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Abstract. In this paper, we give a new definition-a CSS subgroup(a subgroup H
of a finite group G is called a C'SS-subgroup of G if there exists a normal subgroup
K of G such that G = HK and H N K is SS-quasinormal in G). By this definition,
we investigate the relationship between the p-nilpotence of G and the p-nilpotence of
Ng(P), and generalize the corresponding results to a saturated formation F which
contains the class AV, of all p-nilpotent groups, where p is an odd prime factor of |G/,
P a Sylow p-subgroup of a group G.
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1. Introduction

All groups considered in this paper are finite. A subgroup H of a group G is
said to be S-quasinormal in G if H permutes with every Sylow subgroup of
G(see [5]). Recall that a subgroup H of a group G is c-normal in G if there
is a normal subgroup K of G such that G = HK and H N K < Hg, where
Hg is the core of H in G(see [8]). Recently, Li[6] defined that a subgroup H
of GG is said to be an SS-quasinormal subgroup of G if there is a supplement
B of H to G such that H permutes with every Sylow subgroup of B. By use
of these definitions, many authors investigated such structure of a group as the
nilpotence, the supersolvability and so on, see [8, 1, 6, 4, 2, 5].
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Enlightened by the above concepts, we give a new definition —— a C'SS-
subgroup, which is a generalization of C-normality and SS-quasinormality.

Definition 1.1. A subgroup H of a group G is called a C'SS-subgroup of G
if there exists a normal subgroup K of G such that G = HK and H N K is
S S-quasinormal in G. In this case, K is called a normal C'SS-supplement of H
in G.

Remark. Obviously, if a subgroup H of G is ¢-normal in G, then there is a
normal subgroup K; of G such that G = HK; and H N Ky < Hg. In this
case, writing K = Hg K, then we have G = HK and H N K = Hg; Of course,
H N K is §S-quasinormal in . Therefore c-normal subgroups of G also are
CSS-subgroups of GG. Besides, a SS-quasinormal subgroup H of G, by taking
K = @G, must be a CSS-subgroup.

However, the following examples show the above converse is not true.

Example 1. Let G = As be the alternating group of degree five. We have
G = A4C5. Then Ay is SS-quasinormal in G, and is a CSS-subgroup of G.

However, A4 is not c-normal in G.

Example 2. Consider G = Sy, the symmetric group of degree four. Take
a = (34) and 8 = (123). Then G = (a)A4 and (a) N Ay = 1, hence (o) is
c-normal in G. Of course («) is a C'SS-subgroup of G. Let B be a subgroup of
G satisfying G = (a)B. Then B is either A4 or G. As (a)(8) # (5)(«), which
indicates that () is not SS-quasinormal in G.

In Section 2 of this paper, we give some properties of C'S.S-subgroups. Let
p be an odd prime factor of |G|, P a Sylow p-subgroup of a group G. In Section
3, we investigate the relationship between p-nilpotence of G and p-nilpotence
of Ng(P), and generalize the corresponding results to a saturated formation F
which contains the class N, of all p-nilpotent groups.

2. Preliminaries

In this section we list some known results and some properties about C'S.S-
subgroups which are needed in the main results.

Lemma 2.1 ([6, Lemma 2.1]). Suppose that H is SS-quasinormal in a group
G, K <G and N a normal subgroup of G. We have:
(1) If H < K, then H is SS-quasinormal in K.

(2) HN/N is SS-quasinormal in G/N.

(3) If N < K and K/N is SS-quasinormal in G/N, then K is SS-quasinormal
in G.

(4) If K is quasinormal in G, then HK is SS-quasinormal in G.
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Lemma 2.2 ([6, Lemma 2.5]). If a p-subgroup P of G is SS-quasinormal, where
p is a prime. Then P permutes with every Sylow q-subgroup of G with q # p.

Lemma 2.3. Let H be a C'SS-subgroup of a group G. We have:
(1) If H< M < G, then H is a CSS-subgroup of M.

(2) Let N < G and N < H, then H is a CSS-subgroup of G if and only if
H/N is a CSS-subgroup of G/N.

(3) Let 7 be a set of some primes and N a normal ©'-subgroup of G. If H
is a w-subgroup of G, then HN/N is a C'SS-subgroup of G/N.

Proof. (1) Since H is a C'SS-subgroup of G, there exists a subgroup K < G
such that G = HK and H N K is SS5-quasinormal in G. Notice that H N K <
H <M <G and K 4G, we have that M = HM NK) and M NK <M. On
the other hand, Lemma 2.1.1 shows that H N K is SS-quasinormal in M. Also,
HN(MNK)=HNK,so HN(MNK) is SS-quasinormal in M. Therefore H
is a C'SS-subgroup of M.

(2) Let K <G be a C'SS-supplement of H in G, then G = HK and HN K
is SS-quasinormal in G. Consider the group KN/N, we have: KN/N < G,
G/N = HK/N = (H/N) - (KN/N), and (H/N)n (KN/N) = (H 0 K)N/N is
SS-quasinormal in G/N by Lemma 2.1(2). Thus H/N is a C'SS-subgroup of
G/N.

Conversely, if H/N is a CSS-subgroup of G/N, then there exists a normal
subgroup K/N of G/N such that G/N = (H/N) - (K/N) and (H/N)N (K/N)
is SS-quasinormal in G/N. Obviously, G = HK and K < G. Also, by Lemma
2.1(3), H N K is SS-quasinormal in G. Thus H is a C'SS-subgroup of G.

(3) Let K be a normal C'SS-supplement of H in G, then G = HK, and
H N K is SS-quasinormal in G. Since N is a normal 7/-subgroup and H is a
m-subgroup of G, then N < K. Consequently G/N = (HN/N) - (K/N) and
K/N <G/N. Also, (HN/N)N (K/N) = (H N K)N/N is SS-quasinormal in
G/N by Lemma 2.1.2. Therefore HN/N is a C'SS-subgroup of G/N. O

Lemma 2.4. Let P be a Sylow p-subgroup of a finite group G and N a normal
subgroup of G. If every mazximal subgroup of P is a CSS-subgroup of G, then
every mazimal subgroup of PN/N is a CSS-subgroup of G/N.

Proof. Let S/N be a maximal subgroup of PN/N, and T a Sylow p-subgroup
of S. Without loss of generality, we may assume that T < P. Obviously,
S/N = TN/N. Notice that p = |PN : T| = |PN : TN| = |P : T, it shows
that T is a maximal subgroup of P. By hypothesis of the theorem, T" is a C'S'S-
subgroup of G, so there exists a normal subgroup K such that G = TK and
TN K is SS-quasinormal in G. Let K, be a Sylow g-subgroup of K, where ¢ is
a prime factor of |K| and g # p. Obviously, K, is also a Sylow g-subgroup of G,
and N N K, is a Sylow g-subgroup of N. Set D = (NN K, |¢ # p), then D < K
and N = (TNN)D. SO TNNKN = (TNNK)N = (TDNK)N = (TNK)DN =
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(TN K)N. By Lemma 2.1(2), we know TN/NNKN/N = (IT'nK)N/N is SS-
quasinormal in G/N, it is to say S/N is SS-quasinormal in G/N. O

Lemma 2.5. Let M be a mazimal subgroup of G and P a normal p-subgroup
of G such that G = PM , where p is a prime. Then PN M is a normal subgroup
of G.

Proof. Notice that P <G, so M < Ng(P N M). Also, it is clear that P N M
is not a Sylow p-subgroup of G, so PN M < Np(P N M). It follows that
M < Ng(PnM). By the maximality of M, we have that Ng(P N M) = G,
which implies that (PN M) 4G. O

Lemma 2.6 ([3, Proposition 1V.3.11]). Let 71 = LF(F1) and Fy = LF(F),
where F; is both an integrated and full formation function of F;(i =1, 2). Then
the following statements are equivalent:

(1) F1 C F,

(2) Fi(p) C Fy(p) for allp € P.

3. Main results

Theorem 3.1. Let H be a normal subgroup of a group G, p an odd prime
factor of |H| and P a Sylow p-subgroup of H. If Ng(P) is p-nilpotent and every
mazimal subgroup of P is a CSS-subgroup of G, then G is p-nilpotent.

Proof. Assume that the theorem is false and let G be a counterexample of
minimal order. We proceed by the following steps:

Step 1. Oy (G) = 1.

Otherwise, consider the quotient group G/Op (G) and HO,y (G)/Opy (G). For
convenience, we write D = Op(G). Obviously, PD/D is a Sylow p-subgroup
of HD/D. Notice that (|D|,p) = 1, so we have Ng/p(PD/D) = Ng(P)D/D,
which shows that Ng,p(PD/D) is p-nilpotent. By applying Lemma 2.4, we
have that G/O, (G) satisfies the hypotheses of the theorem. The choice of G
implies that G/O,/(G) is p-nilpotent, so is G, a contradiction.

Step 2. If P < L < G, then L is p-nilpotent.

As N (P) < Ng(P), so L satisfies the hypotheses of the theorem by Lemma
2.3.1. The minimality of G implies that L is p-nilpotent, as desired.

Step 3. 3.1 H = G;
3.2 If K be a normal subgroup of G, then G/K is p-nilpotent. So G has
a unique minimal normal subgroup N and N £ ®(G).

3.1 If H < G, by using Step 2, we have that H is p-nilpotent. Also, Step
1 implies that H is a p-group, so H = P. Therefore, Ng(P) = Ng(H) = G is
p-nilpotent, a contradiction.
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3.2 Tt is clear that P is a Sylow p-subgroup by 3.1, therefore N/ x (PK/K) =
N¢(P)K/K is p-nilpotent. Applying Lemma 2.4, we have that G/ K satisfies the
hypotheses of the theorem. So the choice of G implies that G/K is p-nilpotent.

Since the class of all p-nilpotent groups is a saturated formation, we may
assume that G has the unique minimal normal subgroup, say N and N £ ®(G).

Step 4. Op(G) > 1, moreover, G is p-solvable.

Since G is not p-nilpotent, by a result of Thompson [[7], Corollary], there ex-
ists a non-trivial character subgroup 7" of P such that Ng(T') is not p-nilpotent.
Now, T char P < Ng(P), so Ng(P) < Ng(T). Step 2 implies that Ng(T) = G,
so T' 4 G, therefore O,(G) > 1. By Step 3.2, we have that G/O,(G) is p-
nilpotent, so G ia p-solvable.

Step 5. N = Op(G) and |[N| = p.

Since O,(G) > 1, by Step 3.2, we have that N < O,(G). Therefore there
exists a maximal subgroup M such that G = NM and NN M = 1. So G =
Op(G)M. By Lemma 2.5, we have O,(G) N M =1, hence N = O,(G).

Next, we affirm that N £ ®(P). Otherwise, N < ®(G), a contradiction to
Step 3.2. Therefore there exists a maximal subgroup P; of P such that N & P,
so P=NP,. Put Ny = NN Py, then |N : N1| = |N : NﬂP1| = |NP1 : P1’ =
|P : P1| = p. By hypotheses, there exists a normal subgroup K; of G such that
G = P,K; and Py N K; is SS-quasinormal in G. By the minimality of N, we
have that N < Kj and PNK; = PPNNK; = (PLNK7)N is a Sylow p-subgroup
of Ky. Let K14 be a Sylow g-subgroup of K1, where g # p. K1, is also a Sylow
g-subgroup of G. By Lemma 2.2, we have (P} N K1)K}, is a subgroup. Since
N < Ky, it follows that Ny = N N (PN K1)Ky, < (PN Kp)Ky,. Therefore
N7 is normal in the subgroup (N, (P N K1)K14lq € 7(G),q # p) = K1. On the
other hand, Ny = NN P, < P;, then Ny < PLK; = G. The minimality of N
yields N3 = 1. Consequently, N is a cyclic subgroup of order p.

Step 6. The final contradiction.

Notice that N = O,(G) < G and |N| = p, we have that N < Z(P), so P <
Cg(N). On the other hand, G is p-solvable and O, (G) = 1, so Cq(O,(G)) <
Op(G). It follows that P = O,(G) = N, hence Ng(P) = G. Therefore, by using
the hypothesis of the theorem, we have that G is p-nilpotent, a contradiction. [

Remark. In Theorem 3.1, if take H = G, then we have the following:

Corollary 3.2. Let G be a group, and P a Sylow p-subgroup of G such that
N¢g(P) is p-nilpotent, where p is an odd prime factor of |G|. If every mazimal
subgroup of P is a CSS-subgroup of G, then G is p-nilpotent.

Corollary 3.3. Let H be a normal subgroup of a group G and p an odd prime
factor of |H|. Also, let F be a saturated formation containing the class Ny, of all
p-nilpotent groups and G/H € F. If Ng(P) is p-nilpotent and every mazimal
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subgroup of P is a CSS-subgroup of G, then G € F, where P is a Sylow p-
subgroup of H.

Proof. It is clear that Ny (P) is p-nilpotent and every maximal subgroup of P
is a C'SS-subgroup of H. By Corollary 3.2, we have that H is p-nilpotent. Now
let H, be the normal Hall p’-subgroup of H, then H, < G. By using similar
arguments such as in the proof of Theorem 3.1, we have that G/H satisfies the
hypotheses of the corollary, so G/H € F by induction. Let F;(i = 1,2) be the
full and integrated formation function such that N}, = LF(F}) and F = LF(Fy),
respectively, then G/Cq(K1/K2) € Fi(q) for every chief factor K1/K> of G with
Ky < Hpy and every prime ¢ dividing |K;/K3|. By Lemma 2.6, we have that
G/Cq(K1/K3) € F(q) for every chief factor K;/Ks of G with Ky < H,y and
every prime ¢ dividing |K;/K3|. Therefore, it follows that G € F. Hence, we
may assume that Hy, = 1 and henceforth H = P is a p-group. So, by the
hypotheses of the corollary, Ng(P) = G is p-nilpotent and therefore G € F. [

Remark. In Theorem 3.1, Corollary 3.2 and Corollary 3.3, the assumption that
" Ng/(P) is p-nilpotent” is necessaey. For example, we consider the group G = Aj
and p = 5. In this case, since every maximal subgroup of Sylow 5-subgroup of
G is 1, we see that every maximal subgroup of Sylow 5-subgroup of G is a
CSS-subgroup of G, but G is not 5-nilpotent.
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