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Abstract. We give the representations of (a + b)¢, (a + ab)? and (a + ba)? in terms
of a,b,a and b® being elements of a Banach algebra with a®b = ba and ba = ab. We
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1. Introduction

Let o7 be a complex Banach algebra with unit 1. The symbols o ~1, o/l gzanil
and «7° stand for the sets of all invertible, nilpotent, quasinilpotent and idem-
potent elements in the Banach algebra 7, respectively.

For a € &, if there exists a unique x € &/ such that

(1.1) raxr = x, ar = xa, a

x is the Drazin inverse of a (denoted by aP). The least nonnegative integer k for
which satisfies the above equations is the Drazin index ind(a) of a. If ind(a)< 1,
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then aP reduces to the group inverse of a in this case it is customary to denote
aP = a”. Note that a € &/ is invertible if and only if ind(a) = 0.

In [12] Koliha generalized the Drazin invertibility by changing (1.1). Let
a € o/. An element = € o/ is called a generalized Drazin inverse of a if

(1.2) rar = x, ar = xa, a—a’x € oM

If there exists x € o7 satisfying (1.2), the element a is said to be generalized
Drazin invertible. Koliha proved in [12] that the set of generalized Drazin in-
verses of an element of a Banach algebra is or empty or a singleton. In case that
a has a generalized Drazin inverse, we shall denote by a¢ its unique generalized
inverse. The subset of &7 consisting of elements that have a generalized Drazin
inverse will be denoted by /9. In fact, Koliha proved the following lemma
which will be useful. (stated in a unital ring)

Lemma 1.1 ([12, Lemma 2.4]). In a Banach algebra o/ with unit, an element
a € & is generalized Drazin invertible if and only if there is p € o/® such that

pa = ap, ap € o/ a+pe L.

In this case, the set consisting of generalized Drazin inverses of a is a singleton
and its unique element a9 is given by

a® = (a+p)~H(1-p).

Let a € &7 be generalized Drazin invertible. If a—a?a® ¢ &7"! it is customary
to say that ind(a) = co. It is easily seen from the proof of [12, Lemma 2.4] that
the idempotent p given in Lemma 1.1 is unique which explicit expression is
p=1—aa?. We shall denote this idempotent by a”.

Every p € &/°® induces a matrix representation of any element a € & given
by (see [17, Chapter 5])

. ( pap pa(l—p) >
(1=plap (1—-pla(l—p) )~

If % is a subalgebra of the unital algebra o7, for an element b € Z~!, we
shall denote by [b~1]4 the inverse of b in %. Let us observe that in general
B ¢ o1 (if we take p € &/*, p # 1, and £ = pa/p, then p € B! and
p & o/~1). But if the subalgebra % has unity, then ' C &79 and if b € B,
then b9 = [b71]4: let e be the unity of %, since b[b~1] 5 = [b71]2b = e, it is easy
to see b[b_l]/gb = b, [b_l]/gb[b_l]/g = [b_l]/g, and [b_l]%b = b[b_l]gg.

It is known [3] that any a € /¢ has the following matrix representation

a_<a1 O)
0 as p,

(1.3) p=1—d" = a,a,d7 ay € [p%p]—17 as € [(1 —p)JZ{(l _p)]qnil.



ON THE GENERALIZED DRAZIN INVERSE IN A BANACH ALGEBRA 3

Then we have
-1
d __ [al ]p,;?/p 0
(1.4) a —< 0 0 p.

If a is Drazin invertible (instead of being generalized Drazin invertible), the only
difference with the representation (1.3) is that ag is nilpotent instead of being
quasinilpotent.

The following result [3] will be useful for our purposes.

Lemma 1.2 ([3, Theorem 2.3]). Let o/ be a Banach algebra, x,y € <, and
p € . Assume that

[ a c (b 0
T=Vo » ’ Y=\ ¢ a '
D 1-p

(i) Ifa € (pe/p)® and b € (1 —p)d (1 —p))?, then x,y € &/ and

d d
d __ a u d b 0
(15) T = < 0 bd > ) y = ( u ad > )
P 1-p

where u =00 (@) F2eb™™ + 3" a"ae(b4) T2 — adebd.

(ii) Ifz € &Y and a € (p/p)?, then b € [(1 —p)/ (1 —p)|¢ and 29 is given by
(1.5).

Moreover, when an element = € &9 commutes with an idempotent p € &7,
the generalized Drazin inverse of x has a simple form in terms of the matrix
representation relative to p as the following simple (but useful) result shows:

Lemma 1.3. Let o/ be a unital Banach algebra and let x € o/, p € /°. If

T = < %1 xO ) , then © € &Y if and only if x1 € [p;zfp]d and o € [(1 —
2
P

d
p) (1 —p)|9. In this situation, one has x9 = < 32)1 3?% ) .
P

The Drazin inverse is used in applications of many areas such that differential
and difference equations, Markov chains and control theory [1, 2].

In recent years, the representations of the Drazin inverse of a + b have been
considered by many authors (see [4, 5, 6, 7, 8, 9, 11, 13, 14, 15]) (being a,b
matrices, operators or elements in a infinite dimensional Banach algebra). In
[10] the Drazin inverse in semigroups and associative rings was firstly introduced.
The Drazin inverse in a Banach algebra was introduced in [9]. A formula is given
for the Drazin inverse of a sum of two matrices in [11]. In [9], Djordjevié¢ and
Wei considered additive results for the generalized Drazin inverse in a Banach
space.
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C.Y. Deng in [7] explored the Drazin inverse of bounded operators with com-
mutativity up to a factor in a Banach space, being these extended by Cvetkovi¢-
Ili¢ in [4]. In [18], the authors considered the Drazin inverse of a sum of two
matrices and derived additive formulas under conditions weaker than those used
in some recent papers on the subject. As an application they gave some new
representations for the Drazin inverse of a block matrix.

In the rest of this section, we will give some key lemmas. In Section 2 we
will discus the representations of the generalized Drazin inverse of a + b, a 4+ ab
and a + ba in terms of a, b a® and b? being elements of a unital Banach algebras
under the conditions a®b = ba and ba = ab . We also will consider related
results under the assumptions a®b = ba, [|aPb|| < 1, and ||(1 — aa®)bPa| < 1.

We will give some lemmas in the following:

Lemma 1.4. Let o/ be a ring and let a,b € o7 satisfy ab = ba. If n € N, then
(i) a®"b = ba".
(ii) (ab)™ = a(3"~1/2p",
(iii) a"b" = b"a.
(iv) If b%a = ab, then ab = a®®"™(ab)b*".

Proof. The proofs of (i), (i), and (iii) can be easily done by induction. To
prove (iv), observe that by applying (iii) we have ab = b3a = a3’ = a0 (ab)b?,
and now, the equality a?(" 1) (ab)b?("*+1) = 426 [¢2"(ab)b?"] b? permits finish
the proof of (iv) by induction. O

Lemma 1.5. Let &/ be a Banach algebra and let a,b € o/ satisfy a®b = ba. If
ac M orbe g then ab € AN and aba € o7,

Proof. Assume that a or b are quasinilpotent. By Lemma 1.4 we have
1(ab)™ [/ < al®" D2 o .
Hence ab € &7, To prove aba € 79" observe that aba = aa®b and (a*)3b =

a®>*b = ba*. By the first part of this lemma, (notice that a € &9 = ¢t € a7an)
we get that aba is quasinilpotent. ]

The proof of the following lemma is inspired by the proof of [4, Theorem
2.2].

Lemma 1.6. Let &7 be a unital Banach algebra. Let a,b € &/ be such that
a®b=ba. Ifa € o9, then a™b = ba™. Ifb e o/9, then b"a = b™ab".

Proof. Assume a € @/9. Let p = aa?. To prove bp = pb pick any n € N and
use Lemma 1.4 (iii). We have

pb—pbp = pb(1—p)=p*"b(1 ~p) = (a®)*a>"b(1 —p) = (a*)*"ba" (1 — p)"
(a?)?"ba™(1 — aa®)"™ = (a9)*"bla(1 — aa®)]™.
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Since a(1 — aad) € &7 we have, by making n — oo, that pb = pbp. Similarly
we prove bp = pbp. Hence bp = pbp.

If b € «79, then by setting ¢ = bb® and by mimicking the above reasoning we
have ga = qagq. ]

2. Main results

Theorem 2.1. Let o/ be a unital Banach algebra and let a,b € /9 such that
ab = ba. Then

(i) ab € @79 and bb¥(ab)? = b9ad.
(ii) aba € 9 and b4 (aba)? = (b4ad)?.
(iii) bbYab? = bda3.

Proof. (i) and (ii): Since a € &79, the elements a and a? can be represented as

br by > . From Lemma

in (1.3) and (1.4), respectively. Let us represent b = < be b
3 02

1.6, we have pb = bp, hence b = b0 . Therefore, ab = b0 ,
0 by » 0  abs

3
adb = aib1 ;? , and ba = bray - 0 . From a®b = ba we get
0 azby ), 0 baaz J
a?bl = bja; and a§b2 = boay. Since a9 is quasinilpotent and by Lemma 1.5
asbs is quasinilpotent. i.e. (agbg)d = 0. Let us observe that by Lemma 1.3,
o0
e el b € 0= pler (-l e ot = ()
2/p
Now we consider by:
(1) If by is quasinilpotent, then b = 0 and from Lemma 1.5 we get (a1b1)? =
0. By using (agh2)? = 0 and Lemma 1.3 we get ab € 279 and (ab)? = 0. Since

d
b€ @79, from Lemma 1.3 we have by € [(1—p)«Z(1—p)]¢ and b9 = < %1 Igj > =
2/p

( 8 121 > . By that a9 is represented as in (1.4) we have bda? = 0. Thus (i)
2/p
holds.

By Lemma 1.5 we have ajbja; and agbsag are quasinilpotent (in their re-
spective subalgebras). By Lemma 1.3 we have aba € 279 and (aba)? = 0. Since

dd_ (0 0 lar parp 0 _
bla” = < 0 b 0 o) =0
P p
(ii) holds.

(2) Assume now that b; is invertible (in the subalgebra pe7p). Since a; is also
invertible (in the subalgebra pa/p), a1b, € [pa/p]? and (a1b1)? = [albl_l]p(dp =
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(b1 perplarperp- Recall that we have (agbe)? = 0. By Lemma 1.3 we get

(ab)? = ( b sy fos™ 8) |

. . . . d I:b]__ljlprp O
Since b is invertible, b% = d
Since by € [po/p]~! (recall that a; always belongs to [pa/p]~!), we have
aibia; € [po/p]~t. Since as is quasinilpotent, by Lemma 1.5, the element
asboas is quasinilpotent. From Lemma 1.3 we get aba € &/ and (aba)? =

( [al_1]119{29[bl_;]pﬂp[al_l]l’“fp 8 ) . Thus
P

> . Thus, (i) holds.
P

b (aba)® = ( [blz)]pwp bg )( (a1 parpltn Tperplar perp 0 >

and

Evidently, we have proved (ii).
(3) Assume that by is neither invertible nor quasinilpotent. Setting ¢ = blb‘lj

/
we have the representation by = < b 0 ) , where b} € [¢2/q]™! and b] €
q

0 b
[(p — @) (p — q)]9"" (recall that ¢ € pa/p and p is the unity of the algebra
q € pa/p). Let us represent a; as follows:

B < alr a2 )
ayp = .
ag1 az ),
By Lemma 1.4 (iii)

ga1 —qarg = qai(p—q) = q"a1(p—q)" = (b$)"blai(p — )"
= ()"al" b} (p—q)"
= (0)"ai" [bi(p — b))

1/n

Hence ||ga; — qaiq||*'™ — 0, i.e., qa; = qayq, thus

(2.1) ar = < o 0 > .
a1 a2 q

Therefore,
a1b1 _ ( ail 0 > < bll 0 ) _ < allb’l 0 >
az1 az /, 0 o . ag by axby .



ON THE GENERALIZED DRAZIN INVERSE IN A BANACH ALGEBRA 7

]9 we shall apply Lemma 1.2 (i). To this end, we must
1

To prove aiby € [po/p
prove that a11b}] € [¢7/q]? and ab] € [(p — ¢) (p — ¢)]¢. From a; € [po/p|~
and (2.1) we get a1 € [¢/q]~! and recall that b} € [go/q]~! we have a11b] €
[qo7q] ™! C [qo/q]. Now, from a$b; = bia; we get a3yb] = b{age. By using that
v/ € [(p—q)(p—q)]"" and Lemma 1.5 we get agob? € [(p — q)o (p — q)]9"! C
[(p — @)« (p — q)]9. Moreover, (axb])? = 0. Therefore, from Lemma 1.2 we get
a1by € [pszfp]d and

/\—1
(a1by)? = ( [(anli larq 8 ) 7

where x is some element of ./ given by Lemma 1.2 (i). To prove bb%(ab) = b9a
it is enough to prove b1b$(a1b1)? = b¢[a1 1], But we have

b (b — ( %’1 b(l > ( [(b’l);l]qmq 8 >q< [(allbi:)c_l}qwq 8 )q

and

(2.2) ) ( ) (@117 gerq X 0 )

—[a22 ) (pgq)r(p—q)@21a11 qrg a2 qurg

_ ( [(anbﬁ())_llwq 8 )q.

We have

alblalz(an 0) <b/1 0) <CL11 0> :<anb/1a11 0 )
az az ) \0 v/ g \a21 az), Yy agbiazs q’

where y is some element in 7. The invertibility of a;1b]a11 in .27 q follows from
the invertibility of a;; and b} ¢</q. The quasinilpotency of a11bja1; follows from
a3b] = bYas, the quasinilpotency of b7, and by Lemma 1.5. By Lemma 1.2 (i)
we have that aibia; € [pe/p]? and

(alblal)d = ( [all_l]‘Z<Q7q[(b/1)Zl]q%q[all_l]qg{q 8 ) ’

where z is an element of 7 given by Lemma 1.2. Having in mind the quasinilpo-
airbiaq 0
0 a2b2a2

(aba)d = ( (alb(l)al)d 8 )p‘

tency of ashoao and that aba = < ) we get from Lemma 1.3

that aba € o794 and
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Thus, to prove (ii), it is enough to prove b{(aib1a1)? = (b[a1 ~]pwp)?. But, this
expression follows easily from the above formula and the following computation:

b‘f(alblal)d = <[(b/1)_01]qdq 8) <[a111]q<<zfq[(b/1);1]qszfq[a111]qy{q 8>q
— ( [(bll)_l]q:dq[all_l}q:dq[(bll)_l]qﬂq[all_l]qﬂq 0 ) .
0 0 .

(iii) As in the beginning of the proof but by changing the roles of a and b,
we get that a,b € &79 can be represented by

(i 0 (g1 O
=8 5) (% a)

where f1,91 € w7, fa,92 € (1 — m)/(1 — 7), g1 is invertible and g9 is
quasinilpotent (in their respectives subalgebras) and = is the idempotent bb9.
From a3b = ba we get f?g; = g;f; for i = 1,2. To prove (iii) we need to prove
gigld figf = gf' fz-3 for i = 1,2. Since g; is invertible, then g¢; gf f g‘f = gf f3 follows
from f1[g1 Yrwr = (01 Ynwnfi. Since go is quasinilpotent, then g3 = 0, and
thus, gggg ngg = gg f3 trivially holds. O

Theorem 2.2. Let o/ be a Banach algebra and let a,b € «/9 such that b3a = ab
and a®b = ba. Then

(i) ab? = (v*)4a = vda?,
(ii) b9a = b?ab?,
(iii) ab € @9 and (ab)? = b9a.

Proof. We represent

b b1 0 B (b1 Hgerg O
0 by q’ 0 0 q’

where ¢ = bb?, by € [qo/q]™! and by € [(1 — ¢)/(1 — ¢)]9"!. From Lemma 1.6

we can write
o — < ai 0
L0 a ‘
2 /q

Moreover, from a3b = ba and b3a = ab we obtain a?bi = b;a; and b?ai = q;b; for
i=1,2.

(i) and (ii): It is enough to prove: (a) ai[bi ywy = ([01 ' gwq)®a1; (b)
a1[b1 gwq = (b1 gargad; and (c) [b1 ™ Hywea = b2a1[b1 Y 4uq- Expressions (a)
and (c) follow from b3a; = a1b;. Expression (b) follows from bja; = bjaj.

(iii): By Theorem 2.1, and the invertibility of b1 (in ¢«7q) we get a1by €
[q7q)? and (a1b1)? = [b1 ] wqal. Since by is quasinilpotent, from Lemma 1.5,
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asbs is quasinilpotent, ashs € [(1 —q)/ (1 — ¢)]¢ and (azb2)? = 0. From Lemma
1.3, we have ab € &79 and

b1 gwgad O (b1 gwrq O af 0 d d
(ab)d—<[ 44 = 4rq p = b%a“.
0 0 ), o o) \o )

O]

Remark. Since the hypothesis of Theorem 2.2 are symmetric on the elements
a and b, we have also valid formulas by changing the roles of a and b.

Lemma 2.1. Let o/ be a Banach algebra and let x,y € < be such that z3y = yx
and y3x = xy. If y is quasinilpotent, then xy = yx = 0.

Proof. By Lemma 1.4 (iv), for an arbitrary positive integer n, we have

2
gl /7 = 12257 () )21 <l )

Making n — co and using that y is quasinilpotent we get lim,, . ||zy|/*/"

= 07
ie., zy = 0. Now, yz = 23y = 2%zy = 0. O

Theorem 2.3. Let o/ be a unital Banach algebra. Let a,b € /9 such that
a3b = ba and b3>a = ab. Then

(i) (a+b)? = 1bb9(3a + 30> — a — b)aa® + b"a? + ba™.
(i) (1 — aa'bb?)(a +b)¢ = b"a? + b¥a™.
(i) (a+ab)? = 2bb? [a® + a + ba + 3ab] aa® + b™ad.
(iv) (a+ba)? = 2bb? [a® + a + ba + ab] aa® + b™ad.

Proof. If ab = 0, then ba = a%ab = 0. It is known [12, Theorem 5.7] that
ab="ba=0and a € &9 and b € &9 imply a + b € &9 and (a + b)? = a? + .
Similarly, ba = 0 leads to a+b € &9 and (a+b)4 = a9+ 9. Therefore, if ab = 0
or ba = 0, then the four formulas of this theorem hold.

(i) In the following we will assume ab # 0 and ba # 0. As in the proof of
Theorem 2.1, we can represent a and b as follows:

ap 0 by O
2.3 = 5 b= )
@) (5 w), (00,
where p = aa? , a1 € [po/p|~! and ay € [(1 — p)«/(1 — p)]9"l. The hypotheses
a®b = ba and b3a = ab imply that ag’bi = b;a; and b?ai = a;b; for i = 1,2.

Moreover, asbs is quasinilpotent since ag is quasinilpotent. In the following we
will prove the theorem depending on b; as in Theorem 2.1.
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(1) If by is neither invertible nor quasinilpotent, then we represent

_ (b 0
(2.4) b1—< 0 b )q,

where ¢ = b1b9 | b) € [¢Zq)™! and b} € [(p — q) (p — q)]9". If we set

o ai;p a2
ap = )
a21 a2 q

by Lemma 1.6 we get aj2 = 0 and ag; = 0. Thus

(a1 O
(25) a] = < 0 Qoo )q.

From ajb; = bia; and bia; = a1b; we obtain a3,b] = blay, (b))3a11 = anib),
a3 bl = blagy, and (b])3ass = axb|. Moreover, since a; € [po/p]~! we get
a1 € [q/q]"  and ax € [(p—q) ' (p — ¢)] .

Let us define

1
(2.6) T=3 (3a3, +3(0))% — a1 — ¥}).

By the definition of the generalized Drazin inverse, we shall prove that ai; + b}
is generalized Drazin invertible and (a1; + b})¢ = z. Before doing this, let us
simplify some powers of aj; + b}, which will help us to prove (a;; + b’l)d = x.
Evidently we have

(a11 +b})? = a2) 4+ anb) + biag + (b))%
Observe that
anby = (1)’ anr = (0))%bra11 = (b7)%at b1 = (b))aia11d).
The invertibility of aq11b] yields
(2.7) g = ()%,
(recall that the unity of the subalgebra ¢.<7q is ¢). Now we have

aii by = aii(afi b)) = anrbian = (a11b))ar = ((b))a11)an
(2.8) = by ((b})%ad;) = b.

The invertibility of b leads to
(29) a’%l =(q.
Postmultplying (2.7) by a?; and by using (2.9) we get

(2.10) a?y = ()
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By inserting (2.10) into (2.7) we obtain

(2.11) (M) = q.

Moreover, from (2.10) we get

(2.12) afybh = ()" =Vaty,  (0)%an = afy = an(b)*.
Observe that the computations made (2.8) imply

(2.13) anbian = bj.

From (2.9) and (2.10) we have bja11b] = (bjai1)b] = (a3,(b)))b) = a3,(0})? =
a}; = a1. Thus,

(2.14) /1a11b/1 = aiy.
Expressions (2.10), (2.13), and (2.14) lead to

(a11 + b)) = a3 + apban + bia3, + (0)%ar1 + a3y by + ban b,
(2.15) +ay (V) + ()3 = 3a3, + 3(b)) + a1 + ).

3

Employing (2.9), (2.11), and recalling a3,b] = bja1; and (b))3a11 = annb) we

have

(a1 +07)* = (an +b))*(anr +by)
= (3aiy +3(0))° + (a11 + b)) (anr + bY)
= 3at, 4 3a3,b) +3(0))3a11 + 3(0)* + (a1 + b))?
= 6q+ 3ay1b] + 3bjay; + (a1n + 0))>.

Furthermore

(a1 +8)° = (a1 + b)) (a1 + )

[6(] + 3ay1b) + 3bjai1 + (a1 + 5/1)2] (a1 + b))
6ai1 + 6b/1 + 3a11b'1a11 + 3&11(()’1)2 + 3b'1a%1
+3bjanby + (a1 +b))?,

which by using (2.10), (2.13), (2.14), and (2.15) reduces to

(CLH + bll)5 = 9a11 + 9[)/1 + 3&?1 + 3b/13 + (a11 + 6/1)3
(2.16) = 2(a11 + b/l)g + 8(@11 + bll)

Now we have

(CL11 + b,1)7 = [2(&11 + b/1)3 + 8(a11 + b'l)](an + bll)Q
(2.17) = 2(a; + b)) + 8(a11 + b))>.
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In view of (2.6) and (2.15) we get

1 1
(2.18) T = §(a11 +b))? - Z(au + ),

which trivially yields z(a11 + b)) = (a11 + b})z. Furthermore, from (2.16) and
(2.18)

/ 1 1 1 1
a:(an—i-bl)x = [8(a11+b’1)3—4(a11+b’1)] (au-l-b/l) [8(a11+b’1)3—4(a11+b’1)}
1 /\5 /\3 1 /\2 1
= g [(an + bl) — 2(&11 + bl) ] g(an + bl) — Zq

1 1
= (a11 + b)) [8(6111 + b)) — 4(I]

1 1
= g(all + b/1)3 — Z(all —+ bll) = x.

Now, by using (2.17) and (2.18), we have

1 1
(a11 + b/1>6x = (CL11 + b/1)6 |:8(a11 + b/1)3 — 1(&11 + bll):|

1
= g(au +)? [(a11 + b)) = 2(a11 + b)) = (a1 + b))°.

Hence the expression (a1 + b})°T'z = (aj; + b})® holds, and thus aj; + b} is
generalized Drazin invertible (in fact, is Drazin invertible) and (a1 + b})? = =.

Now, we shall study the generalized Drazin invertibility of age + b]. Recall
that a3,b] = blage and (bY)3aze = agb, an € [(p — ¢)«(p — ¢)]7! , and
vl € [(p—q)«(p— q)]9"!. By Lemma 2.1 we get agb? = 0. The invertibility of
ags leads to b = 0. Thus, age + b} = agy and therefore, (age + b’l')d = ‘152-

From (2.4), (2.5), a12 = a21 = 0, a1 +b) € [q7q]%, aze + V] € [(p—q) (p—
q)]¢, and by Lemma 1.3, we have a1 + b; € [pe/p] and

g _ [ (a4 b7)¢ 0
rote= (5
_ (5 Bal +3(07) —an —th) 0
0 ad, q'

By (2.5), (2.4), and by observing ¢ = < g 8 > , we have
q

3 /\3 _ Y
q(3a3 + 303 —ay — b)) = < Saty +3(0)" —an — by 0 ) )
q

0 0
Recall that ¢ is an idempotent in the subalgebra po/p (whose unity is p), and

00 ) , and therefore, from (2.5)
0 p-qa)/,

I )

0 a$

thus, pg = qp = q. So,p—q=<
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But [a17Y,wp € po/p and p is the unity of po/p, thus plar pwp = (a1 Hpwyp

and (p — q)lar™porp = (1 = @)[ar™ porp-
From the above computations we have

1 —
(a1 +b1)? = §Q(3a‘{f +3b} — a1 = b1) + (1 = q) a1 perp-

From (2.3) we get a3bs = baa3 and b3as = agb3. Recall that as is quasinilpo-
tent, hence by Lemma 2.1 we have that asbs = baas = 0. Moreover, a2 and by
are generalized Drazin invertible because a and b are generalized Drazin invert-
ible (recall Lemma 1.3). By [12, Theorem 5.7] we get that as + b is generalized
Drazin invertible and (ag + bg)d = ag + bg, but a® = 0 since as is quasinilpotent.
Therefore, (az + b2)? = b3. By Lemma 1.3 we get a + b € &9 and

| (a + by 0
(a—i—b)d—( 10 ! (a3 + by)? >p

_ (a1 + bl)d 0 _ (a1 + b1)d 0 n 0 0
0 v 0 0 0 b9
p p p

1 3 3 1
B gq(?’al +3b07 —a1 —b1)+ (1 —¢q)lai” pwp O 0 0
(2.19) _< 0 o) * Lo u -

Observe that g, ay, b1, and [a1 ™!, belong to the subalgebra po/p (whose
unity is p), so ¢(3a3+3b3—a1—b1)p = q(3a3+3b3—a1—by1) and (1—q)[a1 ™ prpp =
(1 — q)[a1™Y]pwrp- Hence by using (2.3) and recalling that g = byb¢

bbd(3a3 + 36 —a — b)p

(b0 3a$ + 303 — a1 — by 0 p 0
SN0 badg)) 0 303 +3b —a1 —bs) \0 0/

~ (q(3a3 +3b3 —ar —b1) 0
(2.20) - ( 0 0
P
and
o = a —bpdad
_ [alil]pa{p 0 N blbclj 0 [alil]P%P 0
0 0 0 bobd 0 0
P p p
_ (0= ap O
(2.21) = < 0 0 p-

Since by € [(1 — p)/(1 — p)]¢ we get b € (1 — p)aZ(1 — p) and b3(1 — p) = b3
because the unity of the subalgebra (1 — p).o/(1 —p) is 1 — p. Thus

o0 0 0 0 0
d m_pdq _ oody —pdep oy — (U1 —
(2.22) bv%a™ =b%(1 — aa®) =b%(1 — p) <0 bg) (0 1_p> (0 bg>'
P P P
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From (2.19-2.22) we obtain
1
(a+b)d = gbbd(3a3 +3b% — a — b)aa® + b"ad + ba”.

(2) If by is invertible, in the representation (2.4) we have by = b}, b = 0,
and g = p. The above computations work.

(3) If by is quasinilpotent, in (2.4) we have ¢ = b1b$ = 0 (observe that in this
case, the subalgebra q.«7q becomes the subalgebra {0}), by = b, and b} = 0.
Also, the above computations are valid.

Therefore, (i) is proved.

(ii) Notice that b9b™ = 0. Furthermore,

dppdyd 7 adpg oy (PO b 0 0 0 _
aa®bb“b%a™ = pb®(1 p)(o 0>p<0 b Lo 1-p pfO.

By (2.3) and (2.20)
(aa’bb?) [bbd (3a® + 30> —a — b)aad} = bb(3a® + 30> — a — b)aa’.
Thus, we obtain
1
(1 — aa®bb®)(a + b)4 = (1 — aa®bb?) [Sbbd(Ba3 + 3% — a — b)aa? + b"a? + b9a”
=b"a® + b¥a™.

(iii) Let us decompose a and b as in (2.3), a1 as in (2.5), and by as in (2.4).
We shall study the generalized Drazin invertibility of a1 + a11b], age + abf,
and ag + asby.

We will apply properties (2.9), (2.10), (2.11), (2.13), (2.14) to simplify some
powers of ai1 + aub’l. It is simple to see that

(a11 +ab))? = 2a2, 4+ (b)) + 0],

(a11 + allbll)g = 3a‘;’1 + 3b/1a11 + a1 + allbll,

(a1 +anb))* = 6q+3b) +3())% + (a1 + annd})?,
(a11 + ab))® = 8(ar1 + anbd) + 2(a1; + anb})?,
(a11 +a11d)” = 8(a11 + a1d))® + 2(a11 + annb))®.

As we did in the proof of (i), we have (a11 + a116})? = é(all +a b)) + i(all +
a11b}). Simplifying and using the above expression for the cube of ai1 + a11b]
we get

3
(2.23) (a11 + a11bll)d = g [a:lj’l + a1 + bllan + 3CL11[)/1] .
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Since by and as are quasinilpotent and a3b = ba, b3>a = ab hold, by Lemma
2.1, we get ageb] = 0 and agby = 0. Thus age+agb! and as+agbs are generalized
Drazin invertible and

(2.24) (a9 + agab))?® = a3, and (ag + aghy)d = a9 = 0,

the last equation be guaranteed by the quasinilpotency of as. By (2.23) and
(2.24) and by the same argument as in (i), we get

(a+ab)d = gbbd [a® 4+ a + ba + ab] aa® + b"as

i.e., (iii) is proved. The proof of (iv) is similar to (iii). O

Theorem 2.4. Let of be a unital Banach algebra and let a,b be Drazin invertible
elements of <. If ab = ba, ||aPb|| < 1, and ||(1 — aaP)bPa| < 1, then a + b is
generalized Drazin invertible and

(i) (a+0b)d =32 (=1)"(aPb)"aP + 2 + 3% a™(a + b)"b"abbP2"+2.

n=0
(ii) a™bbP(a + b)9 = z,
where z = a™ > o0 (—1)"(bPa)"bP.

Proof. If ab = ba = 0, the formulas of the Theorem hold by Theorem 5.7 of
[12]. Thus, we can assume ab # 0 and ba # 0.

(i) Setting p = aa®, we represent a as in (1.3), where az is nilpotent (since
a is Drazin invertible instead of generalized Drazin invertible, we can get a
stronger condition than the quasinilpotency). By Lemma 1.6 we have pb = bp,
and thus we can represent b as follows

(2.25) b= <%1 b02 >p.

First we study the Drazin invertibility of a; 4+ b1. Since

aPp — [ar parp O b 0\ _ (a1 porpbr 0O
0 0 » 0 by v 0 0 p’

we get [|[a1 7 ]pupb1]| = [|aPb|| < 1, and thus, p + [a17Y,wpb1 € [p/p]~L. From
ap+b =ar1(p+ [afl]pm/pbl) and a; € [pe/p]~! we obtain aj + b € [po/p]~?
and
_ _ -1 _
[(a1 +b1) 1}10%10 = [(p+]a 1]pdpb1) ]p&%p[al l]p&fp

= 301 parpby) s

n=0
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From this, we have a; + b; € &9 and

o0

(2.26) (a1 +b1)* = > (=1)"(aPb)"aP.
n=0

Now, we study the Drazin invertibility of as + bs. To this end, let us define
q= bngD and represent by as follows:

. b11 0
b2_< 0 boo >q’

where b1y € [qo/q]™! and by is nilpotent. Since a3b = ba implies a3by = boas,
by Lemma 1.4

n

qas — qazq = qaz(1 — q) = q"az(1 — q) = (b9)"a3 by (1 — baby)".

Since ag is nilpotent we get qas = qaoq. Hence,

(2.27) 4y = < a1 0 ) ’ g + by = ( a1 + b1 0 > ‘
q q

a a2 az a2 + bao
An evident induction argument shows that there exists x1, 2o, ... € & such that
o0
ap=( " 5 ), VneN
Tn agy ),

Since as is nilpotent, we get that a1; and age are nilpotent.

In order to study the Drazin invertibility of ag + bs, we use Lemma 1.2: We
need prove that a1 4+ b11 and age + bog are generalized Drazin invertible.

First we prove that a1 + b11 is generalized Drazin invertible. Let us observe
that

0 0 P 0 ap 0 0 0
tatwo= (60 0 ) (5 ) (5 0 ) =(0 i)
( ) 0 1—p » 0 bQD » 0 as » 0 b2Da2 »

and
WPy = 11 gwrg O a;; 0 _ (b1 gwga1r O
2 0 0 q agl a2 q 0 0 q ’

which yields ||[b11 " gwqa11]l = ||(1 — aaP)bPal| < 1. Now
a11 + by = b1y ([bi1 gwear1 + q)
and b1y € [q2/q]~! lead to ayy + by € [q/q)~" and

(@11 +b11) gwrg = D (=1 (b1 gergar))" b gerg = Y _(—1)" (WD az)"b3
n=0 n=0

= (1 — aaD) Z(—l)”(bDa)”bD.

n=0
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Since q.@7q is a subalgebra of & with unity, a1 + b11 is generalized Drazin
invertible and (a1; + b11)? = [(a11 + bll)fl]q%q. Thus,

o
(2.28) (a11 4+ b11)* = (1 — aa®) > (~=1)"(bPa)"dP.
n=0
In the following, we study the Drazin invertibility of ags + b2s. In fact, we
are going to prove that age + boo is nilpotent. Since ase and boo are nilpotent,
there exists k € N such that af, = b5, = 0. It is clear that if agy = bag, then
ag2 + bog is nilpotent; so we can assume ags # boo. Let us remark that for
any n € N, we can write (ag2 + ba2)" = Z?ll c1j - - Cnj, where ¢;; € {ag2, b}
Now, we are ready to prove (ags + ba2)?* = 0. To this end, we will prove that if
di,...,do € {agg,bgg},thendl-“dgk =0. Let A = {7’ € {1,...,2k} 2 d, :agg}
and B = {r € {1,...,2k} : d, = baa} (observe that AU B = {1,...,2k} and
ANB = @). If |- | denotes the cardinal of a set, it is clear than |A| > k or
|B| > k. If |A| > k, by using a3,boz = bagage, then there exists z € &7 such
that di---dop = algzm = 0. If |B| > k, by using again agszQ = bosago, there
exists y € o7 such that dy ---do, = yb’§2 = (0. Thus, age + boo is nilpotent, and
therefore, ags + by is Drazin invertible and (agg + bo2)P = 0.
From the second expression of (2.27) and Lemma 1.2, we get as + by is
generalized Drazin invertible and

brp)e 0
bo)d — (a11 + by > ’
(az + b2) ( u (a22+b22)d ,

where

n+2
} azi(ai; +b11)" (a1 +b11)™ +

Z [ az + bao)

n=0

o d n+2
Z azz + ba2)" (a2 + b22)" a2 [(an + b11) }

—(a22 + b92)%ag1 (a11 + bi1)Y,

which, having in mind that (agy + baz)? = 0, reduces to

(ag + by)? = <(a11 + b1p)¢ ()> |

U 0
(2.29) u = i(am + b22)"ag1 [(an + b11)d} "
n=0
From (2.29) we get
(a+b)* = (a1 +b)?+ (ag + by)
(2.30) = (a1 +b1)*+ (a1 +b11)? + i(an + ba2)"an1 [(0611 + bll)d}m_2

n=0
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In (2.26) and (2.28) we have expressed (a1 +b;)9 and (a1 +b11)Y, respectively, in
terms of a,aP, b, and bP. We will express the remaining terms of (2.30) in terms
of a,aP, b, and bP. To this end, let us remark that ¢ = bngD is an element of the
subalgebra (1—p).</(1—p) (whose unity is 1—p) and thus, (1—p)q = ¢(1—p) = q.
In other words, we have

pqg=gqp=0.

Furthermore, recall that an element = € (1 — p)./(1 — p) has the representation

. ( qzq qz(l—p—q) )
I-p-qzq A-p-—qz(l-p—q) )

Observe that from the expression of ag + be in (2.27) we can write

air + bi)" 0 )

az + by)" = ( ,

(az + b2) < Yn (a2 +b22)" ),

where y1, 2, ... are elements in &/ (we are not interested in their explicit ex-

pressions). We have

(1 —aaP)(a+b)"(1 - bbP)

/00 (a1 + by)" 0 p— bibD 0
S \0 1-p » 0 (ag + b2)" » 0 1 —p—bob? )

0 0
(231) = <0 (a2 +b2)" (1 —p— 5252D)>,,

Having in mind that (ags + be2)" € (1 —p—q) (1 —p—q),

enpopmg = (T )(0 0 )

Yn (a2 + b2)" 0 1-p—gq
B < 0 0 )
0 (agz + bgg)n ‘ )
Therefore,
(2.32) (agz + bo2)™ = (1 — aaP)(a + b)™(1 — bbP).

Now, we are going to express ag; in terms of a,aP,b and b°. By 1 — p is the
unity of the subalgebra (1 — p)</(1 — p), one has

(1 —aa®)(1 - bbD)abbD

0 p — b1bP 0 ap 0 bit? 0
0 1 0 1 —p— bb? ,\0 az) \ 0 bobB »

: )
0 1—p q)azq
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Since

o (0 0 a1 O q 0
(1-p q)agq—(o 1—p—Q>q<azl a2 >q<0 0>q

- ( (1—pEQ)a21q 8 >q

and as; € (1 —p — q)o/q (this latter subset is not a subalgebra of </) we have
(1 —p— q)a21q = az1. Thus, from the above computations, we have

as1 = (1 — aaP)(1 — bbP)abbP.

From (2.26), (2.28), (2.32), and (2.30) we get

o0

(a+0)? =Y (~1)"(a®b)"a® + 2
n=0
(2.33) + i(l —aa®)(a +b)"(1 — bb°)(1 — aa®)(1 — bbP)abbP "2,
n=0

where z = (1—aaP) >>°° /(=1)"(bPa)"bP. We can simplify expression of (a+b).
By observing the expression of (1 — aa®)(a + b)"(1 — bbP) obtained in (2.31),
easily we can see (1 —aaP)(a+b)"(1—bbP)(1—aaP) = (1 —aa®)(a+b)"(1—0bbP)

and using that 1 — bbP is an idempotent, (2.33) reduces to

(a+b)d = i(—l)"(an)"aD +z+ i(l — aaP)(a +b)"(1 — bbP)abbP 2"+
n=0 n=0

(ii) By using (1.3) and (2.25) we have

 DbyuD ¢« (0 0 bt 0 (a1 + by)d 0
(1 —aa=)bb™(a +b)% = <0 1—p>p< 0 bR 0 (a2 +b2)?)

and using that the unity of (1 — p)</(1 —p) is 1 — p we get
(1 — aa®)bbP (a + b)? = babD (ag + b2)? = q(ag + by)°.

From (2.29) and using q(ai; + b11)? = (a11 + b11)? (because (a1 + by1)? € q/q
and ¢ is the unity of the subalgebra ¢<7q),

a_(a 0 (a11+b11) 0\ [ (a1 +b11)¢ 0
alaz +bz) _<0 o)q< u 0).~ 0 0),

Now, (2.28) leads to (1 —aaP)bbP(a+b)4 = (1 —aaP) 3% (~1)"(bPa)?bP. O

n=0

If b is a special perturbation of a, then we have the following theorem.
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Theorem 2.5. Let o/ be a unital Banach algebra. If a,b € 79, a3b = ba, and
b3a = ab, then

(i) [I(a +0)¢ = adll < g ([0 laa|[[[3a® + 3b* — a = b]l) + [[bb%a]| + [[p%a”]].
(i) [Io%a™(| < 11 - aadb?|[|(a + b)¢ — a.
Proof. (i) From Theorem 2.3, we get
1
(a+b)d—a? = gbbd(Ba?’ +36% — a — b)aa® + b7 a® + b¥a™ — o
1
= gbbd(3a3 + 3% — a — b)aa® — bbdad + b9a”.
Thus
1
l(a+b)? —a’ll < llbb*(3a” + 30" — a = baa’|| + [[bb%a” | + [|b*a”|
1
< < (I o130 + 36° — a— bl ) + b%ac| + p¢a”].
(ii) By the proof of Theorem 2.3 we get aa?bb? = bbdaad.
By Theorem 2.3, we have
Wa™ = (1—aabb?)(a+b)4 —b"ad
= (1—b¥aa?)(a+b)4 — (1 —bb%)ad
— 00 aa”)|(a+ —a |
(1 - bb%aa)[(a + b)? — o]
Hence; [|b4a™|| < ||1 — bb%aad]|||(a + b)d — ad]. O
In the following result we have a bound for another kind of perturbation.

Theorem 2.6. Let o7 be a unital algebra and let a,b € o/ be Drazin invertible
satisfying a®b = ba, ||a®b| < 1, and ||a™bPal| < 1. Then

. aP||||aPb bP abbP ||||bP |2 00 T npm
(i) H(a—i-b)d—aDH < lla®]1ll H+ [167]] +(|| (L1671 5% lla™ (a+b)mb"|).

1—[laPb " 1—[lamtPall * (1—[lambPa]))

(ii) ||z[| < [|a™bbP][|[(a + b)* — aP|, where z is giving as in Theorem 2.4.

Proof. (i) From Theorem 2.4, we have

(a+0)?—a® =) "(=1)"(@®b)"a® + 2+ > a"(a + b)"b"abb®z""?,
n=1 n=0

where z = a™ Y > (—1)"(bPa)"bP. Hence, (in Theorem 2.4 we had proved that
|aPb|| < 1 and in (2.31) we have shown, by using the nilpotency of aga + b,
that there exists k € N such that a™(a + b)¥b™ = 0)

I(a+ )¢ —aP|| < [|a® ) [1a®b)" + [l2[| + |labb® |2 > lla™ (a + b)"d7 |
=1 n=0

oLy + 10+ HabtP 1P Y (o + 707,
n=0
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Now, we will find an upper bound for ||z||. Observe that the proof of Theorem
2.4 distil a™(bPa)" = (a™bPa)". Thus, z = > o ((—1)"(a"bPa)™P. By using
that [|a™bPal| < 1, one has ||z]| < [|bP]| Y20%, [la™bPa||™ = ||bP Hence,
(i) is proved.

(ii) From Theorem 2.4 we have a™bbP(a + b)¢ = 2. Also, the from the proof
of Theorem 2.4 we easily get a™bbPaP = 0; hence a™bbP [(a + b)? — aP] = 2.

The conclusion is obtained. O

H%
1—[lambPal "
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