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1. Introduction

The concept of hyperstructure was first introduced by Marty [3] in 1934 and
has attracted attention of many authors in the last decades and has constructed
some other structures such as hypergroups, hypermodules, hyperfields and hy-
pervector spacses. These constructions have been applied to many disciplines
such as geometry, hypergraphs, binary relations, combinatories, codes, cryptog-
raphy, probability and etc. Some of applications of this concepts are given in
[1, 3] and [16].

In 1988 , the concept of hypervector space was first introduced by Scafati-
Tallini. She later considered more properties of such spaces. Authors, in [6]-[12]
considered hypervector spaces in viewpoint of analysis. In mentioned papers,
authors introduce concepts such as dimension of hypervectore spaces, normed
hypervector spaces, operator on these spaces and another important concepts.

Authors in [7] proved the Han-Banach Theorem for normed normal weak
hypervector spaces. In this paper we prove the basic geometric results of Han-
Banach theorem for functionals on normed normal weak hypervector spaces.
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2. Preliminaries

Definition 2.1 ([15]). A weak or weakly distributive hypervector space over a
field F (C or R) is a quadruple (X,+, o, F ) such that (X,+) is an abelian group
and o : F ×X → P ∗ (X) is a multivalued product such that

1. ∀a ∈ F, ∀x, y ∈ X, [ao(x+ y)] ∩ [aox+ aoy] ̸= ∅;

2. ∀a, b ∈ F, ∀x ∈ X, [(a+ b)ox] ∩ [aox+ box] ̸= ∅;

3. ∀a, b ∈ F, ∀x ∈ X, ao(box) = (ab)ox;

4. ∀a ∈ F, ∀x ∈ X, ao(−x) = (−a)ox = −(aox);

5. ∀x ∈ X, x ∈ 1ox.

The properties 1 and 2 are called weak right and left distributive laws, respec-
tively. Note that the set ao(box) in 3 is of the form ∪y∈boxaoy.

Definition 2.2. Let X be a weak hypervector space over F , a ∈ F and x ∈ X.
Essential point of a ◦ x, that we denote it by ea◦x, for a ̸= 0 is the element of
a ◦ x such that x ∈ a−1 ◦ ea◦x. For a = 0, we define ea◦x = 0.

Remark 2.3. Note that ea◦x is not unique, necessarily. Hence we denote the
set of all essential points by Ea◦x. When in this note we use ea◦x in an equation,
we mean any element of Ea◦x.

Definition 2.4. A weak hypervector space X over the field F is said to be
normal if for every a, b ∈ F and x, y ∈ X the followings hold:

1. (Ea◦x + Ea◦y) ∩ Ea◦(x+y) ̸= ∅

2. Ea◦x + Eb◦x ⊆ E(a+b)◦x

Lemma 2.5 ([6]). Let X be a weak hypervector space over F , a, b ∈ F and
x ∈ X. Then the following properties hold:

1. x ∈ E1◦x

2. If b ̸= 0 , then a ◦ eb◦x = ab ◦ x

3. E−a◦x = −Ea◦x

4. If a ̸= 0 , then there exists an y ∈ X such that x ∈ Ea◦y.

5. If X is normal, then Ea◦x is singleton.

Definition 2.6. A subset E of a weak hypervector space X is said to be hy-
perconvex if

Et◦x + E(1−t)◦y ⊆ E

for every x, y ∈ E and t ∈ [0, 1].
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Definition 2.7 ([6]). An additive subgroup M of a weak hypervector space X
is called a weak hypervector subspace of X, when Ea◦x ⊆ M for every a ∈ F
and x ∈ M .

Definition 2.8 ([15]). A norm on a weak hypervector space X is a mapping
∥ · ∥ : X → R such that for every a ∈ F and x, y ∈ X we have:

1. ∥x∥ = 0 ⇔ x = 0

2. ∥x+ y∥ ≤ ∥x∥+ ∥y∥

3. sup ∥a ◦ x∥ = |a| · ∥x∥

X with a norm is called a normed weak hypervector space.

Definition 2.9 ([7]). Let X be a weak hypervector space over F . A map
f : X → F is called weakly linear functional if f is additive and satisfies
f(ea◦x) = af(x) , for every a ∈ F and x ∈ X.
If X is normed weak hypervector space over F , we denote the set of all bounded
(see [8]) weakly linear functionals on X by X∗

w.

Lemma 2.10 ([7]). Suppose X is a normal weak hypervector space over C.
1. If u is the real part of a complex weakly linear functional f , then u is real
weakly linear and

f(x) = u(x)− iu(ei◦x), x ∈ X.(2.1)

2. If u is a real weakly linear functional on X and f to be defined by (2.1), then
f is a complex weakly linear functional on X.
3. If, X in addition, is normed and f to be defined by (2.1) , then ∥f∥ = ∥u∥.

3. Main results

Now we prepare to prove some results of Han-Banach Theorem for weakly linear
functionals on normed normal hypervector spaces.

Throughout of this section, X is a normed normal weak hypervector space
over the field C.

Lemma 3.1. Let C ⊆ X be an open hyperconvex set with 0 ∈ C. For every
x ∈ C, set

p(x) = inf{α > 0| eα−1◦x ∈ C}

the p satisfies

1. p(x+ y) ≤ p(x) + p(y), ∀x, y ∈ X

2. p(eλ◦x) = λp(x), x ∈ X, λ > 0

3. There is a constant M such that 0 ≤ p(x) ≤ M∥x∥ , for every x ∈ M .
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4. C = {x ∈ X| p(x) < 1}.

Proof. For 2, Let λ > 0 and x ∈ X be given, then

p(eλ◦x) = inf{α > 0| eα−1·(λ◦x) ∈ C}
= inf{α > 0|eα−1λ◦x ∈ C}
= λ inf{αλ−1|eα−1λ◦x ∈ C} = λp(x).

4. First suppose x ∈ C, since C is open, the continuity of mapping
t → e(1+t)◦x for each x ∈ X and t ∈ F , implies that e(1+ϵ)◦x ∈ C for some ε > 0,

and therefore p(x) ≤ 1
1+ε < 1. Conversely, if p(x) < 1 , there exists α ∈ (0, 1)

such that eα−1◦x ∈ C and thus,

x = eα◦eα−1◦x
+ e(1−α)◦o ∈ C.

3. Let r > 0 be such that Nr(0) ⊆ C , clearly for x ̸= 0,

∥e r
2∥x∥◦x∥ =

r

2∥x∥
∥x∥ =

r

2
< r.

Therefore e r
2∥x∥◦x ∈ C and hence p(x) ≤ 2

r∥x∥.
1- Let x, y ∈ X be given, for ε > 0 we have

p(e 1
p(x)+ε

◦p(x)) =
1

p(x) + ε
p(x) < 1.

Then 4 implies e 1
p(x)+ε

◦p(x) ∈ C, similarly e 1
p(x)+ε

◦p(y) ∈ C thus hyperconvexity

of C with t = p(x)+ε
p(x)+p(y)+2ε ∈ [0, 1] implies that

e 1
p(x)+p(y)+2ε

◦ (x+ y) ∈ C

therefore p
(
e 1

p(x)+p(y)+2ε
◦(x+y)

)
< 1, and 2 implies

p(x+ y) < p(x) + p(y) + 2ε.

Lemma 3.2. Let C ⊆ X be a nonempty open hyperconvex set and let x0 ∈ X
with x0 /∈ C , then there exists f ∈ X∗

w such that

∀x ∈ C, f(x) < f(x0).

Proof. Without loss of generality we may assume that C contains 0.

We may thus introduce the function p of Lemma 3.1 for C. Consider the
weak hypervector subspace M = {et◦x| t ∈ R}, and weakly linear functional{

g : M → R
g(et◦x) = t, t ∈ R.
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It is clear that g ≤ p on M , for, if t > 0, then since x0 /∈ C, p(x0) ≥ 1,
therefore

g(et0◦x0) = t ≥ tp(x0) = p(et0◦x0),

and for t < 0,
g(et0◦x0) = t < 0 ≤ p(et0◦x0).

Now it follows from Theorem 3.8 of [7] that there exists a weakly linear func-
tional f on X that extends g and satisfies f ≤ p on X.
In particular, we have f(x0) = g(x0) = 1 and that f is continuous by Lemma
2.3-3, finally we deduce from lemma 2.3-4 that ∀x ∈ C, f(x) < 1 = f(x0).

Theorem 3.3. Let A ⊆ X and B ⊆ X be two nonempty, hyperconvex subsets
such that A∩B = ∅. Assume that one of them is open, then there exists f ∈ X∗

and α ∈ R such that
Re f(x) ≤ α ≤ Re f(y),

for every x ∈ A and y ∈ B.

Proof. Lemma 3.2 implies that it is enough to prove this for real scalars.
Set C = A−B , so that C is hyperconvex. C is open and 0 /∈ C by Lemma

3.2 there exists f ∈ X∗
w such that f(z) < 0 for every z ∈ C , that is f(x) < f(y)

for every x ∈ A and y ∈ B.
Fix a constant α satisfying

sup
x∈A

f(x) ≤ α ≤ inf
y∈B

f(y),

this complete the proof.

Theorem 3.4. Let A ⊆ X and B ⊆ X be two nonempty, hyperconvex subsets
such that A ∩ B = ∅. Assume that A is closed and B is compact, then there
exist f ∈ X∗

w and B ∈ R such that

Re f(x) < β < Re f(y)

for every x ∈ A and y ∈ B.

Proof. As in proof of Theorem 3.3 , it is enough to use real scalars.
Set C = A − B , so that C is hyperconvex and closed and 0 /∈ C. Hence

there is some r > 0 such that Nr(0) ∩ C = ∅. By Theorem 3.3 there is some
f ∈ X∗

w such that

∀x ∈ A, y ∈ B, z ∈ N1(0), f(x− y) ≤ f(er◦z).

It follows f(x− y) ≤ −r∥f∥ for every x ∈ A and y ∈ B, with ε = 1
2r∥f∥ > 0 we

have
f(x) + ε < f(y)− ε, x ∈ A, y ∈ B.

Choosing β s.t
sup
x∈A

f(x) + ε ≤ β ≤ inf
y∈B

f(y)− ε,

this complete the proof.
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Corollary 3.5. X∗
w separates points on X.

Proof. Apply Theorem 3.4 for A = {x} , B = {y} with x, y ∈ X , x ̸= y.

Corollary 3.6. Suppose that E is a weak hypervector subspace of X. If x0 ∈ X
and x0 /∈ Ē , then there exists f ∈ X∗

w such that f(x0) = 1 and f = 0 on E.

Proof. Using Theorem 3.4 with A = Ē and B = {x0} , thus we have f(x) <
α < f(x0) for every x ∈ E and some α ∈ R. Now suppose x ∈ E be given, then

∀λ ∈ R λf(x) = f(eλ◦x) < α.

Therefore f(x) < α
λ for λ > 0 and f(x) > α

λ for λ < 0, letting λ → ±∞ we have
f(x) = 0. This completes the proof.

Corollary 3.7. If f is a continuous weakly linear functional on a weak hyper-
vector subspace M of X, then there exists g ∈ X∗

w such that g = f on M .

Proof. Assume without loss of generality that f ̸= 0 on M , put M0 = {x ∈
M | f(x) = 0} and pick x0 ∈ M such that f(x0) = 1. Since f is continuous, x0 /∈
M̄0

M
(the closure of M0 with respect of M), therefore x0 /∈ M̄0

X
, Corollary 3.6

therefore assures the existence of a g ∈ X∗
w such that g(x0) = 1 and g(M0) = {0}.

If x ∈ M then x− ef(x)◦x0
∈ M0.

Hence

g(x)− f(x) = g(x)− f(x)g(x0) = g(x− ef(x)◦x0
) = 0,

thus g = f on M .
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