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Abstract. In this paper, we introduce the notions of derivations and differential
filters on semihoops and investigate some related properties of them. Also we discuss
related properties of some particular derivations and give some characterizations of ideal
derivations. Then we obtain that the set of all fixed points of a semihoop for an ideal
idempotent derivation is a semihoop, the set of all fixed points of a V-hoop for an ideal
derivation is an ideal. And for every non-trivial prime ideal I of a semihoop A, there
exists a derivation d such that Fizy(A) = I. Finally we find some relations between
differential filters and other filters. It is proved that every maximal differential filter
is a prime differential filter and the set of all differential filters of an ideal differential
V-semihoop is a Heyting algebra.
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1. Introduction

As we all known, various fuzzy logic algebras have been widely introduced and
studied as non-classical logic semantic systems. These are logical algebras based
on continuous t-norm, such as: MV-algebras, BL-algebras, Hoops. From the
point of view of algebras, hoops are naturally ordered commutative residuated
integral monoids, introduced by B.Bosbach in [5, 6]. In 2003, semihoop was
introduced by Francesc Esteva and Lluis Godo in [9], it was a generalization
of a hoop. In recent years, the theory of hoops and semihoops had a lot of
achievements. These conclusions were helpful to further study fuzzy logic. As
a more general structure, semihoops have no the separability, that is, x Ay =
x® (z — y) does not hold. Semihoops have attracted the attention and research
of many scholars at home and abroad since it was put forward.

The notion of derivations introduced from the analytic theory, which is help-
ful for the research of structures and properties in algebraic systems. Several
authors [3, 1, 2, 15] have studied derivations in rings and near rings. Jun and Xin
applied the notion of derivation in rings and near rings theory to BCl-algebras
in [12], and as a result they introduced a new concept, called a regular deriva-
tion, in BClI-algebras. Xin introduced the concept of derivations in lattices and
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characterized modular lattices and distributive lattices by isotone derivations
in [16]. Later, He, Xin and Zhan studied the relations between derivations and
their fixed point sets in residuated lattice in [11]. Recently Liang and Xin dis-
cussed the derivations on EQ-algebra in [14]. Although a number of researchers
have been studied derivations in algebraic systems. However, none of them ap-
ply derivations to characterize algebraic structure of semihoops. Inspired by
this, we want to introduce and study derivations in semihoops. Therefore it is
meaningful to study this.

The filter theory of the logical algebras plays an important role in studying
these algebras and the completeness of the corresponding non-classical logics.
From a logical point of view, various filters correspond to various sets of provable
formulas. Hence, we define the differential filter by derivation and study the
relationships among different differential filters.

This paper is organized as follows: in Section 2, we review some necessary
notions and properties, which will be used in the next section. In Section 3, we
define derivation, ideal derivation and regular derivation on semihoops, investi-
gate some properties and relations of them. Moreover, we discuss the structures
and properties of the fixed point sets of ideal derivations. For example, the set of
all fixed points of a semihoop for an ideal idempotent derivation is a semihoop;
the set of all fixed points of a V-hoop for an ideal derivation is an ideal; and
for every non-trivial prime ideal I of a semihoop A, there exists a derivation d
such that Fizg(A) = I. In Section 4, we define the differential filter on semi-
hoops and discuss some relations of different differential filters, we prove that
every maximal differential filter is a prime differential filter and the set of all
differential filters of an ideal differential V-semihoop forms a Heyting algebra.

2. Preliminaries

In this section, we recollect some definitions and results which will be used in
this paper and we shall not cite them every time they are used.

Definition 2.1 ([9]). An algebra (A, ©,—, A, 1) of type (2,2,2,0) is called a
semthoop if it satisfies the following conditions:

(SH1) (A, A, 1) is a A-semilattice with upper bound 1;

(SH2) (A,®,1) is a commutative monoid;

(SH3) (x0y) »z=2— (y = 2), for all x,y,z € A.

On a semihoop A we define a binary relation ” <", where z < y if and only
if  — y = 1. It is easy to see that ” <" is a partial order relation on A and 1
is the upper bound, that is, for any z € A,z < 1.

A semihoop A is bounded if there exists an element 0 € A, such that 0 < x,
forall z € A, Welet 2° = 1, 2" = 2" ' ® z for all n € N. In a bounded
semihoop A, we define the negation ”*” on A by z* = x — 0 for all z € A.
A semihoop is called a hoop if it satisfies x ® (z — y) = y © (y — x), for all
x,y € A.(see [9])
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Proposition 2.2 ([9]). Let A be a semihoop. Then the following properties hold
forall x,y,z € A:

(D xoy<zifandonlyifx <y — z;
(2) x <y impliesx ® 2z <y® z;
(3) 20 (x> y) <y;
Dzrz—1=11-sz=0,2x—c=1;
B)zoy<zy;
6) 2 < (z—y) =y
(7) :L“<yzmplzesz%x<z%y,y%z<x%z

Proposition 2.3 ([7]). Let A be a bounded semihoop. Then the following prop-
erties hold for all x € A:
(1) 1 =0, 0* = 1;

Proposition 2.4 ([7]). Let A be a semihoop. We define for any x,y € A:

rUy=((z=y) =y A(y—x) =)

Then the following conditions are equivalent:
(1) U is associative;
(2) x <y impliesx Uz <yUz for all z,y,z € A;
B)zU(yAz)<(xUy)A(zUz) for all z,y,z € A;
(4) U is the join operation on A.

Definition 2.5 ([7]). A V-semihoop is a semihoop if it satisfies one of the
equivalent conditions of Proposition 2.4.

Proposition 2.6 ([10]). Let A be a \VV-semihoop. For any z,y,z € A, suppose
that x V y exists. Then:

(1) (zVy) mz=(x—2)A(y = 2);

(2) For anyn € N4, (xVy)" — z = N{(210--0z,) — z|z; € {x,y},i € N4}

Definition 2.7 ([7]). Let A be a semihoop and F' be a non-empty subset of A.
F is called a filter of A if it satisfies the following conditions for every x,y € A:
(F1) z,y € F impliesz ©®y € F;
(F2) x € F and x <y implyy € F.

We denote the set of all filters of A by F(A).

Proposition 2.8 ([7]). Let A be a semihoop and F be a nonempty subset of A.
Then F 1is a filter if and only if the following conditions hold:

(1) 1€ F;

(2) For allx,y € A, ifx,x -y € F theny € F.
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Definition 2.9 ([8]). An ideal is a non-void subset I of a lattice L with the
properties for every x,y € L:

(HYxelandy <z implyy € I;

(2) z,y € I impliesxVye€l.

Moreover, an ideal I is called a prime ideal if it satisfies the following con-
dition:

3)x ANy €l impliesz el oryel.

Proposition 2.10 ([10]). Let A be a V-hoop. Then (A, A\,V) is a distributive
lattice.

Definition 2.11 ([7]). Let A be a semihoop and X C A. The filter of A
generated by X will be denoted by (X), where (X) = {a € Ala > 210220 Oz,
for some z; € X and some n € N, }.

Proposition 2.12 ([7]). Let A be a semihoop, F € F(A) and x € A. Then
(FU{z})={a€ Aly® 2" <a, for somen € N,y € F}.

Definition 2.13 ([4]). A lattice (L,V,N) is called a Heyting algebra if for any
x,y € L, there exists an element x — y € L such that z < x — y if and only if
zAx <y forall z € L.

From now on, we denote the semihoop (A, ®, —, A, 1) by A, unless otherwise
stated.

3. Derivations on semihoop

In this section, we introduce the notion of derivations in semihoops and inves-
tigate some related properties of regular, isotone, contractive and ideal deriva-
tions, respectively. Also, we give some equivalent conditions under which a
derivation is an ideal derivation. Moreover, we discuss the structures and prop-
erties of the fixed point sets of ideal derivations.

In order to study derivations, we first discuss some properties of the ”11”
operation.

Proposition 3.1. Let A be a bounded semihoop. Then the following properties
hold for any x,y € A:

(1) zUy > z,y;

(2) x <y ifand only if x Uy = y;

B)zUl=1,zUzx=ux;

(4) xUy =0 if and only if t =0 and y = 0.

Proof. (1) Since y - x <1 =z — z for all x,y € A, by Proposition 2.2(1) we
have © ® (y — z) < x, that means x < (y — z) — z. Again, by Proposition
2.2(6) z < (x — y) — y. Hence we obtain z < ((x = y) = y) A ((y = z) —
x) =z Uy. Similarly y < z U y.
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(2) Suppose that = < y for some z,y € A. Then by Proposition 2.2(4), (6)
wehave s Uy =((z = y) > yY A (y—=2)—2)=1—->y AN((y =) = z)=
yA((y = x) = x) = y. Conversely, if ety =y, by (1) xUy > x we have y > x.

(3) By (2) wecanget zUl =1, zUz = .

(4) Let zt Uy =0. By (1) z Uy > x,y, we have x <0, y <0, that is, z = 0,
y = 0. Conversely, if z = 0 and y = 0, we can obtain that rt Uy =0U0=0. [

The following example shows that z Ly is just an upper bound of {z,y},
not the supremum.

Example 3.2 ([13]). Suppose A = {0,a,b,¢,1}, with 0 < a, b < ¢ < 1. We
define ® and — as follows,

®l0 a b ¢ 1 — 10 a b ¢ 1
00 0 0 0 O 0/1 1 1 1 1
al0 a 0 a a al/b 1 b 1 1
b0 0 b b b bla a 1 1 1
c|0 a b ¢ ¢ c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

Then (A, ®, —, A, 1) is a bounded semihoop, where z Ay = x®y for all z,y € A.
By calculation we have a LIb =1, while a Vb = c.

Now we begin to introduce the definition of derivations and study some
related properties.

Definition 3.3. Let A be a semihoop and d : A — A be a function. d is called
a derivation on A, if it satisfies the condition: for any x,y € A,
d(z ©y) = (d(z) ©y) U (z©d(y)).

If we define a function d : A — A by d(z) = 0, for all z € A, then d is a
derivation on A, which is called a zero derivation. If we define d(x) = z, for all
x € A, then d is a derivation on A, which is called an identity derivation.

Here we give some examples of derivations on a semihoop A.

Example 3.4. (1) In Example 3.2, for all z € A, we define:

0, ifz=0,1

a, frx=a
G@) =94 iy

c, ifz=c

0, ifx=0,a
@@*‘{a if 2 = b,c, 1.

It is easy to verify that di,do are all derivations on A.
(2) Given that I = [0,1] is the unit interval. For all z,y € I, we define ®
and — as follows:
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rOy=zAy=min{z,y}

v sy — 1, ifz<y
vy= y, otherwise.

Then (I,®,—,A,1) is a bounded semihoop. We define d(z) = a ® z for all
a € [0, 1], one can easily check that d is a derivation on I.

Proposition 3.5. Let A be a bounded semihoop and d be a derivation on A.
Then the followz'ng properties hold for all x,y € A:

(1) d(0) =

(2) ()Gx =z (d(z))" =0;

(3) z@d(1) < d(z) < z™;

(4) d(z )—m"1®d()f07’cmyn€N+;
(5) x < y* implies d(y) < x* and d(z) < y*;
(6) d(z*) < (d(z))*.

Proof. (1) Since d is a derivation on A, we conclude that d(0) = d(0 ® 0) =
(d(0)®0)U(0®d(0)=00L0=0.

(2) By Proposition 2.3(3) x ® z* = 0 we have 0 = d(0) = d(z © z*) =
(d(z) ®2*) U (z ® (d(x))*). So we get d(z) ®z* =0 and z ® (d(z))* =

(3) For all z € A, we have d(z) = d(z© 1) = (d(z) ®1) U (z (1)) =
d(xz) U (x ®d(1)). Thus by Proposition 3.1(2) we can get z ® d(1) < d(z). By
(2) d(z) ® z* = 0 we obtain d(z) < z**.

(4) Let n = 1 we have d(z) = 2° ® d(x) = d(z). Suppose the equation is
established when n = k. That is, d(z*) = 2*~! ® d(x). Now we will prove that
the equation is established when n = k+1. By Definition 3.3 we have d(z*+1) =
d(zFox) = (d(z¥)oz)u(zFod(z) = (2F1od(z))oz)U(z*@d(r)) = 2Fod(z).
Therefore we can obtain d(z") = 2"~ ! © d(z).

(5) For all z,y € A, assume that < y*. By Proposition 2.2(1), we have
z@y=0. Then 0 =d(0) =d(z ©y) = (d(z) ©y) U (z © d(y)). It follows from
Proposition 3.1(4) that d(z) ®y = 0 and 2 ® d(y) = 0. Thus we have d(z) <y
and d(y) <z

(6) By Proposition 2.3(2) x < 2**, we infer d(x) < x** by the statement (5),
which implies d(z*) < 2***, by Proposition 2.2(7) we can obtain z*** < (d(x))*.
Therefore, we conclude that d(z*) < (d(x))*. O

In what follows, we introduce the ideal derivation in semihoops and investi-
gate some related properties of them.

Definition 3.6. Let d be a derivation on a semihoop A.

(1) d is called an isotone derivation provided that x <y implies d(z) < d(y)
forall x,y € A;

(2) d is called a contractive derivation provided that d(z) < x for all x € A;

(3) d is called an ideal derivation provided that d is both an isotone and a
contractive derivation;
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(4) d is called an idempotent derivation provided that d* = d, where d*(x) =
d(d(z)) for all x € A.

Example 3.7. (1) In Example 3.4(1), d; is a contractive derivation, however,
di is not an isotone derivation, since b < 1, b = di(b) £ di(1) = 0. One can
easily check that ds is an ideal derivation.

(2) Let A = {0,a,b,1} and 0 < @ < b < 1. For all z,y € A, we define
x Ay =min{z,y}, © and — as follows,

®|0 a b 1 -0 a b 1
00 0 0 0 01 1 1 1
a0 0 0 a alb 1 1 1
b0 0 0 b b|b b 1 1
10 a b 1 10 a b 1

Then (A, ®,—, A, 1) is a bounded semihoop. We define:

0, ifz=0
dl(x)_{ b, ifx=uab,1
0, ifz=01

da(x) =14 a, ifz=5b

b, ifx=a.

It is easy to verify that d; is an isotone derivation but it is not a contractive
derivation, since b = dj(a) £ a. One can easily check that dy is a derivation on
A, but it is neither an isotone derivation nor a contractive derivation.

Theorem 3.8. Let A be a semihoop. Fora € A, d, : A — A is a map defined
by do(x) = a©x, for allz € A. Then d, is an ideal derivation on A, which is
called a principal ideal derivation.

Proof. Forall z,y € A, dp(z Oy) =a0z0y=(a0zo0y)U(z0a®y) =
(do(z) @ y) U (z ® dy(y)), so we have d, is a derivation. Moreover, if z < y, by
Proposition 2.2(2) we have dy(z) =a®x < a®y = du(y), thus d, is an isotone
derivation. Since d,(z) = a®x < x, we get d, is a contractive derivation. Hence
d, is an ideal derivation on A. O

We denote the set of all idempotent elements of the monoid (A4,®,1) by
G(A), that is, G(A) = {x € Alx © = = x}.

Definition 3.9. Let d be a derivation on a semihoop A. Then d is called a
reqular derivation if d(1) € G(A).

Example 3.10. All derivations in Example 3.4 are regular derivations. But not
every derivation is a regular derivation. In Example 3.7(2), d; is not a regular
derivation, since 0 = d(1) ® d(1) # d(1) = b.
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Theorem 3.11. Let A be a semihoop. Then a € G(A) if and only if dy is a
reqular derivation on A.

Proof. For all a € G(A), we have dy(1) = a©®1 =a0a®101 = (a®
1) ® (a®1) = do(l) ® da(1), hence do(1) € G(A), therefore d, is a regular
derivation. Conversely, if d, is a regular derivation, then d,(1) ® dq(1) = dq(1),
that is, (e ® 1) ® (a ® 1) = a ® 1, which implies a ® a = a, thus we can obtain
a € G(A). O

Example 3.4(1) shows that the derivation on a semihoop A is not unique,
thus it is necessary to discuss the existence of derivations on semihoops.

Corollary 3.12. Let A be a semihoop with finite elements. Then:

(1) A has at least |A| (ideal) derivations (|A| represents the number of ele-
ments contained in A);

(2) A has at least |G(A)| regular (ideal) derivations.

Proof. (1) Define a map d, : A — A by do(z) = a ® z, for all a € A. By
Theorem 3.8 we have d, is a derivation on A. Let a # b, then we show that
dq # dy. Suppose that d, = dp, then dy(x) = dp(z), for all x € A. Thus
a®x=bOzxz. Nowifx =1 thena®1l=b01 We get a = b, which is
contradictory. Therefore if a # b, then d, # d. So A has at least |A| (ideal)
derivations.

(2) It follows from Theorem 3.11. O

Corollary 3.12 shows that a semihoop must have principal ideal derivations.
The following example shows that there exists other (ideal) derivations besides
the principal (ideal) derivations.

Example 3.13. In Example 3.4(1), we define:

0, ifz=0
dz)=< a, fzx=a
b, ifx=0b,c,1.

It is easy to verify that d is an (ideal) derivation rather than a principal
(ideal) derivation on a bounded semihoop A.

Proposition 3.14. Let d be an isotone derivation on a semihoop A. Then for
all z,y,z € A we have:

(1) z < x — y implies z < d(z) — d(y) and x < d(z) — d(y),

(2) 2 =y <d(x) = d(y), dlz —y) <z —d(y).

Proof. (1) By Proposition 2.2(1) we have z < z — y implies x ® z < y for all
x,y,z € A. Since d is an isotone derivation, we conclude that d(z®z) < d(y). It
follows from Definition 3.3 that d(x ® z) = (d(z) © z) U (x ®d(2)). Then we have
(d(z) ®z)U(x®d(z)) < d(y), which implies d(z) ©®z < d(y) and z®d(z) < d(y).
Thus we get z < d(z) — d(y) and = < d(z) — d(y).
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(2) By Proposition 2.2(3) z @ (x — y) < y for all z,y € A and d is an
isotone derivation. We can obtain d(z ® (x — y)) < d(y). By Definition

33dzo(x = y)) = (dz) ©(x — y)) U (z ©dlx — y)) < d(y), which
implies d(z) ® (z — y) < d(y) and 2 © d(z — y) < d(y). Therefore, we have
x—y<dz)—dy) and d(x — y) <z — d(y). O

Proposition 3.15. Let d be a contractive derivation on a semihoop A. Then
for all x,y € A we have:
(1) d(z) @ d(y) < d(z ©y),
(2) d is an isotone derivation implies d(x — y) < d(x) — d(y) < d(z) — vy,
(3) d(1) = 1 implies d is an identity derivation.

Proof. (1) For all z,y € A, since d is a contractive derivation, we have d(x) ®
dly) < z ®d(y) and d(x) ® d(y) < d(z) ®y. It follows that d(z) ® d(y) <
(d(z) ©y) U (z ©d(y)) = d(z O y).

(2) By Proposition 2.2(3) z ® (x — y) < yforal z,y € A and d is an
isotone derivation. We deduce d(z ©® (z — )) < d(y). From the statement
(1), we conclude that d(z — y) ©® d(z) < d(z © (x — y)). It follows that
d(x — y) ®d(z) < d(y), which implies d(z — y) < d(z) — d(y). On the other
hand, from d(y) < y, we infer d(z) — d(y) < d(z) — y by Proposition 2.2(7).
Therefore, we obtain d(z — y) < d(z) — d(y) < d(x) —

(3) By Proposition 3.5(3), we have z ® d(1) < d(x) for all z € A. Assume
that d(1) = 1, we get = 2®d(1) < d(x) < x showing that d(x) = z. Therefore,
d is an identity derivation. O

—
<

Proposition 3.16. Let d be a derivation on a semihoop A. Then the following
conditions are equivalent:

(1) d is an ideal idempotent derivation;

(2) d satisfies d(z) — d(y) = d(z) =y for all z,y € A.

Proof. (1) = (2) Suppose that d is an ideal idempotent derivation. Then we
have that d(y) < y for all y € A, it follows that d(z) — d(y) < d(z) — y by
Proposition 2.2(7). On the other hand, let t < d(z) — y for all t € A. We can
obtain d(x) ®t < y. Since d is an isotone derivation, we have d(d(x) ©®t) < d(y)
for all z,y,t € A. By Definition 3.3 d(z ® y) = (d(z) ©® y) U (z ® d(y)), we get
d(z) ®y < d(x®y). It follows that d(d(z)) ®t < d(d(z) ®t). Combining d? = d,
we have d(z) ®t < d(d(z) ®t) < d(y). Hence t < d(x) — d(y), which implies
d(x) — y < d(zx) — d(y). Therefore we obtain d(z) — d(y) = d(z) — y

(2) = (1) Assume that d(z) — d(y) = d(z) — y for all z,y € A. By
Proposition 2.2(4) we have 1 = d(z) — d(z) = d(z) — . That means d(x) < z.
Thus, d is a contractive derivation. Moreover, suppose that z < y for some
x,y € A, we have d(z) ©1 = d(x) < z <y. Thus by Proposition 2.2(1) we have
1 <d(z) — y=d(x) — d(y), which implies d(z) ®1 < d(y), that is, d(z) < d(y).
Therefore, d is an isotone derivation. Hence d is an ideal derivation. Finally, for
all x € A, since d(z) ® 1 < d(z), we conclude that 1 < d(z) — d(z) = d(z) —
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d(d(x)). Then d(z)®1 < d(d(x)), we get d(x) < d(d(x)). Since d is a contractive
derivation we have d(d(x)) < d(x). Thus, we obtain d(d(x)) = d(x) for all z € A,
that means, d> = d. Therefore, d is an ideal idempotent derivation. ]

Next, we will discuss the structures and properties of the fixed points set of
ideal derivations.

Let d be a derivation on a semihoop A. We denote the set of all fixed points
of A for d by Fixg(A), that is, Fizg(A) = {x € A|d(x) = x}.

Proposition 3.17. Let d be a contractive derivation on a semihoop A. Then
for all z,y € Fixg(A), x ©@y € Fixg(A), that is, Fixgy(A) is closed under ©.

Proof. For all z,y € Fizy(A), we have d(z) = z and d(y) = y. It follows from
Proposition 3.15 (1) that x ©y = d(z) ©®d(y) < d(z ®y) <  ®y, which implies
that d(x ©®y) =z ®y. Thus, z ®y € Fizg(A). O

Theorem 3.18. Let d be an ideal idempotent derivation on a semihoop A. Then

(Fizg(A), ®,—,M,1) is a semihoop, where z My =d(x Ay), x — y=d(z = y),
1=4d(1) for all z,y € Fizy(A).

Proof. By Proposition 3.17 d(x®y) = x®y we have d(1) = d(101) =161 = 1.
(1) First, we show that (Fizy(A),M,1) is a A-semilattice with upper bound 1.
For all z,y € Fixg(A), d(z ANy) < d(z) =z, dlx Ay) < d(y) =y, so d(z Ay)
is a lower bound of x and y in Fizy(A). Now let z € Fizy(A) and z < x,y.
Then z < z Ay, so we have z = d(z) < d(z A y), thus the infimum of x
and y exists in Fizgy(A) and is d(z Ay). By d(1) = 1 we get d(d(1)) = d(1),
that is, d(1) € Fizg(A). For all x € Fixg(A), v = d(x) < d(1). Therefore
(Fizqg(A),M,1) is a A-semilattice with upper bound 1.

(2) Next, we prove that (Fixzgy(A),®,1) is a commutative monoid with 1 as
unit element. By Proposition 3.17 we get t ®y € Flixg(A). For all x € Fizy(A),
x®d(1) = x. so (Fizrg(A),®,1) is a commutative monoid.

(3) Finally, we prove that (z ®y) — 2z = & — (y — 2) for all z,y,z €
Fizg(A). Since d(y — 2z) <y — z, we have ¢ — d(y — z) <z — (y — z), then
oy »z=dl(z0y) = 2)=dlx - (y = 2) >dlx - dly = 2)) =x —
(y = z). Thatis (x®y) — z > x — (y — z). On the other hand, by Proposition
3.14 we have d((z © y) — 2) = d(xz — (y = 2)) <z — d(y — z), since d is
an ideal idempotent derivation we have d((z ® y) — 2) = d(d((x © y) — 2)) <
dlx > dly — 2)) =z (y— z), that is (O y) — z <z +— (y + z). Hence

(rOy) = z=x (y+— 2z). Thus (Fizg(A),®,,M,1) is a semihoop. O
The following example shows that Fizy(A) is not an ideal of a semihoop A.

Example 3.19. In Example 3.7(2), we define:

0, ifz=0
dlz)=qa, ifz=a,b

¢, ifzx=c,l.
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It is easy to verify that d is an ideal derivation and Fizg(A) = {0,a,c}. One
can check that Fixgy(A) is not an ideal because ¢ € Fizy(A) and b < ¢, but
b Fizg(A).

In general semihoops, Fizy(A) is not an ideal. However, if the conditions
are strengthened, we can obtain the following result.

Theorem 3.20. Let d be an ideal derivation on a \/-hoop A. Then Fixy(A) is
a lattice ideal on A.

Proof. From Proposition 2.10 we have V-hoop is a distributive lattice. Next we
will prove that if x € Fizg(A) and y < z then y € Fizxg(A). Let € Fizg(A)
and y < z. It follows from y < z that Ay = y. Sod(y) = d(zAy) = d(zO(x —
9) = (@) (@ > )V (Eodz - y) = (6 (& - y) V(@0 de - y)) =
(zAy)V(zod(z = y)) =yV(r@d(z — y), which implies d(y) > y. Combining
d(y) <y we obtain d(y) = y. Therefore y € Fizy(A). Finally we will prove that
if v,y € Fizg(A) then zVy € Firy(A). Since d is an ideal derivation on A, we
have zVy = d(x)Vd(y) < d(zVy) < zVy. Hence we can obtain d(zVy) = zVy,
that is, z Vy € Fizg(A). Thus Fizy(A) is an ideal on A. O

The following is a counter example showing that the converse of Theorem
3.20 may not hold.

Example 3.21. In Example 3.7 (2), we define:

a@:{Q if 2 =0

a, ifxr=a,b,1.

One can easily check that d is an ideal derivation on a bounded semihoop A
and Fizg(A) = {0,a} is an ideal of A. However, A does not a V-hoop. Since
a=a0(a—b)#b® (b—a)=0.

It is natural to ask for every non-trivial ideal I of a general semihoop A
whether there exists an ideal derivation d such that Fizy(A) = I. The following
theorem proves that the conclusion for prime ideals is established.

Theorem 3.22. Let I be a non-trivial prime ideal of a semihoop A. Then there
exists a derivation d such that Fixg(A) = 1.

Proof. Define a function d as follows:

ifrel
d(x) = x, if x
a®x, ifxeA\l,

where a € I.
We claim that d is a derivation. In fact, if z,y € I, then by Proposition
2.2(5) 2 ©®y < z and [ is an ideal we have z ©® y € I. Hence we can see that
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dzoy)=z0y=(z0y)U(zey) = (dz)oy)U(zod(y)). fxel, ye A\I,
then zOy <z andso @y € I. Thus d(xOy) = xOy, since tOaGy < xOy, by
Proposition 3.1(2) we can get (d(z) ©y)U(x®d(y)) = (z0y)U(zGa®y) = xOy.
This shows that d(x®y) = (d(z)Oy)U(x®d(y)). If z,y € A\I, then 0y € A\I
since A is a prime ideal. Hence, d(z ©y) =a®z 0y, (d(z) ©Oy) U (x @ d(y)) =
(a@zoy)U(z0ady)=a0z0y, thusd(zoy) = (d(z) ©y)U(x®d(y)). By
the above argument we can get that d is a derivation. Clearly, Fizy(A) =1. O

4. Differential filters in differential semihoop

In this section, we introduce differential filters of differential semihoops. We
focus on algebraic structures of the set DF(A) of all differential filters in the
differential semihoop (A, d). Moreover, we study the relationships between dif-
ferent differential filters.

Definition 4.1. A pair (A,d) is called a differential semihoop, if A is a semi-
hoop and d is a derivation on A.

If d is an ideal derivation on A, then (A,d) is called an ideal differential
semihoop.

Definition 4.2. Let (A,d) be a differential semihoop. A filter F' of A is called
a differential filter of (A,d) if x € F implies d(x) € F for all x € A.

We will denote the set of all differential filters of (A, d) by DF(A).
A differential filter F' of (A, d) is called a proper differential filter if F' # A.

Example 4.3. In Example 3.4(1), one can easily check that the differential
filters of (A, dsy) are {b,c,1} and A. Proper differential filter is {b, ¢, 1}.

Theorem 4.4. Let (A,d) be an ideal differential semihoop. Then Ker(d) =
{z € Ald(z) = 1} is a differential filter of (A,d).

Proof. Let x,y € Ker(d). Then by Proposition 3.15 we have d(z ® y) >
dz)od(y) =101 =1,s0d(z0y) =1, we get t Oy € Ker(d). Let z € Ker(d),
x <y. Then 1 =d(x) <d(y),so d(y) =1, y € Ker(d). Thus Ker(d) is a filter.
We can obtain 1 € Ker(d) which implies d(1) = 1. If x € Ker(d), then d(x) =1,
d(d(x)) = d(1) = 1, we have d(x) € Ker(d). Therefore Ker(d) is a differential
filter. O

Let (A, d) be a differential semihoop. For any nonempty subset X of A, we
denote by (X)4 the differential filter of (A, d) generated by X, that is, (X)g is
the smallest differential filter of (A, d) containing X. If F' is a differential filter
of (A,d) and = ¢ F, put (F,z)q = (FU{x})a.

Theorem 4.5. Let (A, d) be an ideal differential semihoop and X be a nonempty
subset of A. Then (X)g = {z € Alx > d"(y1) ©---©d"(yn), yi € X, for some
li, n e N+}
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Proof. (1) For all z € X, d is an ideal derivation, we have > d(z), that means
x € (X)g4, thus we get X C (X)g4.

(2) First 1 € (X)4. Then, let z,y € (X)4. We have z > d(z), y > d(y), we
can conclude that x © y > d(z) ® d(y) which implies z ©y € (X)g; if x € (X)q
and x <y, then d(x) <z <y, soy € (X)4. Therefore (X), is a filter.

(3) Let 2 € (X)gq. We have z > d''(y1) ®---@d"(yy), for some l; € Ny, y; €
X, then by Proposition 3.15 we obtain d(z) > d(d"(y1) ® - - - ® d™(y,)) >
d"FHy) © - - © dn T (y,), so we get d(x) € (X)g. Thus (X)g is a differential
filter.

(4) If there exists a differential filter 7', X C T, then we will show that
(X)g CT. Lett € (X)g. We have t > d'*(y1) ® - - - ® d'(yy), for some
li € Ny,y; € X, by X CT we have y; € T, then d(y;) € T, we get d"* (y1) ® - -
- ®d"(y,) € T, so we can obtain ¢t € T. Hence (X)y C T.

Therefore we show that (X)4 is the smallest differential filter of (A, d) con-
taining X. O

If X ={z}, then (x)y = {a € Ala > d"(x), for some n € N}.

Proposition 4.6. Let (A,d) be an ideal differential semihoop, F € DF(A) and
x € A. Then (F,x)q ={a € Ala > d"™(y) ©®d"(x), for some m,n € N,y € F}.

Proof. Let B ={a € Ala > d"(y) ®d"(x), for some m,n € N,y € F'}. Similar
to the proof of Theorem 4.5, B € DF(A). Now let y € F', and m,n € N. By
d™(y) @ d"(z) < d(y) <y we have y € B. Also d™(y) ® d"(x) < d(z) < x we
have x € B, so FU{z} C B. Next to prove that B is the smallest differential
filter that include F U {x}. Let C € DF(A) such F U {x} C C. Then, for
any z € B, there exist m,n € N and y € F, such d"(y) ® d"(x) < z. Thus
d™(y) < d*(z) — z. Since C € DF(A) and F C C, we have y € C, then
d™(y) € C, so d"(z) — z € C. Moreover, since C € DF(A) and = € C, we have
d"(z) € C, thus z € C, hence B C C. Therefore (F,x)q = B. O

Proposition 4.7. Let (A,d) be an ideal differential semihoop and Fy,Fy €
DF(A). Then (Fy U Fy)g = {a € Ala > d™(y1) ® d"(y2), for some m,n €
N,y1 € F1,y2 € Fa}.

Proof. It follows from by Proposition 4.6. O

Proposition 4.8. Let (A,d) be an ideal differential semihoop, F € DF(A) and
x € Fizyg(A). Then (FU{z}) is also a differential filter of (A,d).

Proof. Assume that y € (FFU{z}). By Proposition 2.12 there exists n € N, c €
F such that ¢ ® 2" < y. Thus d(y) > d(c ® 2™) > d(¢) © d(z"™) = d(c) ® ™ by
Proposition 3.15(1). Thus d(y) € (F U {x}), hence (F U {z}) is a differential
filter of (A4, d). O

Proposition 4.9. Let (A, d) be an ideal differential \/-semihoop. Then (x\Vy)q =
(®)a N (y)q for all z,y € A.
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Proof. It is obvious that x € (z)4, y € (y)4. Since z,y < x V y, it follows that
xVy € (x)gand xVy € (y)q. SozVy € (x)aN(y)q. Hence (xVy)q C (z)aN(y)a-

Conversely, let z € (x)q N (y)q. Then d"(z) < z, d™(y) < =z, for some
n,m € N. Then we will show that z € (x V y)4, that is, z > d"""(z Vv
y) > d((x ©y))"™™ > (d(z) ® d(y))"T™. By Proposition 2.6 we have (d(x) V
d(y))"t™ — 2 = N{(d(z1) ®- - ©Od(zpim)) = 2|d(x;) € {d(z),d(y)}}. Consider
d(x1), ..., d(Tpim) € {d(x),d(y)}. Denote by r the number of occurrences of d(x)
in the sequence d(x1), ..., d(Zp+m), and by s the number of occurrences of d(y) in
the sequence d(x1), ..., d(Tp4m). Of course, r+s = n+m. By Proposition 2.2(5)
we have that d(z1)©®- Od(zp+m) < (d(x))", and d(z1) @+ Od(Tp+m) < (d(y))*.
Then by Proposition 2.2(7) we get (d(x))" — 2z < (d(z1) ©® - - - © d(Tp4m)) — 2
and (d(y))® — z < (d(z1) © - - - @ d(Tptm)) — 2. If r < n, then s > m, so
(d())* < (dy)™. Thus (d(y)° — = > (dy)™ — = = 1, that is (dy)° -
z = 1, we have (d(z1) ® - - - ® d(Tp+m)) — 2z = 1. Similarly if r > n, we
can obtain (d(z1) ® -+ - ® d(zpym)) = 2z = 1. So (d(z) Vd(y))"t™ — 2z = 1.
Thus (d(z) ® d(y))"™™ < (d(x) V d(y))"*™ < 2. Therefore z € (x V y)4. Hence

(Vy)a=(T)aN(Y)a- O

Let (A, d) be a differential semihoop. Setting D((A,d)) = {x € A|(d(z))" >
0, for any n € N, }.

Proposition 4.10. Let (A,d) be a differential semihoop and F be a proper
differential filter of (A,d). Then F C D((A,d)).

Proof. Assume that F' be a proper differential filter of (A,d) and = € F'. Then
we have d(z) € F, so (d(z))" € F, for any n € Ni. Since 0 ¢ F we have
(d(z))™ > 0 for any n € N4. Thus x € D((A,d)). Therefore F C D((4,d)). O

Proposition 4.11. Let (A,d) be an ideal differential semihoop. If (d(x))™ > 0
and (d(y))™ > 0 imply (d(x))" ® (d(y))™ > 0, then D((A,d)) is a differential
filter of (A, d).

Proof. By (d(1))™ > (d(0))" = 0 for any n € N4, we have 1 € D((A,d)).
Let x,x — y € D((A,d)). Then (d(z))" > 0, (d(x — y))" > 0 for any n €
N4, by Proposition 3.15(1) we have (d(y))" > (d(xz ® (x — y)))" > (d(z))" ©
(d(z = y))" > 0. Soy € D((A,d)). Finally if z € D((A,d)), then (d(x))" >
0, d(d(x))™ > d(d(0))™ = 0, so d(z) € D((A,d)). Therefore D((A,d)) is a
differential filter of (A, d). O

Definition 4.12. A proper differential filter F' of a differential semihoop (A, d)
is called a prime differential filter, if for any H,G € DF(A) such that HNG C F,
then H C F or G C F.

Proposition 4.13. Let (A,d) be an ideal differential V-semihoop and F' be a
proper differential filter of (A,d). Then the following conditions are equivalent:
(1) F is a prime differential filter of (A,d);
(2) IfxVy € F for somex € F oryeF.
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Proof. (1) = (2) Let z Vy € F for some z,y € A. By Proposition 4.9 (z)4 N
(y)a = (x Vy)a C F. Since F is a prime differential filter, we have (x)q C F or
(y)a € F, thus we get x € F or y € F.

(2) = (1) Suppose that H,G € DF(A) such that HNG C F, H ¢ F and
G ¢ F. Then there are z € H and y € G such that z,y ¢ F. Since z,y <z Vy
and H,G € DF(A), we have xtVy € HNG C F. By (2) wehavex € Fory € F,
which is contradiction. Hence, F' is a prime differential filter of (A, d). O

Definition 4.14. A proper differential filter F' of a differential semihoop (A, d)
is called a maximal differential filter, if it is not properly contained in the any
other proper differential filter.

We denote the set of all maximal differential filters of (A, d) by DM(A).

Example 4.15. In Example 3.4 (1), we define:

0, ifz=0
d(z) = a, fxr=a

b, ifx=0b

¢, ifrx=cl.

Then d is an ideal derivation on A. The all differential filters are F} = {c, 1},
Fy, ={a,c,1}, F3 ={b,c,1} and A. Fy, F3 are not only prime differential filters
also maximal differential filters.

Proposition 4.16. Let (A,d) be an ideal differential semihoop and F be a
proper differential filter of (A,d). Then the following conditions are equivalent:
(1) F e DM(A);
(2) If x ¢ F, then (F,z)q = A.

Proof. (1) = (2) If z ¢ F then we get F' C (F,x)q. Since F' € DM(A), we
have (F,z)q = A.

(2) = (1) Let G be a proper differential filter of (A, d) such FF C G and
F # G. Then there exists x € G such that « ¢ F. By (2) we have (F,x); = A.
Now since A = (F,z)4 C G, we get G = A, which is a contradiction. Therefore,
F e DM(A). O

Proposition 4.17. Let (A,d) be an ideal differential bounded semihoop, M €
DM(A) and x € A. Then x ¢ M if and only if there exists n € N such that
(d™(z))* € M.

Proof. On the one hand, let M € DM(A) and x € A. Suppose that x ¢ M, by
Proposition 4.16 A = (M, x)4, and so we have 0 € (M, z)4. Then by Proposition
4.6, there exist n € N and y € M such that d"(y) ® d"(x) < 0. Thus d"(y) <
d"(x) — 0. Moreover, since M € DF(A) and y € M, we have d"(y) € M, so
d"(x) — 0 € M. Hence (d"(x))* € M.
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On the other hand, let € A and there exists n € N such that (d"(z))* € M.
If x € M, then d"(z) € M, for any n € N. Since M € DF(A), by Proposition
2.3(3) 0 = d™"(z) ® (d"(x))* € M, which is contradictory with M is a proper
differential filter. O]

Proposition 4.18. Let (A, d) be an ideal differential V-semihoop. Then every
mazximal differential filter of (A,d) is a prime differential filter.

Proof. Let M € DM(A). Suppose that H,G € DF(A), such that HNG C M.
Let H,G ¢ M. Then there are € H and y € G such that z,y ¢ M. Since
M € DM(A), by Proposition 4.16, (M, z); = (M,y)q = A. Moreover, since
z,y < xVy, we have x Vy € HNG C M. Thus by Proposition 4.9 we have
A= (M,x)qgN{(M,y)q = (M,zV y); = M, which is a contradiction. Therefore
M 1is a prime differential filter. O

Proposition 4.19. Let (A, d) be an ideal differential V-semihoop. Then (DF(A),
Nd,Vaq) is a Heyting algebra in which the operations are given by JAqK = JNK,
JVg K = {z € Alz > d"(j) ©d™(k),j € J, k € K, for some n,m € N},
J =g K={x€Ald(j)VzeK, forany j € J}, for all J,K € DF(A).

Proof. First we show that (DF(A),Va,Aq) is a lattice. It is clear that if J
and K are differential filters of (A, d) then so is J N K, which is the largest
differential filters of (A,d) and is contained in both J and K. Hence J Ay K
exists in DF(A) and is J N K. Then, we observe that J V4 K is a differential
filters of (A,d). Clearly, 1 € JV4 K. Let a € JV4 K, a < b. Then there
exist j € J,k € K such that a > d"(j) ® d™(k) for some n,m € N. We have
b>a>d" (j)®©d"(k), hence b € JV4 K. Let a,b € J Vg K. Then there
exist j1,j2 € J, k1, ke € K such that a > dn(jl) ® dm(kl), b > dn(jg) ® dm(kg)
for some n,m € N. Since d"(j1 ® j2) < d"(j1) and d™ (k1 © ko) < d™(ky1),
we have d"(j1 © j2) © d™(k1 © k2) < d"(j1) ©® d™(k1) < a. Similarly we get
d"(j1 ® j2) © d™ (k1 ® ka) <b. Thus a © b > d**(j1 ® jo) © d*™(k1 © k2). That
means a ® b € J Vg K. Therefore J Vg K is a filter. If z € J V4 K, then there
exist j € J,k € K such that d(z) > d(d"(j) ® d™(k)) > d"*1(j) © d"T (k). We
have d(z) € J V4 K. Thus J V4 K is a differential filter. Now, by Proposition
4.7 we can see that J Vg K = (J U K)g4, thus J V4 K is the supremum of J and
K. Therefore (DF(A), V4, Ag) is a lattice.

In order to prove that (DF(A), Ag, Vq) is a Heyting algebra, we need to prove
that J A K C L if and only if J C K —4 L. Assume that J Aq K C L. Let
j € J then d(j) € J and for any k € K, we have d(k)V j > j, d(k) vV j > d(k).
Hence d(k)Vje JANg K. Soje€ K —4 L. Thus J C K —; L. Conversely,
assume that J C K —43 L. Let x € J A4 K. Then x € K —4 L. For any k € K,
we have d(k) Vo € L. Taking k = x € K, we have x Vd(z) = z € L. Thus
JANg K C L.

Therefore (DF(A), Ag, Va) is a Heyting algebra. O
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5. Conclusion

Derivations play an important role for researches in the theory of algebraic
structures. In the paper, we extend the concept of derivations on semihoops
and get some more general conclusions. It is proved that the set of all fixed
points of a semihoop for an ideal idempotent derivation is a semihoop. And for
every non-trivial prime ideal I of a semihoop A, there exists a derivation d such
that Fizy(A) = I. Finally, we focus on algebraic structures of the set DF(A) of
all differential filters in differential semihoops, and prove that (DF(A), Ag, V)
is a Heyting algebra.

In our further work, the following topics should be considered:

(1) For every ideal I of a semihoop A, whether there exists a derivation d
such that Fizy(A) = 1.

(2) We can also introduce differential congruences, and then study the related
properties and construct quotient semihoops by differential congruences.
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