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Departamento de Matemática Aplicada
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Abstract. We give the representations of (a + b)d, (a + ab)d and (a + ba)d in terms
of a, b, ad and bd being elements of a Banach algebra with a3b = ba and b3a = ab. We
also give the representations of (a + b)d under the assumptions a3b = ba, ∥aDb∥ < 1,
and ∥(1− aaD)bDa∥ < 1.
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1. Introduction

Let A be a complex Banach algebra with unit 1. The symbols A −1,A nil,A qnil

and A • stand for the sets of all invertible, nilpotent, quasinilpotent and idem-
potent elements in the Banach algebra A , respectively.

For a ∈ A , if there exists a unique x ∈ A such that

(1.1) xax = x, ax = xa, ak+1x = ak

x is the Drazin inverse of a (denoted by aD). The least nonnegative integer k for
which satisfies the above equations is the Drazin index ind(a) of a. If ind(a)≤ 1,
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then aD reduces to the group inverse of a in this case it is customary to denote
aD = a#. Note that a ∈ A is invertible if and only if ind(a) = 0.

In [12] Koliha generalized the Drazin invertibility by changing (1.1). Let
a ∈ A . An element x ∈ A is called a generalized Drazin inverse of a if

(1.2) xax = x, ax = xa, a− a2x ∈ A qnil.

If there exists x ∈ A satisfying (1.2), the element a is said to be generalized
Drazin invertible. Koliha proved in [12] that the set of generalized Drazin in-
verses of an element of a Banach algebra is or empty or a singleton. In case that
a has a generalized Drazin inverse, we shall denote by ad its unique generalized
inverse. The subset of A consisting of elements that have a generalized Drazin
inverse will be denoted by A d. In fact, Koliha proved the following lemma
which will be useful. (stated in a unital ring)

Lemma 1.1 ([12, Lemma 2.4]). In a Banach algebra A with unit, an element
a ∈ A is generalized Drazin invertible if and only if there is p ∈ A • such that

pa = ap, ap ∈ A qnil, a+ p ∈ A −1.

In this case, the set consisting of generalized Drazin inverses of a is a singleton
and its unique element ad is given by

ad = (a+ p)−1(1− p).

Let a ∈ A be generalized Drazin invertible. If a−a2ad /∈ A nil, it is customary
to say that ind(a) = ∞. It is easily seen from the proof of [12, Lemma 2.4] that
the idempotent p given in Lemma 1.1 is unique which explicit expression is
p = 1− aad. We shall denote this idempotent by aπ.

Every p ∈ A • induces a matrix representation of any element a ∈ A given
by (see [17, Chapter 5])

a =

(
pap pa(1− p)

(1− p)ap (1− p)a(1− p)

)
p

.

If B is a subalgebra of the unital algebra A , for an element b ∈ B−1, we
shall denote by [b−1]B the inverse of b in B. Let us observe that in general
B−1 ̸⊂ A −1 (if we take p ∈ A •, p ̸= 1, and B = pA p, then p ∈ B−1 and
p /∈ A −1). But if the subalgebra B has unity, then B−1 ⊂ A d and if b ∈ B−1,
then bd = [b−1]B: let e be the unity of B, since b[b−1]B = [b−1]Bb = e, it is easy
to see b[b−1]Bb = b, [b−1]Bb[b−1]B = [b−1]B, and [b−1]Bb = b[b−1]B.

It is known [3] that any a ∈ A d has the following matrix representation

a =

(
a1 0
0 a2

)
p

,

p = 1− aπ = aad, a1 ∈ [pA p]−1, a2 ∈ [(1− p)A (1− p)]qnil.(1.3)
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Then we have

(1.4) ad =

(
[a1

−1]pA p 0
0 0

)
p

.

If a is Drazin invertible (instead of being generalized Drazin invertible), the only
difference with the representation (1.3) is that a2 is nilpotent instead of being
quasinilpotent.

The following result [3] will be useful for our purposes.

Lemma 1.2 ([3, Theorem 2.3]). Let A be a Banach algebra, x, y ∈ A , and
p ∈ A •. Assume that

x =

(
a c
0 b

)
p

, y =

(
b 0
c a

)
1−p

.

(i) If a ∈ (pA p)d and b ∈ ((1− p)A (1− p))d, then x, y ∈ A d and

(1.5) xd =

(
ad u
0 bd

)
p

, yd =

(
bd 0
u ad

)
1−p

,

where u =
∑∞

n=0(a
d)n+2cbnbπ +

∑∞
n=0 a

πanc(bd)n+2 − adcbd.

(ii) If x ∈ A d and a ∈ (pA p)d, then b ∈ [(1− p)A (1− p)]d and xd is given by
(1.5).

Moreover, when an element x ∈ A d commutes with an idempotent p ∈ A ,
the generalized Drazin inverse of x has a simple form in terms of the matrix
representation relative to p as the following simple (but useful) result shows:

Lemma 1.3. Let A be a unital Banach algebra and let x ∈ A , p ∈ A •. If

x =

(
x1 0
0 x2

)
p

, then x ∈ A d if and only if x1 ∈ [pA p]d and x2 ∈ [(1 −

p)A (1− p)]d. In this situation, one has xd =

(
xd1 0
0 xd2

)
p

.

The Drazin inverse is used in applications of many areas such that differential
and difference equations, Markov chains and control theory [1, 2].

In recent years, the representations of the Drazin inverse of a+ b have been
considered by many authors (see [4, 5, 6, 7, 8, 9, 11, 13, 14, 15]) (being a, b
matrices, operators or elements in a infinite dimensional Banach algebra). In
[10] the Drazin inverse in semigroups and associative rings was firstly introduced.
The Drazin inverse in a Banach algebra was introduced in [9]. A formula is given
for the Drazin inverse of a sum of two matrices in [11]. In [9], Djordjević and
Wei considered additive results for the generalized Drazin inverse in a Banach
space.
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C.Y. Deng in [7] explored the Drazin inverse of bounded operators with com-
mutativity up to a factor in a Banach space, being these extended by Cvetković-
Ilić in [4]. In [18], the authors considered the Drazin inverse of a sum of two
matrices and derived additive formulas under conditions weaker than those used
in some recent papers on the subject. As an application they gave some new
representations for the Drazin inverse of a block matrix.

In the rest of this section, we will give some key lemmas. In Section 2 we
will discus the representations of the generalized Drazin inverse of a+ b, a+ ab
and a+ ba in terms of a, b ad and bd being elements of a unital Banach algebras
under the conditions a3b = ba and b3a = ab . We also will consider related
results under the assumptions a3b = ba, ∥aDb∥ < 1, and ∥(1− aaD)bDa∥ < 1.

We will give some lemmas in the following:

Lemma 1.4. Let A be a ring and let a, b ∈ A satisfy a3b = ba. If n ∈ N, then

(i) a3nb = ban.

(ii) (ab)n = a(3
n−1)/2bn.

(iii) a3
n
bn = bna.

(iv) If b3a = ab, then ab = a26n(ab)b2n.

Proof. The proofs of (i), (ii), and (iii) can be easily done by induction. To

prove (iv), observe that by applying (iii) we have ab = b3a = a3
3
b3 = a26(ab)b2,

and now, the equality a26(n+1)(ab)b2(n+1) = a26
[
a26n(ab)b2n

]
b2 permits finish

the proof of (iv) by induction.

Lemma 1.5. Let A be a Banach algebra and let a, b ∈ A satisfy a3b = ba. If
a ∈ A qnil or b ∈ A qnil, then ab ∈ Aqnil and aba ∈ A qnil.

Proof. Assume that a or b are quasinilpotent. By Lemma 1.4 we have

∥(ab)n∥1/n ≤ ∥a(3n−1)/2∥1/n∥bn∥1/n.

Hence ab ∈ A qnil. To prove aba ∈ A qnil, observe that aba = aa3b and (a4)3b =
a3·4b = ba4. By the first part of this lemma, (notice that a ∈ A qnil ⇒ a4 ∈ A qnil)
we get that aba is quasinilpotent.

The proof of the following lemma is inspired by the proof of [4, Theorem
2.2].

Lemma 1.6. Let A be a unital Banach algebra. Let a, b ∈ A be such that
a3b = ba. If a ∈ A d, then aπb = baπ. If b ∈ A d, then bπa = bπabπ.

Proof. Assume a ∈ A d. Let p = aad. To prove bp = pb pick any n ∈ N and
use Lemma 1.4 (iii). We have

pb− pbp = pb(1− p) = p3nb(1− p) = (ad)3na3nb(1− p) = (ad)3nban(1− p)n

= (ad)3nban(1− aad)n = (ad)3nb[a(1− aad)]n.
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Since a(1− aad) ∈ A qnil we have, by making n → ∞, that pb = pbp. Similarly
we prove bp = pbp. Hence bp = pbp.

If b ∈ A d, then by setting q = bbd and by mimicking the above reasoning we
have qa = qaq.

2. Main results

Theorem 2.1. Let A be a unital Banach algebra and let a, b ∈ A d such that
a3b = ba. Then

(i) ab ∈ A d and bbd(ab)d = bdad.

(ii) aba ∈ A d and bd(aba)d = (bdad)2.

(iii) bbdabd = bda3.

Proof. (i) and (ii): Since a ∈ A d, the elements a and ad can be represented as

in (1.3) and (1.4), respectively. Let us represent b =

(
b1 b4
b3 b2

)
p

. From Lemma

1.6, we have pb = bp, hence b =

(
b1 0
0 b2

)
p

. Therefore, ab =

(
a1b1 0
0 a2b2

)
p

,

a3b =

(
a31b1 0
0 a32b2

)
p

, and ba =

(
b1a1 0
0 b2a2

)
p

. From a3b = ba we get

a31b1 = b1a1 and a32b2 = b2a2. Since a2 is quasinilpotent and by Lemma 1.5
a2b2 is quasinilpotent. i.e. (a2b2)

d = 0. Let us observe that by Lemma 1.3,

b1 ∈ [pA p]d, b2 ∈ [(1− p)A (1− p)]d, and bd =

(
bd1 0
0 bd2

)
p

.

Now we consider b1:

(1) If b1 is quasinilpotent, then bd1 = 0 and from Lemma 1.5 we get (a1b1)
d =

0. By using (a2b2)
d = 0 and Lemma 1.3 we get ab ∈ A d and (ab)d = 0. Since

b ∈ A d, from Lemma 1.3 we have b2 ∈ [(1−p)A (1−p)]d and bd =

(
bd1 0
0 bd2

)
p

=(
0 0
0 bd2

)
p

. By that ad is represented as in (1.4) we have bdad = 0. Thus (i)

holds.

By Lemma 1.5 we have a1b1a1 and a2b2a2 are quasinilpotent (in their re-
spective subalgebras). By Lemma 1.3 we have aba ∈ A d and (aba)d = 0. Since

bdad =

(
0 0
0 bd2

)
p

(
[a1

−1]pA p 0
0 0

)
p

= 0,

(ii) holds.

(2) Assume now that b1 is invertible (in the subalgebra pA p). Since a1 is also
invertible (in the subalgebra pA p), a1b1 ∈ [pA p]d and (a1b1)

d = [a1b1
−1]pA p =
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[b1
−1]pA p[a1

−1]pA p. Recall that we have (a2b2)
d = 0. By Lemma 1.3 we get

(ab)d =

(
[b1

−1]pA p[a1
−1]pA p 0

0 0

)
p

.

Since b1 is invertible, bd =

(
[b1

−1]pA p 0
0 bd2

)
p

. Thus, (i) holds.

Since b1 ∈ [pA p]−1 (recall that a1 always belongs to [pA p]−1), we have
a1b1a1 ∈ [pA p]−1. Since a2 is quasinilpotent, by Lemma 1.5, the element
a2b2a2 is quasinilpotent. From Lemma 1.3 we get aba ∈ A d and (aba)d =(

[a1
−1]pA p[b1

−1]pA p[a1
−1]pA p 0

0 0

)
p

. Thus

bd(aba)d =

(
[b1

−1]pA p 0
0 bd2

)
p

(
[a1

−1]pA p[b1
−1]pA p[a1

−1]pA p 0
0 0

)
p

and

bdad =

(
[b1

−1]pA p 0
0 bd2

)
p

(
[a1

−1]pA p 0
0 0

)
p

.

Evidently, we have proved (ii).

(3) Assume that b1 is neither invertible nor quasinilpotent. Setting q = b1b
d
1

we have the representation b1 =

(
b′1 0
0 b′′1

)
q

, where b′1 ∈ [qA q]−1 and b′′1 ∈

[(p − q)A (p − q)]qnil (recall that q ∈ pA p and p is the unity of the algebra
q ∈ pA p). Let us represent a1 as follows:

a1 =

(
a11 a12
a21 a22

)
q

.

By Lemma 1.4 (iii)

qa1 − qa1q = qa1(p− q) = qna1(p− q)n = (bd1)
nbn1a1(p− q)n

= (bd1)
na3

n

1 bn1 (p− q)n

= (bd1)
na3

n

1 [b1(p− b1b
d
1)]

n.

Hence ∥qa1 − qa1q∥1/n → 0, i.e., qa1 = qa1q, thus

(2.1) a1 =

(
a11 0
a21 a22

)
q

.

Therefore,

a1b1 =

(
a11 0
a21 a22

)
q

(
b′1 0
0 b′′1

)
q

=

(
a11b

′
1 0

a21b
′
1 a22b

′′
1

)
q

.
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To prove a1b1 ∈ [pA p]d we shall apply Lemma 1.2 (i). To this end, we must
prove that a11b

′
1 ∈ [qA q]d and a22b

′′
1 ∈ [(p− q)A (p− q)]d. From a1 ∈ [pA p]−1

and (2.1) we get a11 ∈ [qA q]−1 and recall that b′1 ∈ [qA q]−1 we have a11b
′
1 ∈

[qA q]−1 ⊂ [qA q]d. Now, from a31b1 = b1a1 we get a322b
′′
1 = b′′1a22. By using that

b′′1 ∈ [(p− q)A (p− q)]qnil and Lemma 1.5 we get a22b
′′
1 ∈ [(p− q)A (p− q)]qnil ⊂

[(p− q)A (p− q)]d. Moreover, (a22b
′′
1)

d = 0. Therefore, from Lemma 1.2 we get
a1b1 ∈ [pA p]d and

(a1b1)
d =

(
[(a11b

′
1)

−1]qA q 0
x 0

)
q

,

where x is some element of A given by Lemma 1.2 (i). To prove bbd(ab)d = bdad

it is enough to prove b1b
d
1(a1b1)

d = bd1[a1
−1]pA p. But we have

b1b
d
1(a1b1)

d =

(
b′1 0
0 b2

)
q

(
[(b′1)

−1]qA q 0
0 0

)
q

(
[(a11b

′
1)

−1]qA q 0
x 0

)
q

=

(
[(a11b

′
1)

−1]qA q 0
0 0

)
q

and

bd1[a1
−1]pA p =

(
[(b′1)

−1]qA q 0
0 0

)
q

·
(

[a11
−1]qA q 0

−[a22
−1](p−q)A (p−q)a21[a11

−1]qA q [a22
−1]qA q

)
q

(2.2)

=

(
[(a11b

′
1)

−1]qA q 0
0 0

)
q

.

We have

a1b1a1 =

(
a11 0
a21 a22

)
q

(
b′1 0
0 b′′1

)
q

(
a11 0
a21 a22

)
q

=

(
a11b

′
1a11 0
y a22b

′′
1a22

)
q

,

where y is some element in A . The invertibility of a11b
′
1a11 in qA q follows from

the invertibility of a11 and b′1 qA q. The quasinilpotency of a11b
′
1a11 follows from

a32b
′′
1 = b′′1a2, the quasinilpotency of b′′1, and by Lemma 1.5. By Lemma 1.2 (i)

we have that a1b1a1 ∈ [pA p]d and

(a1b1a1)
d =

(
[a11

−1]qA q[(b
′
1)

−1]qA q[a11
−1]qA q 0

z 0

)
q

,

where z is an element of A given by Lemma 1.2. Having in mind the quasinilpo-

tency of a2b2a2 and that aba =

(
a1b1a1 0

0 a2b2a2

)
p

we get from Lemma 1.3

that aba ∈ A d and

(aba)d =

(
(a1b1a1)

d 0
0 0

)
p

.
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Thus, to prove (ii), it is enough to prove bd1(a1b1a1)
d = (bd1[a1

−1]pA p)
2. But, this

expression follows easily from the above formula and the following computation:

bd1(a1b1a1)
d =

(
[(b′1)

−1]qA q 0
0 0

)
q

(
[a11

−1]qA q[(b
′
1)

−1]qA q[a11
−1]qA q 0

z 0

)
q

=

(
[(b′1)

−1]qA q[a11
−1]qA q[(b

′
1)

−1]qA q[a11
−1]qA q 0

0 0

)
q

.

(iii) As in the beginning of the proof but by changing the roles of a and b,
we get that a, b ∈ A d can be represented by

a =

(
f1 0
0 f2

)
π

, b =

(
g1 0
0 g2

)
π

,

where f1, g1 ∈ πA π, f2, g2 ∈ (1 − π)A (1 − π), g1 is invertible and g2 is
quasinilpotent (in their respectives subalgebras) and π is the idempotent bbd.
From a3b = ba we get f3

i gi = gifi for i = 1, 2. To prove (iii) we need to prove
gig

d
i fig

d
i = gdi f

3
i for i = 1, 2. Since g1 is invertible, then g1g

d
1f1g

d
1 = gd1f

3
1 follows

from f1[g1
−1]πA π = [g1

−1]πA πf
3
1 . Since g2 is quasinilpotent, then gd2 = 0, and

thus, g2g
d
2f2g

d
2 = gd2f

3
2 trivially holds.

Theorem 2.2. Let A be a Banach algebra and let a, b ∈ A d such that b3a = ab
and a3b = ba. Then

(i) abd = (b3)da = bda3,

(ii) bda = b2abd,

(iii) ab ∈ A d and (ab)d = bdad.

Proof. We represent

b =

(
b1 0
0 b2

)
q

, bd =

(
[b1

−1]qA q 0
0 0

)
q

,

where q = bbd, b1 ∈ [qA q]−1 and b2 ∈ [(1 − q)A (1 − q)]qnil. From Lemma 1.6
we can write

a =

(
a1 0
0 a2

)
q

.

Moreover, from a3b = ba and b3a = ab we obtain a3i bi = biai and b3i ai = aibi for
i = 1, 2.

(i) and (ii): It is enough to prove: (a) a1[b1
−1]qA q = ([b1

−1]qA q)
3a1; (b)

a1[b1
−1]qA q = [b1

−1]qA qa
3
1; and (c) [b1

−1]qA qa = b21a1[b1
−1]qA q. Expressions (a)

and (c) follow from b31a1 = a1b1. Expression (b) follows from b1a1 = b1a
3
1.

(iii): By Theorem 2.1, and the invertibility of b1 (in qA q) we get a1b1 ∈
[qA q]d and (a1b1)

d = [b1
−1]qA qa

d
1. Since b2 is quasinilpotent, from Lemma 1.5,
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a2b2 is quasinilpotent, a2b2 ∈ [(1− q)A (1− q)]d and (a2b2)
d = 0. From Lemma

1.3, we have ab ∈ A d and

(ab)d =

(
[b1

−1]qA qa
d
1 0

0 0

)
q

=

(
[b1

−1]qA q 0
0 0

)
q

(
ad1 0
0 ad2

)
q

= bdad.

Remark. Since the hypothesis of Theorem 2.2 are symmetric on the elements
a and b, we have also valid formulas by changing the roles of a and b.

Lemma 2.1. Let A be a Banach algebra and let x, y ∈ A be such that x3y = yx
and y3x = xy. If y is quasinilpotent, then xy = yx = 0.

Proof. By Lemma 1.4 (iv), for an arbitrary positive integer n, we have

∥xy∥1/n = ∥x26n(xy)(y)2n∥1/n ≤ ∥x∥26∥xy∥1/n
[
∥yn∥1/n

]2
.

Making n → ∞ and using that y is quasinilpotent we get limn→∞ ∥xy∥1/n = 0,
i.e., xy = 0. Now, yx = x3y = x2xy = 0.

Theorem 2.3. Let A be a unital Banach algebra. Let a, b ∈ A d such that
a3b = ba and b3a = ab. Then

(i) (a+ b)d = 1
8bb

d(3a3 + 3b3 − a− b)aad + bπad + bdaπ.

(ii) (1− aadbbd)(a+ b)d = bπad + bdaπ.

(iii) (a+ ab)d = 3
8bb

d
[
a3 + a+ ba+ 3ab

]
aad + bπad.

(iv) (a+ ba)d = 3
8bb

d
[
a3 + a+ ba+ ab

]
aad + bπad.

Proof. If ab = 0, then ba = a2ab = 0. It is known [12, Theorem 5.7] that
ab = ba = 0 and a ∈ A d and b ∈ A d imply a+ b ∈ A d and (a+ b)d = ad + bd.
Similarly, ba = 0 leads to a+b ∈ A d and (a+b)d = ad+bd. Therefore, if ab = 0
or ba = 0, then the four formulas of this theorem hold.

(i) In the following we will assume ab ̸= 0 and ba ̸= 0. As in the proof of
Theorem 2.1, we can represent a and b as follows:

(2.3) a =

(
a1 0
0 a2

)
p

, b =

(
b1 0
0 b2

)
p

,

where p = aad , a1 ∈ [pA p]−1 and a2 ∈ [(1 − p)A (1 − p)]qnil. The hypotheses
a3b = ba and b3a = ab imply that a3i bi = biai and b3i ai = aibi for i = 1, 2.
Moreover, a2b2 is quasinilpotent since a2 is quasinilpotent. In the following we
will prove the theorem depending on b1 as in Theorem 2.1.
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(1) If b1 is neither invertible nor quasinilpotent, then we represent

(2.4) b1 =

(
b′1 0
0 b′′1

)
q

,

where q = b1b
d
1 , b′1 ∈ [qA q]−1 and b′′1 ∈ [(p− q)A (p− q)]qnil. If we set

a1 =

(
a11 a12
a21 a22

)
q

,

by Lemma 1.6 we get a12 = 0 and a21 = 0. Thus

(2.5) a1 =

(
a11 0
0 a22

)
q

.

From a31b1 = b1a1 and b31a1 = a1b1 we obtain a311b
′
1 = b′1a11, (b

′
1)

3a11 = a11b
′
1,

a322b
′′
1 = b′′1a22, and (b′′1)

3a22 = a22b
′′
1. Moreover, since a1 ∈ [pA p]−1 we get

a11 ∈ [qA q]−1 and a22 ∈ [(p− q)A (p− q)]−1.
Let us define

(2.6) x =
1

8

(
3a311 + 3(b′1)

3 − a11 − b′1
)
.

By the definition of the generalized Drazin inverse, we shall prove that a11 + b′1
is generalized Drazin invertible and (a11 + b′1)

d = x. Before doing this, let us
simplify some powers of a11 + b′1, which will help us to prove (a11 + b′1)

d = x.
Evidently we have

(a11 + b′1)
2 = a211 + a11b

′
1 + b′1a11 + (b′1)

2.

Observe that

a11b
′
1 = (b′1)

3a11 = (b′1)
2b1a11 = (b′1)

2a311b1 = (b′1)
2a211a11b

′
1.

The invertibility of a11b
′
1 yields

(2.7) q = (b′1)
2a211

(recall that the unity of the subalgebra qA q is q). Now we have

a411b
′
1 = a11(a

3
11b

′
1) = a11b

′
1a11 = (a11b

′
1)a11 = ((b′1)

3a11)a11

= b′1((b
′
1)

2a211) = b′1.(2.8)

The invertibility of b′1 leads to

(2.9) a411 = q.

Postmultplying (2.7) by a211 and by using (2.9) we get

(2.10) a211 = (b′1)
2.
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By inserting (2.10) into (2.7) we obtain

(2.11) (b′1)
4 = q.

Moreover, from (2.10) we get

(2.12) a211b
′
1 = (b′1)

3 = b′1a
2
11, (b′1)

2a11 = a311 = a11(b
′
1)

2.

Observe that the computations made (2.8) imply

(2.13) a11b
′
1a11 = b′1.

From (2.9) and (2.10) we have b′1a11b
′
1 = (b′1a11)b

′
1 = (a311(b

′
1))b

′
1 = a311(b

′
1)

2 =
a511 = a11. Thus,

(2.14) b′1a11b
′
1 = a11.

Expressions (2.10), (2.13), and (2.14) lead to

(a11 + b′1)
3 = a311 + a11b

′
1a11 + b′1a

2
11 + (b′1)

2a11 + a211b
′
1 + b′1a11b

′
1

+ a11(b
′
1)

2 + (b′1)
3 = 3a311 + 3(b′1)

3 + a11 + b′1.(2.15)

Employing (2.9), (2.11), and recalling a311b
′
1 = b′1a11 and (b′1)

3a11 = a11b
′
1 we

have

(a11 + b′1)
4 = (a11 + b′1)

3(a11 + b′1)

= (3a311 + 3(b′1)
3 + (a11 + b′1))(a11 + b′1)

= 3a411 + 3a311b
′
1 + 3(b′1)

3a11 + 3(b′1)
4 + (a11 + b′1)

2

= 6q + 3a11b
′
1 + 3b′1a11 + (a11 + b′1)

2.

Furthermore

(a11 + b′1)
5 = (a11 + b′1)

4(a11 + b′1)

=
[
6q + 3a11b

′
1 + 3b′1a11 + (a11 + b′1)

2
]
(a11 + b′1)

= 6a11 + 6b′1 + 3a11b
′
1a11 + 3a11(b

′
1)

2 + 3b′1a
2
11

+3b′1a11b
′
1 + (a11 + b′1)

3,

which by using (2.10), (2.13), (2.14), and (2.15) reduces to

(a11 + b′1)
5 = 9a11 + 9b′1 + 3a311 + 3b′31 + (a11 + b′1)

3

= 2(a11 + b′1)
3 + 8(a11 + b′1).(2.16)

Now we have

(a11 + b′1)
7 = [2(a11 + b′1)

3 + 8(a11 + b′1)](a11 + b′1)
2

= 2(a11 + b′1)
5 + 8(a11 + b′1)

3.(2.17)
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In view of (2.6) and (2.15) we get

(2.18) x =
1

8
(a11 + b′1)

3 − 1

4
(a11 + b′1),

which trivially yields x(a11 + b′1) = (a11 + b′1)x. Furthermore, from (2.16) and
(2.18)

x(a11+b
′
1)x =

[
1

8
(a11+b′1)

3−1

4
(a11+b′1)

]
(a11+b′1)

[
1

8
(a11+b′1)

3−1

4
(a11+b′1)

]
=

1

8

[
(a11 + b′1)

5 − 2(a11 + b′1)
3
] [1

8
(a11 + b′1)

2 − 1

4
q

]
= (a11 + b′1)

[
1

8
(a11 + b′1)

2 − 1

4
q

]
=

1

8
(a11 + b′1)

3 − 1

4
(a11 + b′1) = x.

Now, by using (2.17) and (2.18), we have

(a11 + b′1)
6x = (a11 + b′1)

6

[
1

8
(a11 + b′1)

3 − 1

4
(a11 + b′1)

]
=

1

8
(a11 + b′1)

2
[
(a11 + b′1)

7 − 2(a11 + b′1)
5
]
= (a11 + b′1)

5.

Hence the expression (a11 + b′1)
5+1x = (a11 + b′1)

5 holds, and thus a11 + b′1 is
generalized Drazin invertible (in fact, is Drazin invertible) and (a11 + b′1)

d = x.
Now, we shall study the generalized Drazin invertibility of a22 + b′′1. Recall

that a322b
′′
1 = b′′1a22 and (b′′1)

3a22 = a22b
′′
1, a22 ∈ [(p − q)A (p − q)]−1 , and

b′′1 ∈ [(p− q)A (p− q)]qnil. By Lemma 2.1 we get a22b
′′
1 = 0. The invertibility of

a22 leads to b′′1 = 0. Thus, a22 + b′′1 = a22 and therefore, (a22 + b′′1)
d = ad22.

From (2.4), (2.5), a12 = a21 = 0 , a11+b′1 ∈ [qA q]d, a22+b′′1 ∈ [(p−q)A (p−
q)]d, and by Lemma 1.3, we have a1 + b1 ∈ [pA p]d and

(a1 + b1)
d∗ =

(
(a11 + b′1)

d 0
0 (a22 + b′′1)

d

)
q

=

(
1
8

(
3a311 + 3(b′1)

3 − a11 − b′1
)

0
0 ad22

)
q

.

By (2.5), (2.4), and by observing q =

(
q 0
0 0

)
q

, we have

q(3a31 + 3b31 − a1 − b1) =

(
3a311 + 3(b′1)

3 − a11 − b′1 0
0 0

)
q

.

Recall that q is an idempotent in the subalgebra pA p (whose unity is p), and

thus, pq = qp = q. So, p− q =

(
0 0
0 p− q

)
q

, and therefore, from (2.5)

(p− q)[a1
−1]pA p =

(
0 0
0 ad22

)
q

.
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But [a1
−1]pA p ∈ pA p and p is the unity of pA p, thus p[a1

−1]pA p = [a1
−1]pA p

and (p− q)[a1
−1]pA p = (1− q)[a1

−1]pA p.
From the above computations we have

(a1 + b1)
d =

1

8
q(3a31 + 3b31 − a1 − b1) + (1− q)[a1

−1]pA p.

From (2.3) we get a32b2 = b2a
3
2 and b32a2 = a2b

3
2. Recall that a2 is quasinilpo-

tent, hence by Lemma 2.1 we have that a2b2 = b2a2 = 0. Moreover, a2 and b2
are generalized Drazin invertible because a and b are generalized Drazin invert-
ible (recall Lemma 1.3). By [12, Theorem 5.7] we get that a2+ b2 is generalized
Drazin invertible and (a2+ b2)

d = ad2+ bd2, but a
d = 0 since a2 is quasinilpotent.

Therefore, (a2 + b2)
d = bd2. By Lemma 1.3 we get a+ b ∈ A d and

(a+ b)d =

(
(a1 + b1)

d 0
0 (a2 + b2)

d

)
p

=

(
(a1 + b1)

d 0
0 bd2

)
p

=

(
(a1 + b1)

d 0
0 0

)
p

+

(
0 0
0 bd2

)
p

=

(
1
8q(3a

3
1 + 3b31 − a1 − b1) + (1− q)[a1

−1]pA p 0
0 0

)
p

+

(
0 0
0 bd2

)
p

.(2.19)

Observe that q, a1, b1, and [a1
−1]pA p belong to the subalgebra pA p (whose

unity is p), so q(3a31+3b31−a1−b1)p = q(3a31+3b31−a1−b1) and (1−q)[a1
−1]pA pp =

(1− q)[a1
−1]pA p. Hence by using (2.3) and recalling that q = b1b

d
1

bbd(3a3 + 3b3 − a− b)p

=

(
b1b

d
1 0

0 b2b
d
2

)
p

(
3a31 + 3b31 − a1 − b1 0

0 3a31 + 3b31 − a1 − b3

)
p

(
p 0
0 0

)
p

=

(
q(3a31 + 3b31 − a1 − b1) 0

0 0

)
p

(2.20)

and

bπad = ad − bbdad

=

(
[a1

−1]pA p 0
0 0

)
p

−
(

b1b
d
1 0

0 b2b
d
2

)
p

(
[a1

−1]pA p 0
0 0

)
p

=

(
(1− q)[a1

−1]pA p 0
0 0

)
p

.(2.21)

Since b2 ∈ [(1 − p)A (1 − p)]d we get bd2 ∈ (1 − p)A (1 − p) and bd2(1 − p) = bd2
because the unity of the subalgebra (1− p)A (1− p) is 1− p. Thus

(2.22) bdaπ = bd(1− aad) = bd(1− p) =

(
bd1 0
0 bd2

)
p

(
0 0
0 1− p

)
p

=

(
0 0
0 bd2

)
p

.
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From (2.19–2.22) we obtain

(a+ b)d =
1

8
bbd(3a3 + 3b3 − a− b)aad + bπad + bdaπ.

(2) If b1 is invertible, in the representation (2.4) we have b1 = b′1, b
′′
1 = 0,

and q = p. The above computations work.

(3) If b1 is quasinilpotent, in (2.4) we have q = b1b
d
1 = 0 (observe that in this

case, the subalgebra qA q becomes the subalgebra {0}), b1 = b′′1, and b′1 = 0.
Also, the above computations are valid.

Therefore, (i) is proved.

(ii) Notice that bdbπ = 0. Furthermore,

aadbbdbdaπ = pbd(1− p) =

(
p 0
0 0

)
p

(
bd1 0
0 bd2

)
p

(
0 0
0 1− p

)
p

= 0.

By (2.3) and (2.20)

(aadbbd)
[
bbd(3a3 + 3b3 − a− b)aad

]
= bbd(3a3 + 3b3 − a− b)aad.

Thus, we obtain

(1− aadbbd)(a+ b)d = (1− aadbbd)

[
1

8
bbd(3a3 + 3b3 − a− b)aad + bπad + bdaπ

]
= bπad + bdaπ.

(iii) Let us decompose a and b as in (2.3), a1 as in (2.5), and b1 as in (2.4).
We shall study the generalized Drazin invertibility of a11 + a11b

′
1, a22 + a22b

′′
1,

and a2 + a2b2.

We will apply properties (2.9), (2.10), (2.11), (2.13), (2.14) to simplify some
powers of a11 + a11b

′
1. It is simple to see that

(a11 + a11b
′
1)

2 = 2a211 + (b′1)
3 + b′1,

(a11 + a11b
′
1)

3 = 3a311 + 3b′1a11 + a11 + a11b
′
1,

(a11 + a11b
′
1)

4 = 6q + 3b′1 + 3(b′1)
3 + (a11 + a11b

′
1)

2,

(a11 + a11b
′
1)

5 = 8(a11 + a11b
′
1) + 2(a11 + a11b

′
1)

3,

(a11 + a11b
′
1)

7 = 8(a11 + a11b
′
1)

3 + 2(a11 + a11b
′
1)

5.

As we did in the proof of (i), we have (a11+ a11b
′
1)

d = 1
8(a11+ a11b

′
1)

3+ 1
4(a11+

a11b
′
1). Simplifying and using the above expression for the cube of a11 + a11b

′
1

we get

(2.23) (a11 + a11b
′
1)

d =
3

8

[
a311 + a11 + b′1a11 + 3a11b

′
1

]
.
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Since b′′1 and a2 are quasinilpotent and a3b = ba, b3a = ab hold, by Lemma
2.1, we get a22b

′′
1 = 0 and a2b2 = 0. Thus a22+a22b

′′
1 and a2+a2b2 are generalized

Drazin invertible and

(2.24) (a22 + a22b
′′
1)

d = ad22 and (a2 + a2b2)
d = ad2 = 0,

the last equation be guaranteed by the quasinilpotency of a2. By (2.23) and
(2.24) and by the same argument as in (i), we get

(a+ ab)d =
3

8
bbd

[
a3 + a+ ba+ ab

]
aad + bπad

i.e., (iii) is proved. The proof of (iv) is similar to (iii).

Theorem 2.4. Let A be a unital Banach algebra and let a, b be Drazin invertible
elements of A . If a3b = ba, ∥aDb∥ < 1, and ∥(1− aaD)bDa∥ < 1, then a+ b is
generalized Drazin invertible and

(i) (a+ b)d =
∑∞

n=0(−1)n(aDb)naD + z +
∑∞

n=0 a
π(a+ b)nbπabbDzn+2.

(ii) aπbbD(a+ b)d = z,

where z = aπ
∑∞

n=0(−1)n(bDa)nbD.

Proof. If ab = ba = 0, the formulas of the Theorem hold by Theorem 5.7 of
[12]. Thus, we can assume ab ̸= 0 and ba ̸= 0.

(i) Setting p = aaD, we represent a as in (1.3), where a2 is nilpotent (since
a is Drazin invertible instead of generalized Drazin invertible, we can get a
stronger condition than the quasinilpotency). By Lemma 1.6 we have pb = bp,
and thus we can represent b as follows

(2.25) b =

(
b1 0
0 b2

)
p

.

First we study the Drazin invertibility of a1 + b1. Since

aDb =

(
[a1

−1]pA p 0
0 0

)
p

(
b1 0
0 b2

)
p

=

(
[a1

−1]pA pb1 0
0 0

)
p

,

we get ∥[a1−1]pA pb1∥ = ∥aDb∥ < 1, and thus, p+ [a1
−1]pA pb1 ∈ [pA p]−1. From

a1 + b1 = a1(p + [a1
−1]pA pb1) and a1 ∈ [pA p]−1 we obtain a1 + b1 ∈ [pA p]−1

and

[(a1 + b1)
−1]pA p = [(p+ [a1

−1]pA pb1)
−1

]pA p[a1
−1]pA p

=

∞∑
n=0

(−1)n([a1
−1]pA pb1)

n[a1
−1]pA p.
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From this, we have a1 + b1 ∈ A d and

(2.26) (a1 + b1)
d =

∞∑
n=0

(−1)n(aDb)naD.

Now, we study the Drazin invertibility of a2 + b2. To this end, let us define
q = b2b

D
2 and represent b2 as follows:

b2 =

(
b11 0
0 b22

)
q

,

where b11 ∈ [qA q]−1 and b22 is nilpotent. Since a3b = ba implies a32b2 = b2a2,
by Lemma 1.4

qa2 − qa2q = qa2(1− q) = qna2(1− q) = (bD2 )
na3

n

2 bn2 (1− b2b
D
2 )

n.

Since a2 is nilpotent we get qa2 = qa2q. Hence,

(2.27) a2 =

(
a11 0
a21 a22

)
q

, a2 + b2 =

(
a11 + b11 0

a21 a22 + b22

)
q

.

An evident induction argument shows that there exists x1, x2, . . . ∈ A such that

an2 =

(
an11 0
xn an22

)
q

, ∀ n ∈ N.

Since a2 is nilpotent, we get that a11 and a22 are nilpotent.
In order to study the Drazin invertibility of a2 + b2, we use Lemma 1.2: We

need prove that a11 + b11 and a22 + b22 are generalized Drazin invertible.
First we prove that a11+ b11 is generalized Drazin invertible. Let us observe

that

(1− aaD)bDa =

(
0 0
0 1− p

)
p

(
bD1 0
0 bD2

)
p

(
a1 0
0 a2

)
p

=

(
0 0
0 bD2 a2

)
p

and

bD2 a2 =

(
[b11

−1]qA q 0
0 0

)
q

(
a11 0
a21 a22

)
q

=

(
[b11

−1]qA qa11 0
0 0

)
q

,

which yields ∥[b11−1]qA qa11∥ = ∥(1− aaD)bDa∥ < 1. Now

a11 + b11 = b11
(
[b11

−1]qA qa11 + q
)

and b11 ∈ [qA q]−1 lead to a11 + b11 ∈ [qA q]−1 and

[(a11 + b11)
−1]qA q =

∞∑
n=0

(−1)n([b11
−1]qA qa11)

n[b11
−1]qA q =

∞∑
n=0

(−1)n(bD2 a2)
nbD2

= (1− aaD)
∞∑
n=0

(−1)n(bDa)nbD.
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Since qA q is a subalgebra of A with unity, a11 + b11 is generalized Drazin
invertible and (a11 + b11)

d = [(a11 + b11)
−1]qA q. Thus,

(2.28) (a11 + b11)
d = (1− aaD)

∞∑
n=0

(−1)n(bDa)nbD.

In the following, we study the Drazin invertibility of a22 + b22. In fact, we
are going to prove that a22 + b22 is nilpotent. Since a22 and b22 are nilpotent,
there exists k ∈ N such that ak22 = bk22 = 0. It is clear that if a22 = b22, then
a22 + b22 is nilpotent; so we can assume a22 ̸= b22. Let us remark that for
any n ∈ N, we can write (a22 + b22)

n =
∑2n

j=1 c1j · · · cnj , where cij ∈ {a22, b22}.
Now, we are ready to prove (a22 + b22)

2k = 0. To this end, we will prove that if
d1, . . . , d2k ∈ {a22, b22}, then d1 · · · d2k = 0. LetA = {r ∈ {1, . . . , 2k} : dr = a22}
and B = {r ∈ {1, . . . , 2k} : dr = b22} (observe that A ∪ B = {1, . . . , 2k} and
A ∩ B = ∅). If | · | denotes the cardinal of a set, it is clear than |A| ≥ k or
|B| ≥ k. If |A| ≥ k, by using a322b22 = b22a22, then there exists x ∈ A such
that d1 · · · d2k = ak22x = 0. If |B| ≥ k, by using again a322b22 = b22a22, there
exists y ∈ A such that d1 · · · d2k = ybk22 = 0. Thus, a22 + b22 is nilpotent, and
therefore, a22 + b22 is Drazin invertible and (a22 + b22)

D = 0.
From the second expression of (2.27) and Lemma 1.2, we get a2 + b2 is

generalized Drazin invertible and

(a2 + b2)
d =

(
(a11 + b11)

d 0
u (a22 + b22)

d

)
q

,

where

u =

∞∑
n=0

[
(a22 + b22)

d
]n+2

a21(a11 + b11)
n(a11 + b11)

π +

+

∞∑
n=0

(a22 + b22)
π(a22 + b22)

na21

[
(a11 + b11)

d
]n+2

−(a22 + b22)
da21(a11 + b11)

d,

which, having in mind that (a22 + b22)
d = 0, reduces to

(a2 + b2)
d =

(
(a11 + b11)

d 0
u 0

)
q

,

u =
∞∑
n=0

(a22 + b22)
na21

[
(a11 + b11)

d
]n+2

.(2.29)

From (2.29) we get

(a+ b)d = (a1 + b1)
d + (a2 + b2)

d

= (a1 + b1)
d + (a11 + b11)

d +

∞∑
n=0

(a22 + b22)
na21

[
(a11 + b11)

d
]n+2

.(2.30)
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In (2.26) and (2.28) we have expressed (a1+b1)
d and (a11+b11)

d, respectively, in
terms of a, aD, b, and bD. We will express the remaining terms of (2.30) in terms
of a, aD, b, and bD. To this end, let us remark that q = b2b

D
2 is an element of the

subalgebra (1−p)A (1−p) (whose unity is 1−p) and thus, (1−p)q = q(1−p) = q.
In other words, we have

pq = qp = 0.

Furthermore, recall that an element x ∈ (1− p)A (1− p) has the representation

x =

(
qxq qx(1− p− q)

(1− p− q)xq (1− p− q)x(1− p− q)

)
q

.

Observe that from the expression of a2 + b2 in (2.27) we can write

(a2 + b2)
n =

(
(a11 + b11)

n 0
yn (a22 + b22)

n

)
q

,

where y1, y2, . . . are elements in A (we are not interested in their explicit ex-
pressions). We have

(1− aaD)(a+ b)n(1− bbD)

=

(
0 0
0 1− p

)
p

(
(a1 + b1)

n 0
0 (a2 + b2)

n

)
p

(
p− b1b

D
1 0

0 1− p− b2b
D
2

)
p

=

(
0 0
0 (a2 + b2)

n(1− p− b2b
D
2 )

)
p

.(2.31)

Having in mind that (a22 + b22)
n ∈ (1− p− q)A (1− p− q),

(a2 + b2)
n(1− p− q) =

(
(a11 + b11)

n 0
yn (a22 + b22)

n

)
q

(
0 0
0 1− p− q

)
q

=

(
0 0
0 (a22 + b22)

n

)
q

.

Therefore,

(2.32) (a22 + b22)
n = (1− aaD)(a+ b)n(1− bbD).

Now, we are going to express a21 in terms of a, aD, b and bD. By 1 − p is the
unity of the subalgebra (1− p)A (1− p), one has

(1− aaD)(1− bbD)abbD

=

(
0 0
0 1− p

)
p

(
p− b1b

D
1 0

0 1− p− b2b
D
2

)
p

(
a1 0
0 a2

)
p

(
b1b

D
1 0

0 b2b
D
2

)
p

=

(
0 0
0 (1− p− q)a2q

)
p

.
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Since

(1− p− q)a2q =

(
0 0
0 1− p− q

)
q

(
a11 0
a21 a22

)
q

(
q 0
0 0

)
q

=

(
0 0

(1− p− q)a21q 0

)
q

and a21 ∈ (1 − p − q)A q (this latter subset is not a subalgebra of A ) we have
(1− p− q)a21q = a21. Thus, from the above computations, we have

a21 = (1− aaD)(1− bbD)abbD.

From (2.26), (2.28), (2.32), and (2.30) we get

(a+ b)d =
∞∑
n=0

(−1)n(aDb)naD + z

+
∞∑
n=0

(1− aaD)(a+ b)n(1− bbD)(1− aaD)(1− bbD)abbDzn+2,(2.33)

where z = (1−aaD)
∑∞

n=0(−1)n(bDa)nbD. We can simplify expression of (a+b)d.
By observing the expression of (1 − aaD)(a + b)n(1 − bbD) obtained in (2.31),
easily we can see (1−aaD)(a+b)n(1−bbD)(1−aaD) = (1−aaD)(a+b)n(1−bbD)
and using that 1− bbD is an idempotent, (2.33) reduces to

(a+ b)d =
∞∑
n=0

(−1)n(aDb)naD + z +
∞∑
n=0

(1− aaD)(a+ b)n(1− bbD)abbDzn+2.

(ii) By using (1.3) and (2.25) we have

(1− aaD)bbD(a+ b)d =

(
0 0
0 1− p

)
p

(
b1b

D
1 0

0 b2b
D
2

)
p

(
(a1 + b1)

d 0
0 (a2 + b2)

d

)
p

and using that the unity of (1− p)A (1− p) is 1− p we get

(1− aaD)bbD(a+ b)d = b2b
D
2 (a2 + b2)

d = q(a2 + b2)
d.

From (2.29) and using q(a11 + b11)
d = (a11 + b11)

d (because (a11 + b11)
d ∈ qA q

and q is the unity of the subalgebra qA q),

q(a2 + b2)
d =

(
q 0
0 0

)
q

(
(a11 + b11)

d 0
u 0

)
q

=

(
(a11 + b11)

d 0
0 0

)
q

.

Now, (2.28) leads to (1− aaD)bbD(a+ b)d = (1− aaD)
∑∞

n=0(−1)n(bDa)nbD.

If b is a special perturbation of a, then we have the following theorem.
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Theorem 2.5. Let A be a unital Banach algebra. If a, b ∈ A d, a3b = ba, and
b3a = ab, then

(i) ∥(a+ b)d − ad∥ ≤ 1
8

(
∥bbd∥∥aad∥∥3a3 + 3b3 − a− b∥

)
+ ∥bbdad∥+ ∥bdaπ∥.

(ii) ∥bdaπ∥ ≤ ∥1− aadbbd∥∥(a+ b)d − ad∥.

Proof. (i) From Theorem 2.3, we get

(a+ b)d − ad =
1

8
bbd(3a3 + 3b3 − a− b)aad + bπad + bdaπ − ad

=
1

8
bbd(3a3 + 3b3 − a− b)aad − bbdad + bdaπ.

Thus

∥(a+ b)d − ad∥ ≤ 1

8
∥bbd(3a3 + 3b3 − a− b)aad∥+ ∥bbdad∥+ ∥bdaπ∥

≤ 1

8

(
∥bbd∥∥aad∥∥3a3 + 3b3 − a− b∥

)
+ ∥bbdad∥+ ∥bdaπ∥.

(ii) By the proof of Theorem 2.3 we get aadbbd = bbdaad.
By Theorem 2.3, we have

bdaπ = (1− aadbbd)(a+ b)d − bπad

= (1− bbdaad)(a+ b)d − (1− bbd)ad

= (1− bbdaad)[(a+ b)d − ad].

Hence; ∥bdaπ∥ ≤ ∥1− bbdaad∥∥(a+ b)d − ad∥.

In the following result we have a bound for another kind of perturbation.

Theorem 2.6. Let A be a unital algebra and let a, b ∈ A be Drazin invertible
satisfying a3b = ba, ∥aDb∥ < 1, and ∥aπbDa∥ < 1. Then

(i) ∥(a+b)d−aD∥ ≤ ∥aD∥∥aDb∥
1−∥aDb∥ + ∥bD∥

1−∥aπbDa∥ +
∥abbD∥∥bD∥2
(1−∥aπbDa∥)2

∑∞
n=0 ∥aπ(a+b)nbπ∥.

(ii) ∥z∥ ≤ ∥aπbbD∥∥(a+ b)d − aD∥, where z is giving as in Theorem 2.4.

Proof. (i) From Theorem 2.4, we have

(a+ b)d − aD =
∞∑
n=1

(−1)n(aDb)naD + z +
∞∑
n=0

aπ(a+ b)nbπabbDzn+2,

where z = aπ
∑∞

n=0(−1)n(bDa)nbD. Hence, (in Theorem 2.4 we had proved that
∥aDb∥ < 1 and in (2.31) we have shown, by using the nilpotency of a22 + b22,
that there exists k ∈ N such that aπ(a+ b)kbπ = 0)

∥(a+ b)d − aD∥ ≤ ∥aD∥
∞∑
i=1

∥aDb∥n + ∥z∥+ ∥abbD∥∥z2∥
∞∑
n=0

∥aπ(a+ b)nbπ∥

= ∥aD∥ ∥aDb∥
1− ∥aDb∥

+ ∥z∥+ ∥abbD∥∥z∥2
∞∑
n=0

∥aπ(a+ b)nbπ∥.
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Now, we will find an upper bound for ∥z∥. Observe that the proof of Theorem
2.4 distil aπ(bDa)n = (aπbDa)n. Thus, z =

∑∞
n=0(−1)n(aπbDa)nbD. By using

that ∥aπbDa∥ < 1, one has ∥z∥ ≤ ∥bD∥
∑∞

n=0 ∥aπbDa∥n = ∥bD∥ 1
1−∥aπbDa∥ . Hence,

(i) is proved.
(ii) From Theorem 2.4 we have aπbbD(a+ b)d = z. Also, the from the proof

of Theorem 2.4 we easily get aπbbDaD = 0; hence aπbbD
[
(a+ b)d − aD

]
= z.

The conclusion is obtained.
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