.

]Lsym = {A : Aij € L2(Q)7Aij = Aji }
H];ym = {A : Aij S Hk(Q),AZ‘j = Aji }

H =H X Lgym.
Xp=HF(Q)ND(L), Xy =H (Q)NH and H° = H.

We set
T 1
P
ooz = ( / ||u<t>rﬁgﬂkdt)

LP(0, 75 H*) = {u : [0, T] — HMQ) : [[u [lLo(o,rmx) < o0}

2. Constitutive equations

We consider a fluid that occupies a bounded domain € RY (d = 2 or 3) with
a regular boundary I'; and a body force b per unit mass acting on the fluid. We
will assume without loss of generality, that the fluid has mass density equal to
unity.

The problem is then to find the velocity u (x,t) , the pressure p (x,t), and the
orientation tensor A (x,t) which is solution of the set of constitutive equations
(3)-(8), (for the linear closure, see [1,2,4,8,9] for more details).

2N,
(3) p(' + (u-V)u) — 2u; <1 - 35p> Au+ Vp =divT + pb, in Qr;

(4) T:@ N (AD +DA) + N, (A : D)1|;
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(5) divu =0, in Qp;
A
A’+(u-V)A:WA—AW+37(AD+DA)
AN 2\
(6) +7D—7(A :D)I+ D, (I-dA), in Qr;
(7) trA =1, and AT = A, in Qp;
(8) ur =0, u(0)=uy, A(t=0)= Ay, Al = Ay, in Q;

where for T > 0, Qp = Q x [0,T], p = p(x,t), is the hydrodynamic pres-
sure, u=u(x,t) is the fluid velocity, A = A(x,t) is the orientation tensor,
D =1 (Vu+(Vu)?) and W =3(Vu—(Vu)T), N, and N, are particle and shear
number, respectively, N = %(4Np +14N5). A = :z;, r= é, [ and d, (I > d) are
the length and diameter of the particle respectively, A\, 0 < A < 1, describes the
slenderness of the particle, if A = 0, (I = d), particle has the shape of a sphere,
and if A = 1, (rarrowoo), particle is an infinitely long cylinder. D, is the rotary
diffusivity due to Brownian motion. And p; = u(1+hH) where p is the solvent
viscosity, h is the particle volume fraction, and H is a positive constant.

In lemma 3, we show that the constitutive equation (3)-(8) can be simplified
further. It worth noting that lemma 3 is a generalisation of lemma 2.1 in [7].

Lemma 3. If (u, A) satisfies (3)-(8) then A : D = 0. Moreover, if d = 2, then
A71:D =0, and ifd =3, A~ D does not have a determined sign. For d = 2,
if Ao is symmetric, and positive definite, so is A(t).

Proof. We take the trace on both side of the evolution equation (6), to get
itrA + [u- V]trA
dt
3\
= tr(WA) —tr(AW) + - (tr(DA) +tr(AD)

2 2
+—trD — = (A:D)+ D,d(1 —trA)

7
2X A
9) = 2W: A+ 7t7‘D + 37A :D+ D,d(1 —trA).

Since A is symmetric and W is antisymmetric so W : A = 0, and trD = divu =
0. Hence returning to (9), one gets

(10) %trA + [u-V]trA = %A : D+ Dpd(1 —trA).

If trA =1, then from (10) it is clear that A : D = 0.
Reciprocally, assume that A : D = 0, (10) implies that

d
%tTA + [u-V]trA =dD,(1 —trA).
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From the initial condition on A (8), we obtain
(11) trA(0) =trAg=1.
Thus, we need to solve for z = tr A that satisfies

(12) zi+[u-V]z+dD,(z—-1) = 0,
(13) z(0) =

One can easily check that z(t) = trA(t) = 1 solves (12)-(13).
If z,y are two solutions of (12)-(13) with z(0) = y(0) = 1, then w = z — y
satisfies

(14) wy+ [u-V]jw+dD,w =
(15) w(0) = 0.

Applying the Green’s formula, we get

1d 9 / 9 /
——|w||*+d | Dplw|* = - u-Viw-w
5wl +d [ Diful [(w-v)

1
= —/u-V\w|2
2 Jo

1 1
= /divu|w[2+/u.n]w|220.
2 Ja 2 Jr

Integration of the above equation gives

w 2 tS w32: w 2 =
[ ()] +2d/0d /Q Dylw(s)[” = [w(0)]" = 0,

thus w(t) = z(t) — y(t) = 0. Hence, (12)-(13) has a unique solution.

We then conclude that z(t) = ¢trA(t) = 1 is the unique solution of (12)-(13).

Finally, we need to show that if d = 2, A : D = 0, and if A is reversible
then A=1: D = 0.

1. Assume that d = 2, we express A and D in component form relative to
the principal basis of A. Given the definition and properties of A, and D, we
have

(16) AZD:(Al—l-AQ—]_)Dl:O, since A1 + A = 1.

—-1. _ D Dy _ 1 _
AndA 'D_Aii_lf.ih _Al(l—Al) (1—A1—A1)D1—0.
2. Assume that d = 3, once again we express A and D in component form

relative to the principal basis and we suppose that A; > Ay > As > 0.

(17) A :D =0 isequivalent to (A; — A3z)D;+ (A2 — A3) D2 =0.
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Since A1 — A3 > 0, As — A3 > 0, thus Dy and D5 are of opposite signs. And

1 1 1
A':D = —Di+—Dy+-—(-D;-D
" 1~|—A2 2+A3( 1— Do)
(18) = —K[AD: (A1 — A3) + A1 Dy (A — A3)]
where K = m > 0. From (17) we have Dy = —‘3;:‘22 D7, substituting into
equation (18) yields
(19) A_l :D = KDl (A1 - Ag) (Al — Ag)

If we assume that D; > 0 and Dy < 0, we have A~5: D = KD (A — A3)(A; —
Az) > 0.
Andif D; < 0and Dy > 0, from (19), A LD = KD, (Al—Ag)(Al—AQ) < 0.
Finally, we have to show that A(t¢) is symmetric and positive definite if Ay
is symmetric, and positive definite, which can be done following Lemma 2.1 in
[3], or lemma 1 in [6]. O

Remark 4. (1) From lemma 3, and the statement (b) in lemma 1, it is obvious
that the quantity [, tr[A—In A—I] is well defined and always positive if A(t = 0)
is symmetric and positive definite.

(2) The mapping Lgym(Q)dXd N {positive semi definite} 5 A — [, tr[A —
In A — 1] € Ry is not a norm.

(3) In the rest of this work, unless specified otherwise, we will assume that
n = 2, i.e. we will work in two space dimensions.

With help of lemma 3 and Remark 4 (3), the problem (3)-(8) can be rewritten
as

2N
(20) p(0 + (u-V)u) — 2u; ( - 357)) Au + Vp = divT + pb, in Qr;
21) T= 2—/7”[]\7(AD +DA)J;

(22) divu =0, in Qrp;

A
A+ (u-V)A=WA — AW+37(AD +DA)

ZD)
(23) + 7D + D,(I—2A), in Qrp;

(24)  trA=1, and AT =A, inQy;
(25)  ulr=0, u(0)=ug, A(t=0)=Ag, Al = Ay, in Q.

3. Continuous dependence of solutions

In this section, a priori estimates for the continuous problem (3)-(8) are derived
to prove that the solutions (3)-(8) are bounded for all time t € Ry. We also
studied the dependence of the solution (u, A) with respect to the initial data
(uo, Ao)
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3.1 Boundedness of solution in time

We state first an important result which will help us to show the boundedness
of the solution.

Lemma 5. Let f be a non negative, absolutely continuous function satisfying
the inequality

(26) FHref<a(fP+£3+)+8

where k >0, a>0 and [ > 0 are some constants. Let My > 0, be the unique
real solution of fo+ f3+ f2+ f — % =0, and 0 < M < My. If f(0) < M, and
B < EL then f(t) is bounded by M for all t > 0.

Proof. See [5,9]. O

Theorem 6. If N, < 32, then the solution (u, A) of the problem (20)-(25) re-
mains bounded for all time t € R, provided that the data b € L= (R ; L?(Q)?),
(ug, Ag) € L%(Q)? x Lgym(Q)Qw, D,, N, and N are sufficiently small and we
have

(27) E(t) <M, forallt>D0,

where Y = E (t) = |u||® + |A|]*, and 0 < M < My, and My is the unique real
solution of the equation

min { 1 QN” ,dD,
28 Y+ +v24y — N —0
( ) 120AN -
352N,

Proof. First, we take the L? scalar product of the equation of (20) with u, we
obtain

7 d 7 2N, 7
— (11— D = —(AD+DA.D b
gl (1= 2 ) D = (4D 4 DAD) + 3 (b
7p
= —-2(A,D b
Since (A,D,) > 0, we get
d. 5 2 ON )
2 — —(1-=2)|D|* <2 .
(29) Gl 2 (122 ) IDIE < 2 (b

Now, we take the L? scalar pruduct of the equation of (23) with A, we obtain

6 A\
= (A, (A A
2dt T\ A2 +2D, |AlP —(A>:D)+ o= (A:D) + Dy (A1)
6 A\
(30) = —(A2:D)+ o2 (A:D)+ D,
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We make use of Cauchy-Schwarz and Young’s inequalities and we add (29)
and (30), if N, < 32, we get

1d 2 2 2 2
5 (Il + A7) + & (1AI + 1))

6 4\
§2p(b,u)+7(A2D)—|—£(AD)—I—DT

D (1l + 1A1) + & (l? + 14 J)

60AN 4 35N |b|? 16AN 2
31 <o+ 1) A D
(31) —<35—2J\fp+>H | Jr35—2z\prr 35 — 2N, i

where k = min{;% (1 — 232),dD,}. We see from (31) that E(t) = ||1;]||V2 NNE
. . . 7

satisfies (26) with ¥ = E(t) = 2||uH2 + A%, k = min{;5(1 — 52),dD,},

a = 3?0—)511\\[1,) +1and 8 = SSNIbIE (282N )2 1+ D,. The result follows from

35—2N, 35—2N,
(5), if the data aﬁeHsz,mall enough, i.e. if B(t) < M, and D, < & min{(1 -
2N, 35N|b 16AN_\2
T;)@Dr} T 35-2N, (3572Np) =

3.2 Continuous dependence of solutions on initial data ug, Ag

In this section, we prove the regular solutions of (20)-(25) are continuous de-
pendent with respect initial data (w10, A1), (u2,0,A20), and the same body
force b.
Theorem 7. Ford = 2,3, letb € L®(Ry; L%(Q)9). Fori=1,2, let (u’, A, p?)
be the regular solution of (20)-(25), associated with initial conditions (u}, AL)
respectively, as constructed in [4].

If D, is constant, and N,, < 35/2, then the difference (u, A) = (upg—u1, Ax—
A1), depends continuously in the L%-norm on the initial data (ug0—uy,0,Azo—
A, ) in the following sense

(32) E(t) = [u@®)]* + [A@* < (J[uol* + [|Ao||*) exp (K1),

where K > 0 is a positive constant independent of the differences uy — uo,
A1 — Ay, but depending on the parameters of the problem, and the domain 2.

Proof. The difference (u, A, p) = (ug—uy, Ay—A, pa—p ) satisfies the problem

ut—i-[uQ . V]u + [u : V]u1—2,u1 <1—2:§\57p> D+pI—diV (TQ—Tl) = 0,

Ay +[up-VIA+[u-V]Ay = WA; — AW + W2A — AW?
+2D+ 3 (ADy; + DA+ A D+ DA ) —2D,A,

Ty, — T; = 24% (AD, + D2A — AD; — DjA),

divu =0,

u(x,0) =up=u29—up, A(X0)=Aj=As—Ap, ulp=0.

(33)
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We take the L2-inner product of the u-equation and A-equation of (33)
with u and A respectively, and integrate over €, after using Green’s formula’s,
we obtain

31l + 2 (1= 22 ) Dy
(34) = —Q’U;N/QA:(DDQ—DlD)—/Q[u-V]ul-u
and
3 AP+2D A=~ [ (- 9)Ar:a)+ / (WAI~A;W) : A)
/((W2A AW?) ; /D A
(35) /D2 A%+ 3>\/[A1D+DA1] A.
Since

2| VA2l ([[A1][Lo+[[ Azl o) [[ull,

/ OAZ; )
Ui—— A5
A

/Q[WAl —AIW]: A< WA, + A W([[A]

(36) /Q - V]AgiA<

(37) < Co([lurllz + [Juz[l2)[[Ax ][]l All;
(38) /D A < ([lugflz + [[ull2) A,

(39) / D, : (AP < |[Vug|~| A2

/[AlD + DAl] A
Q
(40) < [[A1D + DA [|A[| < Co([lurllz + lluzll2)[[Axll2l| A,

(41) /QA : (DD? — D1D) < |A[|DD? + DiD|| < Col| Af[(|[usll2 + [luz]}2)?,

ou}
. u< i —td
/Q[u Viu; u_}/ﬂuujaxjx

(42) < 2| V|| o [ul*.

< IVuy / juiy|da
i,7=1

We use the estimates (36)-(42) in (34) and (35) to obtain

1d 6CoA
g (1l + 11 ) + (20, - S22 vual )
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2N
o (1 _ ) IDIP = 2|9y | o[l
2/L1N 3)\00
( Colmlly + ol + 20 all, + ol A4, ) 4]

4\
(13) + (7 (il + ||u2|rg>> 1A] + 20V A (A1l + [ As] e ) ]

Now, applying young inequality and Korn inequalities and assuming N, < 35/2,
(43) becomes

1 d 6C0>\ £9 €3
(bl + 1ag? ) + (zDr— IVl = 5 = 5 ) A7

2N,
-+ (Q/J'I (1 - 35) + 2HV111HL00 — ) H H
1 2N1N 3ACy 2
< < 7 Co(Jlufly + [uall5)? + = (lwlly + Jlually) [ Asll,

1[4\ 2 ) )
44 — = N _ '
(44) +2€3<7 (ally + [uzl )) + VA <||A1|]L + Al )

So from Agmon inequality [10], one has
45)  [Vu'(®)lz= < Cl'(B)lls < Ko, [|AY(H)l|z < CIIAT(H)]2 < Ko.

Next, we take €; > 0 such that

6CoA
2D, — . HVu2||Loo—€—2—5—320,
2 2
2N 81

46 2 1—— 2 o ——2>0

(40 ur (1222 ) + 29wl - 5 20
Using (45) and (46), equation (44) becomes

d
(47) = (a2 1ag? ) - 0 ()2 + AJ2) < K.

Finally, from Gronwall’s lemma, (47) implies (32) thus the desired result. [

4. Time discrete scheme solutions

In this section, we present a time discrete scheme for the problem (20)-(25)
that replicates the energy laws obtained in Theorem 6, and the continuous
L?-dependence of the solution with respect to the initial condition proven in
theorem 7. It is worth to note that not all scheme can replicate these results.

In section 3, it was shown that solving (3)-(8) is equivalent to solve (20)-(25).
We would like to know whether this equivalence holds for the discrete in time
formulation we introduce next.
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4.1 Preliminaries results

For some k > 0 and n € N, we let t, = nk, and u} ~ u(t,). Suppose that at
astep n € N, (u}, A}) is known, where A} is symmetric, positive semi-definite
with trA} = 1. Then we seek the triplet (u} ntl AZH, pZ'H) such that

n+1

—u} 2N,
puk - u +[ n+1 V} n+1 —2u; (1 . 35> Autl +pn+1I+
(48) =divT + pbrtt

(49)  divu!*t' =0in Qp,
-2
(50) T ==L (N (ApDpT 4 DA ) 4 N, (AR D) T,

7
APt — A7
k k 4 ( Z-‘rl v)A’Z—‘rl — Wn+1AZ+1 _ AZ—I—le—‘rl
3
Dn+1
7

k

3)‘ n+lAn 1 n+lpmyn+1
(Dyrtapt + AptDE ) +
(A"+1 D"“) 1+D,(I — dA™), in Q7

(52)  [APTT = AP and trA}T =1

(53)  uwtlpr=0, u=u, A=Ay, in®;

n n+1)k
where byt = =1 ék+ ) b(t)dt.

As for the continuous model, one has

Lemma 8. Let (AP ulth) be the solution of (48)-(53), with D, constant.
Then
AZ“ : DZ’H =0 foralln if and only if tr’AZJr1 =1.

Moreover for d = 2, [AZH]_l : DZH =0if AZH : DZH =0.
Proof. First, we take the trace on both sides of the equation (51), we have

3\

trA"T — trA?
Tk TR 7Dn+1 , AZ+1 +D,d(1 - trAzﬂ)

’ ko4 u} . VirApt =

Since trA7 =1, if trAgJrl =1, we obtain D”Jrl A”Jrl 0.
Conversely, if D}* A”‘H =0, and trAkm =1 for m < n, then

trATt — 1
——— +ugt VA = dD (1 - A,

(55) trA® = trAy = 1.
First, one can easily check that trA’,Z'H =1 is a solution of (54)-(55).
Next, with Lax-Milgram Theorem, one can observe that (54) has a unique

solution.
Thus (54)-(55) admits a unique solution, that is trA"*! = 1.
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As in Lemma 3, one can show that if A7 : D} =0, then [A}T!]~1: D! =
0 for d = 2.

Thus we can reformulate the problem (48)-(53) as follows: suppose d = 2,
and at step n, (u}, A}) is known and A} is symmetric, positive semi-definite
with trAZ = 1. We are looking for the triplet (u"*1, A"l pnF1) such that

W 2N,
(56) = divT + b} H!
(57) .
~ 2
(58) T = %N (AQHDZH + DZ+1AZ+1> :
— + (uptl. W) AP = Wil AL Antlyynt
5 DAL 4 AnTipntt 4)‘Dkz+1 D.(I — dAT+!
T
(60) (AZ+ 1) =AM and AP =1
(61) w M r=0,and u’ =uy, A’=A,.

4.2 Discrete in time a priori estimates

The existence of solutions of (56)-(61)(respectively (48)-(53)) follows from [8,

see Section 5], the reader can also consult [5]. However, it should be mentioned

that the uniqueness of solutions is achieved only for the time step k very small.
The main result can be stated as follows

Theorem 9. Let b € L¥(Ry; L3(Q)?), (ug, Ag) € L?(Q2)? x L2,,,(2)**2, with

sym
trAg = 1, positive semi-definite. If moreover, n = 2, D, is constant, and Np <

35/2. Then, the sequence of solutions (u}, A}) of the system (56)-(61) remains
bounded for all time in the following sense

Ep < (1+kmin(Cy, D;)) "E + Cy|b||%, [1 — (1 + kmin(Cy, D;)) "]
(62) +D,Cs5 [1 — (14 kmin(Cs, D,)) "],

where Cy,Cy, Cs are positive constant, and
(63) BP = 2| + /Q AT — A7 — 1]

is the discrete counterpart of E(t) defined in (32).

Proof. The existence of the solution (u™!, A"+ p"+1) to the the problem
(56)-(61) can be proven by following steps similar to [7, Theorem 3]. We take
the L2-scalar product of the equation of (56) with 2kuz+1, and using the relation

64)  2(u—v,u) = lul®—|v]*+ lu—v|? forall v,ue L*Q)
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the skew property of the convective term, we obtain

2N,
I = 2+ =t 2k (1 5 ) 72

SurN
L SN

(65) KA [DE?) = 2k(bp ™ up ™).

>0

It follow that

2N,
a2 = 2+ 2 (1= 222 ) [P < 20 ),

Next, we take the L2-scalar product of the equation of (59) with k(I—[A}T!]~1),
gives

(ATkLJrl _ Z?I _ [AZ+1]_1> +k ( [u7kL+1 . V]AZ+1,I _ [AZ+1]_1>

- k (WZHAZH — ATHIWIHL T [AZ+1]—1)

3k
+ - (Dz—HAz—H +ATHIDIH T [AZH]_l)
ANk
(66) - (Dg“, I [Ag“]—l) + D,k (I — AT T [Ag“]—l) .

We now need to analyze the terms appearing in (66). First,
(AP — AR T [APTY) = /Q [trAPT! — trA}]
(67) - [ (A —ap A

The second term in the right hand side of (67) can be treated with Lemma 1,
as follows

- (aprt - Apart) = [ (g - Aptap)
= [ tr(A}APT] T -1
[ o (apapy 1)
> /lndet (ar[ap™)
Q
— [ ernlaiapt
Q
= /trlnAZﬂ—trln[AZ“]_l
Q

(68) = /Q [trin A} —trIn A1
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Thus combining (67) and (68), we obtain

(AP - AR (AP >

Qtr[Ag“ ~In A} — /Q tr[A7T —In A7

From the divergence theorem and incompressibility condition, we get
(fp+t - VAR T- (A )
= [t At - ([t VAL A7)
- _ ([uz+1  V]ATH (AT >
= —/ (uZ+1 . V) trln AZH
Q
= / divuZ'Htr In AZ‘H — / uZ‘H -ntrln AZ'H
Q r
(69) =0.
Next, a direct computation gives
(WZJrlAVkLJrl _ AZJerZJrl,I _ [Az+1]—1) =0,
and from Lemma 8, and incompressibility condition

(70) (DA + APFIDPL T — [A7T ) =0,
(71) (ADPH T — (AP =0.

Now, returning to (66) with (67)—(71), and adding and subtracting I, we obtain

/ tr[APT —In AP 1) — / tr[A} —In A} — 1]
Q Q

Do k(I —2A7TH T — [APF7h

IA

= —Drk/ tr[[APT T 4 2471 — 3T]
Q

— Dk / Ge[APHL 4 AP o1 - Dk /
Q

‘crAZJrl - D,J{:/ trl
Q

Q
_ —Drk/ tr ([A;;“]*1 + AT 21) — 3Dk,
Q

which with Lemma 1 part (c) gives
/ tr[APT —In AP —T] + Drk/ tr[APT —In AT -1
Q

Q
(72) < / tr[AT — In A7 — ) — 3D, k.
Q
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Putting together (72) and (63), we obtain

2N,
Bt 4 20k (1 - 3;) [Vu % + Drk/ tr[APT —In AP 1]
Q

(73) < Ep+2k(fT, upt) - 3D, k,
which with Cauchy-Schwarz inequality, and assuming that N, < 35/2 yields

1 kEC
(74) Bt < SB =2 +

with a =1+ kmin(Cq, D,).

3D,k
a )
Using (74) recursively, we find

n

1 0 1 n+1—12 . 1
o —i—kCgZEka | +3DTkZJ

E; <
i=1 i=0
< (1+ kmin(Co, D;)) "E° + Cu||f||2 [1 — (1 + kmin(Cs, D,)) "]
(75) +D,C5 [1 — (14 kmin(Cs, D,))™"] ,
which is the desired result. O

Remark 10. (a) Theorem 9 is the discrete counterpart of theorem 6, and no
additional conditions are imposed on the data.
(b) From the estimate obtained in theorem 9,

limsup Ef < Cy|f||Z, + D,Cs.

n—oo

Corollary 11. Under the assumptions of theorem 9, and 0 < k <

1
min(C2,D,)’
one one obtains

(76) Er < exp(—g kmin(C’2,DT)>E0+C4\]f]]§O+DTC’5.

The inequality (76) is deduce from (75) by observing exp(z/2) < 1+ x for
O0<z <l

4.3 Continuous dependence

Let (uZH7 AZ'H) be the regular solution of (56)-(61), with external force ;'™
and initial condition (up, Ay).

Let (vi'™!, B} be the regular solution of (56)-(61), with external force
£/, and initial condition (vo, Bo).

Theorem 12. Ford =2,3. If Np < 35/2 and D, constant. Then one can find
a positive constant K > 1 such that for alln > 0

(77) o™ = v P+ AR = B < K [llug - v+ (AR - BRI
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For the proof of theorem 12, it suffice to:
§ Jr(il) write the equations satisfied by the difference (u}™! — VZH, AP —
B, ).
(b) proceed as in the proof of theorem 7.
Remark 13. Using (77) recursively, we find

lug = v [* + [ A% = BEI? < K™ [lluo — voll* + [| Ao — Boll*] .

5. Instability of the rest state

We assume that f = 0. In this section, we want to study the instability in the
sense of Lyapounov of the rest state for the time discrete problem (56)-(53). We
recall that in [4], the rest state (0, A) has been shown to be unstable for the
problem (20)-(25) provided that N, > 35/2 and A = e; ® e1, where ¢; is the
usual orthonormal basis. We want to show that the problem (56)-(61) inherited
the later property.

Theorem 14. Let f = 0,D, = 0, ug € L*(Q)%. If N, > 35/2, with the time
step k sufficiently small, then the rest state A = e1 ® ey is unstable.

Proof. We let u = use; + uges, and take A =a+ A, where a = a, tra = 0,
and satisfy (48)-(53). It is easy to see that AD = 0.

Taking the scalar product of the system (56) with 2/’<:u7,;f+]L and using (64),
we obtain

o2 (I 2 + k] D + kN, (AD L D)

480 Nek(a™ 1, D) = 0

2 2

ADZ—H — _gDz-&-l + ? [a"+1DZ+1 + DZ+1an+1] )

together with (56) gives

2N,
I = w2k (1 2 ) 9

N n n n
— sk () L IDE)

For each entry, a;'; we let
1 [k
aﬁj =z /(nl)k a; ;(t)dt.
Thus from Cauchy-Schwarz inequality, one obtains
2N,

I = w4 2k (1 ) v

N,
e (52 ) [ ol P >
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which is re-written as

2 [ — g
2N, N,
(78)  +2urk [(1 - 35> +2 (7” + NS> yanﬂum} [Va % > Jlug
Clearly, we want (1 — 2Np) + 2(Np + Ng)|la" "o < 0, which possible if we take
a such that
N, 2N,
because ||al|« is always positive, we should take 1 — % < 0, that is N, > 35/2.

With the above restrictions, and dropping some posmve terms, one obtalns

2N, N,
o) ez | (152 ) 42 (B ) e € TP

We now take the step size k such® that

2N, N,
L+ 2urk [(1 - 35) +2 <7p + Ns> ||a"+1||oo] Cp > 0.

Combining (78) and (79), one gets

2N, N -1
[ P L A o s

Using (80) recursively, one obtains

2N,
22> 14+ 2urk |1 - =22
[l > |1+ 20 -

N —nNn
(81) +2 <7p + N5> |ya"+1\|oo} cp} [u®)?,n=1,23..

From (81), one sees that [1 + 2u7k[(1 — 22) + 2(32 + Ny)lla" ]G] < 1,
therefore (81) implies that

lim sup [[uf |2 = oo,
n—oQ

which ends the proof. O

1. this choice is not restrictive, since for the existence and uniqueness, we need k to be small
enough
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6. Concluding remarks

This study generalises the results obtained in [4,8,9], by proving instability re-
sults for the rest state not only for the velocity but also for the orientation tensor
and assuming no zero body forces. It was proved that both the regular solutions
and a time discrete solution dependent continuously on the initial data, further-
more, restrictions inposed on the data confirm the results found elsewhere: the
rest state is unstable if particle number N, > 35/2. It is important to mention
that not all schemes can replicate the results obtained here For N, > 35/2, the
system is not mechanically acceptable, thus it is not surprising that instability
results are obtained for IV, in that range. The instability of the rest state is
shown irrespective of dimension which was not the case for the stability for the
moment.
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