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Abstract. In this paper we introduce a new class of rings that we say idempotent
rings. We call a ring R is idempotent, if every ideal of R is generated by an idempotent
element. In this paper we prove some properties of this rings, where one of the important
results is the following:

Let t > 2 be an integer number. Then the ring Z; is an idempotent ring if and only
if t = p1p2...pn, where all of the p; are distinct prime numbers.
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1. Introduction

Throughout this paper, all rings are commutative rings with identity and all
modules are unital. Let M be a submodule of the R-module L. We say that
L is an essential extension of M precisely when BN M # 0 for every non-zero
submodule B of L. We say that L is an injective envelope (or injective hull) of
M precisely when L is an injective R-module which is also an essential extension
of M. We denote by E(M) the injective envelope of M. For any unexplained
notation and terminology we refer the reader to [2] and [3].

2. Main results

Definition 2.1. Let R be a ring. We say that R is idempotent if every ideal of
R is generated by an idempotent element.

Lemma 2.2. Every idempotent ring is Artinian ring.

Proof. Suppose that m € Max(R). Then there exist an element e € R such that
m = (e) and e? = e. Now in local Noetherian ring Ry, we have (mRy)? = mRy,
and so by Nakayama’s lemma, mR, = 0. Hence dim R, = 0. Sinc m is an
arbitrary maximal ideal, it follows that dim R = 0 and so R is Artinian ring. [

Lemma 2.3. In idempotent ring, the Jacobson radical is zero.
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Proof. We denote the Jacobson radical of R by J(R), so we show that J(R) = 0.
There exists an element e € R such that J(R) = (e) and ¢? = e. Therefore

J(R) = J(R) - J(R) and by Nakayama’s lemma, J(R) = 0. O
Theorem 2.4. Let R be an idempotent ring and mq,...,m, be all of the mazx-
imal ideals of R. Then R ~ m% B...0 %.

Proof. Let Max R = {my,...,m,}. By induction on n we prove the theorem.

If n =1, then J(R):mleandsoR%m%.
Now we suppose that n > 0 and consider the following exact sequence,
R R R R

o——————p— — —
m; MNmy mp mo mi + my

R . RAR
miMNmo ~ ml@mz'

Since m;+my = R, it follow from the above exact sequence that
Now consider the following exact sequence
R R

R R
0— — o — — — 0.
m; Nmg MNmg m; Nmy ms (m1 ﬁm2) + m3

Again similar the above argument, since (m; Nmg) + mg = R, it follows that

R R R R _ R R

m; Nmy MNmg m; Nmeo msg my my m3'

By reapiting this argument we have

R R R R
& = ~ D=1 -

0) J(R)  Miym m;

R~

Theorem 2.5. Fvery idempotent ring R as an R-module is injective.

Proof. Let I be an ideal of R and consider the diagram

0—>IT—">R

|1

R

There exists an element e € R such that I = (e) and e? = e. Let f(e) = .
We define the function g : R — R with g(r) = rz. Then we have the following
relations for all r € R.

goi(re) = g(re) = rex = ref(e) = rf(e*) = rf(e) = f(re),

and so R is an injective R-module. O
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Corollary 2.6. If R is an idempotent ring, then every simple R-module is
njective.

Proof. Let N be a simple R-module. Then there exists m € Max(R), such that
N = %. Therefore N is a direct summand of an injective R-module R and so
N is injective. O

Corollary 2.7. Let R be an idempotent ring. Then for every m € Max(R),
En(f)~ 1

Proof. Follows from the above corollary. O

Lemma 2.8. Let R be an idempotent ring and M be a finitely generated R-
module. Then M is injective.

Proof. Since R is Artinian ring, it follows that (M) < oo. We prove the
assersion by induction on [(M). If I((M) = 1, then M is a simple and so the
assersion follows from Corollary 2.6. Now suppose that [(M) = n > 2 and the
assertion holds for n — 1.

Since M is Artinian R-module, it follows that M has a simple submodule
such as IN. Consider the following exact sequence.

M
0—>N—>M—>W—>O

I[(N) =1 and so N is injective. [ (%) =n — 1 then % is injective. Therefore

M is also injective. ]

Lemma 2.9. Let R be a Noetherian ring and {E;}ica be a family of injective

R-modules. Then lim E; is injective.
i€A

Proof. Is simple. ]

Theorem 2.10. Let R be an idempotent ring. Then every R-module is injective.

Proof. Let T be an R-module. Then T is a direct limit of its finitely generated
submodules. ]

Theorem 2.11. Let R be an idempotent ring. Then every R-module is projec-
tive and so is flat.

Proof. By the above theorem every R-module is injective. Let T be an R-
module. Then T is injective. By Matlis theorem

R

T = EBp€Spec(R)E <p) .
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On the other hand Max(R) = Spec(R). Therefore,

R

T= 69mGMax(R) m
Also for any m € Max(R), % is a direct summand of R and so is projective.
Consequently T is projective. O

Theorem 2.12. Let t > 2 be an integer number. Then the ring Z; is an
idempotent rTing if and only if t = pip2...pn, where all of the p; are distinct
prime numbers.

Proof. Let Z; be an idempotent ring. Suppose on the contrary that there exists
a prime number p such that p? | ¢.

In this case, we set J = (p). Then J? = (p2) # J and so J is not an idempo-
tent ideal of Z; and therefore Z; is not idempotent ring which is a contradiction.

Conversely, let t = p1 ... py, where p; are distinct prime numbers. If n = 1,
then all of the ideals of Z; are I = (0) and J = Z,, = Z; = (1) and so Z; is
idempotent ring.

Now let n > 2 and we set m; = (p;). Then my,..., m, are all the maximal
ideals of R. We claim that each m; is generated by an idempotent element. It is
enough to show that for m;. Since (p1,paps . ..pn) = 1, then there exist r, s € Z,
such that rp; + spa...p, = 1. Therefore py...p, | rp1 — 1 and p; | rp1. Hence
P1---pn | TP1(rp1 — 1) = (rp1)? — rp1 and so in the ring Z;, we have 7pi2 = 7p1.
Set e = 7p1 and we claim that m; = (e). 7rp; + sp2...p, = 1 implies that
rp% + spip2...pn = p1. Hence in the ring Z;, rp% = p1 and so p1e = p1 and
my; = (p1) = (Pp1e) C (e) € my. Therefore m; = (e) and every maximal ideal
of Z; is generated by an idempotent element. Now let I be an arbitrary ideal
of Z;. Then there exists an element p; pi, . ..pi, such that I = (p;, pi, ... Di,.),
where p;, , ..., pi, are different elements of the set {p1,...,pn}. Also we have,

I = m;, mg, .. .mik = <67;1> e <61k> = <6i1 . eik)

where all of the e;; are idempotent and so the element e;, e;, .. . ¢;, is also idem-
potent and the assertion follows. ]

Remark 2.13. It is well known, in a Noetherian ring R, for any ideal I of R
and any injective R-module E, 0:5 (0:5 1) = IE.

Theorem 2.14. Let R be a Noetherian ring and every R-module be an injective
R-module. Then R is idempotent.

Proof. Let I be an ideal of R. Then [ is injective R-module and by Remark
2.13, we have

IC0:;(0:g)=II=1>C1I

Hence I = I? and by [1, Corollary 2.5], there exists a € I such that (1 —a)l =0
and so I = (a) and a? = a. O
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Corollary 2.15. The Noetherian ring R is idempotent iff every R-module is an
injective R-module.

Corollary 2.16. If p1,...,p, are distinct prime numbers and R = Zp, . p, -
Then every R-module is injective and projective.

Corollary 2.17. Let R be an idempotent ring and M be an R-module. Then
the following are equivalent:

i) There exists an exact sequence 0 — R — M
ii) Ann M =0

Proof. i — i) is clear.
it — 1) Since M is injective, it follows by Matlis theorem M = ®yca F (%) =

@weAm%' Set T'= {m, | v € A} and we prove that 7" = Max(R). Suppose on
the contrary that 7' # Max(R). Let m € Max(R)\T.

0=Ann M = ﬂmy:> ﬂmvzogm
yeEA veEA

and so there exist 7 € A such that m, € m which implies that m = m, € T,
which is a contradiction. Therefore M = @y eMax Rn% ~ R and so the sequence
0 — R — M is exact. ]
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