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Abstract. In this article, we introduce the notion of (€, € Vqy)-intuitionistic fuzzy
subsemigroup, (€, € Vg )-intuitionistic fuzzy left (resp. right) ideals, (€, € Vg )-intuitio-
nistic fuzzy bi-ideals and (€, € Vg )-intuitionistic fuzzy (1, 2)-ideals and study some of
its properties. We study the related properties of the (€, € Vgy)-intuitionistic fuzzy
bi-ideals, (1,2)-ideals and in particular, an (€, € Vqy)-fuzzy bi-ideals and (1,2)-ideals
in semigroups will be investigated.

Keywords: (€,€ Vq)-intuitionistic fuzzy subsemigroup, (€, € Vgg)-intuitionistic
fuzzy left (resp. right) ideals, (€, € Vg )-intuitionistic fuzzy bi-ideals, (€, € Vg )-intuitio-
nistic fuzzy (1,2)-ideals.

1. Introduction

The idea of a fuzzy set was first originated by Zadeh in 1965 [1]. Fuzzy set
theory has been shown to be a useful tool to define conditions in which the data
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are inexact or vague. Fuzzy sets theory handle such conditions by attributing a
degree to which a certain object belongs to a set. The concept of fuzzy group
was first proposed by Rosenfeld [2]. The notion of fuzzy semigroups was first
studied by Kuroki in his standard paper [3]. The concepts of fuzzy ideals,
bi-ideals, semi-prime ideals, quasi-ideals of semigroups are initiated by Kuroki
in [4, 5, 6,7, 8,9, 10]. A logical account of fuzzy semigroup was specified by
Mordeson et.al. [11], and they have found theoretical results on fuzzy semigroups
and their use in fuzzy languages, fuzzy finite state machines, and fuzzy coding.
The book of Mordeson and Malik treaties with the application of fuzzy method
to the notions of formal languages and automata [12]. Newly, fuzzy set theory
has been well developed in the context of hyperalgebraic structure theory. Ameri
and Noari in [13] introduced fuzzy hyperalgebras and investigated some vital
results. In [14], Davvaz et.al., initiated fuzzy Hv-ideals in I-Hv-rings. The
concept of fuzzy I'-hypernearrings was initiated by Davvaz in [15]. In [16],
Davvaz originated fuzzy Krasner (m,n)-hyperrings. Sun et al., consider fuzzy
hypergraphs on fuzzy relations in [17]. The notion of “belong to” relation (€)
was intitiated by Pu and Lia in [18]. The concept of a fuzzy point belonging to a
fuzzy subset under natural equivalence on fuzzy subset was proposed by Morali
in [19]. Bhakat and Das in [20], initiated the ideas of (a, 8)-fuzzy subgroups
by using the ”belong to” relation (€) and ”quasi-coincident with” relation (g)
concerning with a fuzzy point and a fuzzy subgroup, and defined an (€, € Vq)-
fuzzy subgroup of a group. Kazanci and Yamak in [21], studied generalized types
fuzzy bi-ideals of semigroups and defined (€, € Vq)-fuzzy bi-ideals of semigroups.
The concept of generalized fuzzy interior ideals of semigroups was studied by
Jun and Song in [22]. Shabir et. al. in [23], characterized regular semigroups
by the properties of (a, §)-fuzzy ideals, bi-ideals and quasi-ideals. S In [24],
Shabir et. al. originated the notion of (€, € Vqi)-fuzzy ideals of semigroups and
characterized regular semigroups by these ideals. Shabir and Mehmood in [25],
initiated the notion of (€, € Vqi)-fuzzy h-ideals of hemirings and characterized
different classes of hemirings by the using the concept of (€, € Vgi)-fuzzy h-
ideals. Aslam et al. in [26], originated the notion of («,)-fuzzy I'-ideals of
I-LA-semigroups and given some characterization of I'-L A-semigroups by («, /3)-
fuzzy I'-ideals:

In 1986, the notion of intuitionistic fuzzy set (IFS) was premised by Atanassov
in [27]. An Atanassov intuitionistic fuzzy set is considered as a generalization
of fuzzy set [1]. In the sense of Atanassov an IFS is characterized by a pair
of functions valued in [0, 1]: the membership function and the non-membership
function. The evaluation degrees of membership and non-membership are in-
dependent. Thus, an Atanassov intuitionistic fuzzy set is most substantial and
brief to designate the spirit of fuzziness, and Atanassov intuitionistic fuzzy set
theory may be more appropriate than fuzzy set theory for dealing with imperfect
knowledge in many problems. Biswas in [28], use the idea of intuitionistic fuzzy
set and initiated the the notion of intuitionistic fuzzy subgroup of a group. Kim
and Jun in [29], originated intuitionistic fuzzy ideals of semigroups. In [30], Kim
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and Lee initiated the notion of intuitionistic fuzzy bi-ideals of semigroups. The
concepts of intuitionistic fuzzy interior ideals of semigroups was initiated by Kim
and Jun in [31]. The concept of intuitionistic fuzzy point was initiated by Coker
and Demirci in [32]. Jun in [33], introduced the concept of (®, ¥)-intuitionistic
fuzzy subgroups. Aslam and Abdullah in [34], initiated the concept of (®, ¥)-
intuitionistic fuzzy ideals of semigroups. Abdullah et.al., in [35], initiated the
concept of (a, B)-intuitionistic fuzzy ideals of hemirings by using the ”belong to”
relation (€) and ”quasi-coincident with” relation (¢) between an intuitionistic
fuzzy point and an intuitionistics fuzzy set, and they defined prime (semi-prime)
(o, B)-intuitionistic fuzzy ideals of hemirings. In [36], Khan et. al. initiated the
notion of (€, € qx)-intuitionistic fuzzy bi-ideals in ordered semigroups.

In this article, we introduce the notion of (€, € gi)-intuitionistic fuzzy bi-
ideal, (€, € gi)-intuitionistic fuzzy (1,2)-ideal of semigroup, and studied re-
lated properties. We also prove that in regular semigroup, every (€,€ qi)-
intuitionistic fuzzy (1, 2)- ideal of semigroup S is an (€, € g )-intuitionistic fuzzy
bi-ideal of semigroup S.

2. Preliminaries

In this section we give some basic definitions and results which are use in this
note. Throughout in this article S will denote semigroup unless otherwise stated.

An algebraic system (S, ) consisting of a non-empty set S together with an
associative binary operation ” -7 is called a semigroup. A subsemigroup of S
is a non-empty set A such that A2 C A. A left (resp. right) ideal of S is a
non-empty set if SA C A(AS C A). It is called two sided ideal of S if it is
both left and right ideal of S. A quasi-ideal @ of S is a non-empty subset of
Sif QS NSQ C Q. A bi-ideal of S is a subsemigroup B of S if BSB C B. A
generalized bi-ideal B of S is a non-empty subset of S if BSB C B. An interior
ideal A of S is a subsemigroup of S if SAS C A. An element "2” of S is called
a regular element if there exists an element a € S such that x = zax. 75" is
called regular if every element of S is regular.

Definition 2.1 ([27]). Suppose X is a non-empty set. An intuitionistic fuzzy
set (briefly, IFS) F' is object having the form

F={(z,\p (z),pp(2)) : x € X}

where the functions Ap : X — [0,1] and pp : X — [0,1] denote the degree of
membership and the degree of non-membership of each element x € X to the
set F', respectively, and A\r (z) + pp (z) <1 for all z € S for simplicity, we use
the symbol F' = (A, up) for the IFS F = {(z, \p (z),pr(x)) :x € X}.

Definition 2.2 ([28]). An intuitionistic fuzzy subsemigroup of S is an IFS
F = (Ap,ur) in S if the satisfy the following conditions:

(IF1) Ap(zy) > Ar(z) A ArR(y),
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(IF2) pr(zy) < pr(x) V pe(y),
Vaz,y€eSs.

Definition 2.3 ([28]). An intuitionistic fuzzy left (resp. right) ideal of S is
an [FS F = (Ap,pp) in S if it satisfy Ap(zy) > Ap(y) (Ar(zy) > Ap(x)) and
pr(zy) < pey) (pr(ry) < pe(z)) for all z,y € S.

Definition 2.4 (][29]). An intuitionistic fuzzy subsemigroup of S is an IF'S
F = (Ap,ur) in S if the following conditions hold:

(IF1) Ap(zy) 2 Ap(x) A Ap(y), Ar(zyz) 2 Ap(x) A Ap(z)
(IF2) pr(zry) < pr(@) V pr(y), pr(ryz) < pr(z) V pr(z)
Yax,y,z€8.

Definition 2.5 ([36]). Let ¢ be a point in a non-empty set X. If ¢;,t2 € (0,1]
are two real numbers such that 0 < t; + ¢t2 < 1, then the IFS (z;(t1,t2)) =
(a,x,,1 —x1_4,) is said to be an intuitionistic fuzzy point (I F P for short) in
X, where t; (resp, ta) is the degree of membership (resp, non-membership)
of (z;(t1,t2)) and x € X is the support of (z;(t1,t2)). Let (x;(t1,t2)) be an
IFP in X and let F' = (Ap,up) be an IFS in X. Then, (x;(t1,t2)) is said to
belong to F, written (z; (t1,%2)) € F, if Ap(z) > t and pp(z) < to. We say that
(x; (t1,t2)) is quasi-coincident with F', written (x; (t1,t2)) qx F, if Ap (x)+t1+k >
1 and pp(z) +t2 + k < 1. To say that (x;(t1,t2)) € Vgp.F' (resp, (z; (t1,t2)) €
AqF) means that (x; (t1,t2)) € F or (z;(t1,t2)) g F (resp, (x; (t1,t2)) € F and
(x; (t1,t2)) @ F') and (x; (t1,t2)) € Vi F means that (z; (t1,t2)) € Vg F does not
hold and ¢; Aty = min {t1,t2}; r1 V ro = max{ry,ra}.

3. (€, € Vg)-intuitionistic fuzzy bi-ideals

In this section, we initiated the notion of (€, € Vg)-intuitionistic fuzzy sub-
semigroup, (€,€ Vgi)-intuitionistic fuzzy left(resp. right, two sided) ideal,
(€, € Vqy)-intuitionistic fuzzy bi-ideal and (€, € Vg )-intuitionistic fuzzy (1, 2)-
ideals in semigroups and investigated some of its properties.

Definition 3.1. An IF'S F = (Ap, pp) in a semigroup S is called an (€, € Vgy)-
intuitionistic fuzzy subsemigroup of S if satisfy the following condition:

(z; (t1,m1)) € F and (y; (t2,72)) € F' = (zy; (t1 At2, 71V 12)) € V@i I, V
x,y €S, kel0,1, t1,te € (0,1] and 71,72 € [0,1)

Definition 3.2. An IF'S F = (Ap, pp) in a semigroup S is called an (€, € Vy)-
intuitionistic fuzzy left (resp. right) ideal of S if satisfy the following condition:

(IFIT) (y; (t,r)) € F = (zy;(t,r)) € V@l (resp. (z;(t,r)) € F =
(xy; (t,r)) € V@R F),Yz,y € S, k€ [0,1), t € (0,1] and r € [0, 1).
Definition 3.3. An IF'S F = (Ap, pp) in a semigroup S is called an (€, € Vgy)-

intuitionistic fuzzy ideal of S, if it is an (€, € Vg )-intutionistic fuzzy left ideal
and (€, € Vqi)-intuitionistic fuzzy right ideal of S.
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Definition 3.4. An IF'S F = (Ap, pr) in a semigroup S is called an (€, € Vgy)-
intuitionistic fuzzy bi-ideal of .S if satisfy the following conditions:

(IFB1) (x;(t1,m1)) € F and (y;(t2,72)) € F = (vy;(t1 Ata, 71 V12)) €
VqF.

(IFB2) (z;(t1,r1)) € F and (z;(t2,7r2)) € F = (xyz;(t1 Ata,r1 Vra)) €
\/qu.

(Vz,y,z € S and k € [0,1))(t1,t2 € (0,1] and r1, 79 € [0,1))

Definition 3.5. An IF'S F = (Ap, pp) in a semigroup S is called an (€, € Vy)-
intuitionistic fuzzy (1,2)-ideal of S if satisfy the following conditions:

(Va,z,y,2 € S and k € [0,1))(t1,t2 € (0,1] and r1,75 € [0,1))

(IF1) (z;(t1,r1)) € F and (y; (t2,r2)) € F = (xy; (t1 Ata,r1 V 1r2)) € V@i F.

(IF2) (z;(t1,m1)) € F and (z;(t2,72)) € F = (za(yz);(t1 Ate,r1 Vra)) €
Vi F.

Theorem 3.6. Let B be a left (resp. right) ideal of S and F = (Ap, pr) be an
IF'S such that

1) (Vz € S\R) (Ap(z) =0 and pp (x) =1),

2) (Vo € S\R) (Ap(z) > 15 and up (z) < 15%),

Then, F' = (Ap,ur) is an (g, € Vgi)-intuitionistic fuzzy left (resp. right)
ideal of S.

Proof. Let z,y € S and t € (0,1], and r € [0,1) be such that (y; (¢,7)) ¢F.
Then, )\F( )+t >1and pr(y) +r < 1. So, y € B. Therefore, zy € B. Thus,
if t < & Eand r > 15k k , then \p (zy) > % >tand pup (zy) < % < r. Hence
(zy; (t,r)> e F.Ift > 1 5% and r < 355 then A (zy)+t+k > 5E+ 54k =1
and pp (zy)+t+k < bf—i—%—i—k = 1. Thus (zy; (¢, r)) qr.F. Hence (zy; (t,7)) €
VqiF. Since t +r < 1, the case t > 1% and r > 1 k does not occur. From
the fact that (y; (t,7)) qiF, if implies that the case ¢ § Lok k and r < 15E k does
not occur. Hence, F = (Ap, ur) is an (g, € \/qk)—intuitionistic fuzzy left ideal of
S. O

Theorem 3.7. Let B be a subsemigroup of S and F = (Ap,up) be an IFS
such that

1) (Vo € S\B) (Ar (z) =0 duF() 1),
2) (Vo € S\B) (Ap (z) > 5% and pp (z) < 15%).
Then, F = (A\p, up) is an (q € Vqy)-intuitionistic fuzzy subsemigroup of S.

Proof. Proof of the Theorem follows from Theorem 3.6. O

Theorem 3.8. Let B be a bi-ideal of S and F = (A\p, pur) be an IFS such that
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1) (Vo € S\B) (Ap (z) =0 duF(x):l),
2) (¥ € S\B) (A (2) > 5% and g (@) < 55
Then, F = (Ap, up) is an (q € Vg )-intuitionistic fuzzy bi-ideal of S.

Proof. Let x,y€S and t1,t2€(0, 1] and r1,r2€[0, 1) be such that (z; (t1,71)) ¢F
and (y; (t2,72)) ¢F. Then Ap (x)+t; > 1 and pp (y)+r1 < 1, and Ap (x)+t3 > 1
and ur (y)+r2 < 1. Hence z,y € B. since Bisa subsemigroup, therefore xy € B
and so, Ap (zy) > 5 k and pp (zy) < 5E k IftAte > EE and r vy < 5 k , then
Ar (xy)+tiAto+k > 1= k-i—l k—H{: =1 and Ur (:cy)+r1VT2+k < Lok k 1= k+k =
1. Hence (zy; (t1 /\tg,rl Vr2)>qu. Ifti ANty < % and r1 V 7y > 1—2"3, then
Ar(xy) > t1 Aty and pp (xy) < 71V re and so, (zy; (t1 Ato,ry \/7‘2)>

< does
not hold. From the fact that (x; (t1,71)) ¢F and (y; (to, r2)> qF, it 1mphes that
ti Aty < %,rl Ve < % does not hold. Hence, F' = (Ap, up) is an (q, € Vg)-
intuitionistic fuzzy subsemigroup of S. Now let, a,b,c € S and t1,t5 € (0,1] and
r1, 72 € [0,1) be such that (z; (t1,71)) ¢F and (z; (t2,r2)) ¢F. Then Ap (z)+t; > 1
and pp (z)+r; < 1,and Ap (2)+t2 > 1 and pp (2)+r2 < 1. Hence z, z € B. since
B is a bi- ideal Therefore xyz € B. Hence Ap (zyz) > l_k and pup (ryz) < 1"“
If ty Aty > 155 and r Vg < 15K k , then A\ (myz)—l—tl/\tg—}—k: > 12k + 12k+k =1
and pp (xyz)+T1V7“2+k < = k+12k+k = 1. Hence, (xyz; (t1 Ata, 1 V 12)) qi F.
Ifty Aty < L2E k and r1Vry > 1 k then, \p (xyz) > ti Aty and pp (zyz) < riVrg
implies that <:Uyz (t1 Ata, 71 \/ 7‘2)> € F. Since t1 + 171 <1 and t3 +ro < 1, the
case t1 Aty > ;k ,r1Vre > 1; does not hold. From the fact that (x; (¢1, r1)> qF
and (y; (tg,r2)> qF, it 1mphes that t1 Aty < S5, 1 Vg < gk does not hold.
Hence, F' = (A\p, pup) is an (g, € Vgg)- mtultlomstlc fuzzy bi-ideal of S. O

Theorem 3.9. Let B be a (1,2)-ideal of S and F = (Ap, ur) be an IFS such
that:

1) (Vo € S\B) (Ar (x) = 0 and pr (x) = 1),

2) (v € S\B) (e (2) > 15% and pr () < 155).

Then, F' = (Ap, ur) is an (q, € Vqi)-intuitionistic fuzzy (1,2)-ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.8. O

Theorem 3.10. Let F = (Ap, pp) is an intuitionistic fuzzy set in S. Then
F = (Ar,ur) is an (€, € Vqi)-intuitionistic fuzzy bi-ideal of S if and only if the
following conditions satisfied:

1) Ar (2y) > Ap (z) A AR (y) A Tk and pp (zy) < pp (z) Ve (y) v 355
2) A\r (zy2) > Ar (2) AXp (2) A S5E and pp (zy2) < pr (2) V e (2) V 352

Proof. Let F' = (Ap,up) is an (€, € Vg )-intuitionistic fuzzy bi-ideal of S.
1) Suppose z,y € S. We consider the following two cases:
i) Ar (2) AP (y) < 152 and pp () V pr (y) > 12k
i) Ap (2) A AR (y) > 55 and jup (2) V o () < 155
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Case i. Suppose that Ap (zy) < Ap () AAp (y)/\% and pp (xy) > prp (z)V
WF (y)\/% Then, A\p (zy) < Ap () AXp (y) and pp (zy) > pp () Vur (y) . We
choose t € (0,1] and r € [0,1) in such a way that Ap (zy) <t < Ap (x) A Ap (y)
and prp (zy) >r > pr () V pr (y) . Then, (z; (t,7)) € F and (y; (t,r)) € F, but
(xy; (1, s)) € Vqi F, which is a contradiction

Case ii. Suppose that, Ap(zy) < 5 and pp(zy) > ﬂ . Then, (z; (%,%»
€ F and (y; (5%, 155)) € F, but <xy, (Q, LEYeva, \/qu, which is a contradic-
tion. Hence, Ap(zy) > Ap(2) AAr(y) A 155 and pp(zy) < pr(z) Vpp(y) v 55

2) Now suppose z,y,z € S. We consider the following two cases:

i) Ap () AAp (2) < 352 and pp (o) V pr (2) > 52

i) Ap (2) A AR (2) > % and prp (z) V pr (2) < 1;2’“

Case i. Suppose that Ap (zyz) < Ap(x) A Ap(2) A % and pp (ryz) >
pr (z) Ve (2) vV A5E, then Ap (zy2) < Ap (a) A Ap (c) and pp (zyz) > pp () V
wur (z). We choose ¢t € (0,1] and r € [0,1) in such a way that Ap (zyz) < t <
Ar (2) AAp (2) and pp (zyz) > r > pp (z) V pr (z). Then, (z;(¢t,7)) € F and
(z; (t,r)) € F, but (xyz; (t,7)) € Vg F, which is a contradiction.

Case ii. Suppose that A
8) € Foand (25 (455, 5%
contradiction. Hence Ap(zyz
pr(z) v AE.

Conversely, suppose that F' = (Ap, up) satisfy (i) and (i7). Let z,y € S,
t1,t2 € (0,1] and r1, 75 € [0,1) be in a way that (x; (t1,71)) € F and (y; (t2,72)) €
F. Then, Ap (z) > t; and pp (z) < ri, Ap(y) > t2 and pp (y) < ro. Now we
have A\p (zy) > A\p () A Ap (y) A % and pp (zy) < pp () V ur (y) V % It
Implies that Ap (xy) > t; Ata A % and pp (xy) <ryVryV % Then, we have
the following two cases.

i) t1 Aty < 155 and ry virg > 55

i)t Aty > LE and rq Vg < 5E k , the other cases does not occurs.

Case i. If t1 ANty < 17 and 71 V rg > Tk, then, Ap (zy) > t1 Aty and
pr (ry) < r Ve, which implies that (zy) (t1 Ate,r1 Vra) € F.

Case ii If th1 Aty > 1% and 71 V re < 12 , then, A\p (zy) > % and
ur (zy) < , which 1mphes that /\F (xy) +ti Aty + k> 15 k + 151@ +k=1
and pp (:Uy)+r1 Vrg+k < 5k 4 12k +k:— 1. Thus, (xy; (tl/\tg,rl\/rg))qu.
Hence, (xy; (t1 Ata,r1V r9)) G \/qu

Now, let z,y,z € S and t1,t2 € (0,1] and r;,79 € [0,1) be in a way
that (x;(t1,71)) € F and (z;(t2,7m2)) € F. Then, A\p(x) > t1 and pp (z) <
r1, A (2) > tg and pp (2) < ro. Now We have Ar (zy2) > Ap (2) A Ap (2) A 155
and prp (zyz) < pp () vV ,up( ) V 455, It Implies that Ap (zyz) >t Ata A 155
and pp (zyz) < Vg v igE Then we have the following two cases.

)tl/\t2< 1= k andrl\/r2> 1

i) tg Aty > 5K Eand r Vg < 2

zyz) < 5% and pp(wyz) > 55 Then, (z; (5%,

F(
)) € F. But (xyz; (12k L k)>€ Vg F, which is a
) 2 Ap(z) AAp(2) A 25" and pp(zyz) < pp(z) v

k
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Case i. If ty Aty < 12E and r{ Vrg > 15—"” then Ap (xyz) > t1 At and

2 )
ur (zyz) < 11V ry, which implies that (zyz) (t1 Ata,r1 V 1ra) € F.
Case ii: If t1 Aty > % and 71 V rg < l;zk, then A\p (zyz) > % and

pr (vyz) < 5%, which implies that Ap (vyz) +t1 Ata + k> 55+ 12k 4 k=1
and pp (zyz)+r1Vro+k < 355+ 155 + k= 1. Thus, (zyz; (t1 Ata, 71V 72)) g F.
Hence, (zyz; (t1 Ata,r1 V ra)) € Vi F. O

Every intuitionistic fuzzy bi-ideal and an (€, € Vq)-intuitionistic fuzzy bi-
ideal is an (€, € Vgi)-intuitionistic fuzzy bi-ideal of a semigroup S. But the
converse is not true. For this we have the following example.

Example 3.11. Let S = {a, b, ¢,d, e} be a semigroup with the following table.

LI (|||
ool
oclo|lolelalo

[SEETEECHE-NE~N e

DI O S Q
ISEESHESH RS ESH BS]

Let F' = (Ap,ur) be an IFS is a semigroup S, defined by Ap (a) = Ap (¢)
0.3, Ar (b) = Ar(e) = 0.6, Ap(d) = 0.5 and prp(a) = pr(c) = 0.2, pr (b)
pur(e) = 0.3, pur (d) = 0.5. Take % = 0.2. Thus by simple calculation F' =
(Ar,ur) is an (€, € Vqo¢)-intuitionistic fuzzy bi-ideal of S. But F' = (Ap, up
is not an (€, € Vg)-intuitionistic fuzzy bi-ideal of S nor an fuzzy bi-ideal of S.

i.e,

)\F(d'e'd):)\F(C):0.3140.5:)\F(d)/\)\p(d)/\0.5
and)\F(d-e-d):)\F(c):O.SfO.SzAF(d)/\)\F(d)

Remark 3.12. From above example we say that an (€, € Vgg)-intuitionistic
fuzzy bi-ideal of S is a generalization of an(€, € Vq)-intuitionistic fuzzy bi-ideal
and fuzzy bi-ideal of S.

Theorem 3.13. Let F = (Ap, pp) is an intuitionistic fuzzy set in S. Then
F = (Ap,ur) is an (€, € Vqi)-intuitionistic fuzzy (1,2)-ideal of S if and only if
the following conditions satisfied:

i) Ar (zy) = Ap (2) AAp (y) A 5E and pp (zy) < pr () Vope (y) v 155
1) Ap (za (yz)) > Arp (2) AAp (2) A % and pp (za(yz)) < pp(x)Vur (2)V
—k
2
Proof. Proof of the Theorem follows from Theorem 3.10. O

Lemma 3.14. FEvery (€, € Vqyi)-intuitionistic fuzzy left (resp. right) ideal of S
is an (€, € Vqx)-intuitionistic fuzzy bi-ideal of S.
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The converse of the above Lemma not true. For this we have the following
example.
Let S = {a,b,c,d} be a semigroup with the following table:

al|blc|d
alalclala
blalal|ala
clblalald
dlal|al|d|a

(a) : Let FF = (Ap, up) be an I F'S defined by, Ar (a) = 0.6, Ap (b) = 0.5, Ap (¢) =
0.3, A\r(d) = 0.2 and pp (a) = pr (b) = 0.6, pur (¢) = pr (d) = 0.4. Then F =
(Ap, ur) is an (€, € Vqp.3)-intuitionistic fuzzy bi-ideal of S, where % = 0.3.
Clearly it is not an (€, € Vq)-intuitionistic fuzzy bi-ideal nor intuitionistic fuzzy
bi-ideal of S. Because, Ap (a-b) = Ap(c) = 0.3 # 0.5 = Ap (a) A Ap (b) A 0.5
and Ap (a-b) = Ap(c) =0.3 20.5=Ar(a) AAp (b). Also Ap (c-d) = Ap (d) =
0.2 # 0.3 = Ap (c) A 5%, Which shows that F' = (Ap, up) is not (€, € Vqo.3)-
intuitionistic fuzzy right ideal of S.

(b) : Let F = (Ap,ur) be an IFS defined by, A (a) = 0.7, Ap (b) = 0.3,
Ar () = 04, Ap(d) = 0.2 and pp(a) = prp(b) = 0.2, pur(c) = pr(d) =
0.32.Then F = (Ap,pur) is an (€, € Vqo.3)-intuitionistic fuzzy bi-ideal of S.
Clearly it is not an (€, € Vqg)-intuitionistic fuzzy bi-ideal nor intuitionistic fuzzy
bi-ideal of S. Because, Ap (c-a) = Ap (b)) = 0.3 # 0.5 = Ap (¢) A Ap (a) A 0.5
and A\p (C . a) = Ap (b) =0.3 }_4 0.5 =Ap (C) A AR (a) . Also \p (d . C) = Ap (d) =
02#03=Ap(c)A % Which shows that F' = (A\p, up) is not an (€, € Vqo.3)-
intuitionistic fuzzy left ideal of S.

Lemma 3.15. (i) Every (€ Vqg, € Vqi)-intuitionistic fuzzy bi-ideal of S is an
(€, € Vqi)-intuitionistic fuzzy bi-ideal of S.

(i) Every (€, € Vq)-intuitionistic fuzzy bi-ideal of S is an (€, € Vqi)-intui-
tionistic fuzzy bi-ideal of S.

(7i1) Every (€, €)-intuitionistic fuzzy bi-ideal of S is an (€, € Vqy)-intuitio-
nistic fuzzy bi-ideal of S.

Proof. Straightforward. O

Examples 3.11 and 3 shows that the converse of the above Lemma 3.15 is
not true in general.

Lemma 3.16. Let {F;},.; be a family of an (€, € Vqy)-intuitionistic fuzzy bi-
ideal of S. Then (\;c; F; is an (€, € Vqy)-intuitionistic fuzzy bi-ideal of S, where
Nier Fi = (Nier Ap, Vier 1r) -

Proof. Straightforward. O
Lemma 3.17. Let {Fi},c; be a family of an (€, € Vqy)-intuitionistic fuzzy bi-
ideal of S. Then | J;c; F; is not an (€, € Vqy)-intuitionistic fuzzy bi-ideal of S,
where U;er Fi = (Nier AFis Vier 1F, ) - For this we have the following ezample.
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Example 3.18. Let S = {a,b,c,d} be a semigroup with the following table:

d

QIO

ISII SNl ST ST IS
QIR0

a
a
d
a

QIO [T

Let E = (Ag,ug) and F = (Ap, ur) be two IFS’s of semigroup S defined by
Ap(a) = 0.7, Ap (b) = 0.5, Ag (¢) = Ag (d) = 0.3 and ug (a) = pg(c) = 0.5,
UE (b) = UE (d) = 0.2, and )\F (a) = 0.8, >\F (b) = )\F (d) = 0.3, )\F (C) =04
and pp(a) = pp (b) = 0.5, up(c) = pp(d) = 0.3. Then, both E = (\g, ug)
and F = (A\p,up) are an (€, € Vqo.4)-intuitionistic fuzzy bi-ideals of S, where
155 = 04. But EUF is not an (€, € Vqo.4)-intuitionistic fuzzy bi-ideal of
S. ie, ()\E V )\F) (bc) = ()\E vV )\F) (d) = A\g (d) V g (d) = 0.3 V0.3 = 0.3 and
(Ae VAR) (DAAE V AR) ()AFE = 050040155 = 0.4. Hence (Ag V AF) (bc) =
0.3£04=AgVAr)(b) ANV AR (c) ALFE

Theorem 3.19. Let {F;},.; be a family of an (€, € Vqy)-intuitionistic fuzzy bi-
ideal of S such that F; C Fj or F; C F; for alli,j € I. Then | J;c; F; is not an
(€, € Vai)-intuitionistic fuzzy bi-ideal of S, where J;c; Fs = (Vier Ars Nier 1) -

Proof. For all z,y € S, we have

<\/ AF; (ww) = VOnr @)=V (AFi (@) A AR, () A 1;’“)

i€l i€l i€l
= )\Fi (‘73) A /\Fi (y) A Lok
2

iel iel
el iel

It is clear that

\/ (AFZ- (2) A A, (4) A 1;"’) < (\/ AE_) (2) A (\/ AE) w5

iel iel
Suppose that

1—k 1—k
V<MM@AAEQDA2:>#<VAE>QAA<VAE>@W\ZZ.
el el el
Then there exists ¢ such that

\/ ()\Fi () A AR (y) A 1;]{;) <t< (\/ )\FZ) () A (\/ )\Fi> (y) A %

icl i€l el
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Since A\g, C AR, or Ap; © AR, for all 4,5 € I, thus there exists k € I such that
t < Ap, () A AR, (y) A % On the other hand t > Ap, () A g, (y) A % for all
i € I, a contradiction. Hence

V (A @ aan ) n 150 ) = (\/ AE) (@) A (\/ AFi) A E

iel el il

and

( A s, (:Uy)) )

i€l iel
< A (1 @) v ) v 5
= Aun @V Nr, @)V
el el
= (/\ uFZ) () v (/\ ;m) v
i€l i€l

It is clear that
1-k 1-k
A <uFi (x) V pr, (y) V 2) > (/\ uFi) (x) v (/\ m) (W) vV ——
iel il
Suppose that
1-k 1-k
A (e @)V s v 255 2 (/\ uFi) () v (/\ m:) W)V Iy
iel il
Then there exists r such that
1-k% 1—-k
/\ <MF¢ (Jj) V pF (y) v 2> >r> (/\ :U’Fi> (m) N (/\ NF«;) (y) v ?
iel il iel
Since pp, C ppj or pp; € pp; for all 4,5 € I. Thus there exists k € I such that

r > pp, (2) V g (y) V 355 On the other hand, r < pp, (z) V pp, (y) vV 15E for
all ¢ € I, which is a contradiction. Hence,

/\ (“Fi (@) V pr; (y) v 1;k> = </\ ME) () v (/\ ,UF1> (y) Vv %

iel el i€l
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Let a,b,c € S, we have

(\/ Ar <fvyz)> =V O (wy2) =/ (AFZ. () A g, (2) A 1;’“)

el el el
=\ on @AV g () a8
2

el el
— (\/ AFZ) (z) A (\/ )\Fl) (2) A %
i€l i€l

and

(/\ HE; (:cyz)> = /\ (ur, (xyz)) < /\ <NF1- (x) V ur (2) V 1;’“)

iel icl icl
1-k

el i€l

_ (/\ uFi) () V (/\ un-) (2) v %

il i€l

Hence, U;c; Fi = (Vie1 Ars Nieg r) is an (€, € Vg )-intuitionistic fuzzy bi-
ideal of S. Ul

Definition 3.20. Let £ = (Ag,ug) and F = (Ap,up) of S. Then, the lgk—
product of E and F' is defined by:

Eoix F = <>\E 01k AR, UE O1-k MF>
2 2 2
B \/a:xy ()\E () N AR (y)/\%) ifa=uxy
(AE oLt )\F) () = { 0 if a#xy
_ Naeay (12 () V pr (y) v 155) if a = 2y
(’UEO%MF)(G) B {O if a+# xy
Enie I = <)\E Nk Ap, g Vi-k ,UF>
2 2 2
1—k
()\E A )\F) () = Ag (@) AAr (@) A=
1-k
(e Visk pr) (@) = pe (@) V e (a) vV ==

Remark 3.21. Let B, F,G,H are IFS's of S such that E C F and G C H.
Then Fo1-x FC Goix H.
2 2

Lemma 3.22. Let E = (Ag, ug) and F = (A\p, up) be (€, € Vqy)-intuitionistic

fuzzy bi-ideal of S. Then E Ni_x F is an (€, € Vqy)-intuitionistic fuzzy bi-ideal
2

of S.
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Definition 3.23. An (€, € Vg)-intuitionistic fuzzy bi-ideal F' = (Ap, up) of S
is said to be %—idempoten‘c if Foi_x FF=F.
2

Lemma 3.24. Let F = (\p, up) be an (€, € Vqi)-intuitionistic fuzzy subsemi-
group of S. Then Fro,_, F CF.
2

Lemma 3.25. Let E = (Ag, ug) and F = (A\p, up) be an (€, € Vg )-intuitionistic
fuzzy bi-ideals of S. Then F o1 x F C 1oy x F.(resp. Forx FC FEoy g 1).
2 2 2 2

Theorem 3.26. Let F' = (\p, ur) be an (€, € Vqy)-intuitionistic fuzzy bi-ideal

of S. Then, Foi1x So1x F C F, where S =(1,0), 1(a) =1 and 0(a) =0 for
2 2

alla e S.

Proof. Let x € S. Then we have the following two cases:
(i) If  # ab Ya,b € S.
(ii) If = = ab for some a,b € S.
Case (i). If a # xy, then

1—k
<)\Foﬂ 101;19)\}7‘) () =0 < Ap(x) N ——
3 2 2
and
1—-k
(MFOMOOQM& () =1>pp(x)V ——.
2 2 2
Thus, Foi_x Soi1_x F'C F.
3 3
Case (ii). If z = ab for some z,y € S, then
(}\Folfk loik )\F) (1‘): \/ )\F(CL)/\(l O1-k /\F> (b)/\ﬂ
= T2 A 2 2
1—k 1—-k
=V (A @Aq VIO AR @A~ b A —
r=ab b=pq
1—-k
= \/ \/ {)\F(x)/\l/\)\F(Q)/\2}
r=ab b=pq
1—k
z=apq

Since * = ab = a(pq) = apq and F = (Ap, up) is an (€, € Vgi)-intuitionistic
fuzzy bi-ideal of S, therefore we have Ap (apq) > Ap (a) A Ar (q) A % Hence,

V Pe@are@nt3th < Vo Oelaa) =re@

r=apq r=apq

()\F o1k lo1s )\F> (z) Ar (z)

IA
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and

= A A {MF(G)VOVMF(Q)Vlgk}

r=ab y=pq

:z/(} {MF(G)VMF(q)V2}-

Since x = ab = a (pq) = apq and F = (Ap, up) is an interval valued (€, € Vgy)-
intuitionistic fuzzy bi-ideal of S, therefore we have up (apq) < pr (a) V pr (¢) V
1;2]“. Hence,

A {MF(a)vMF(q)vlgk}< N Aur (apg)} = pr (x)

r=apq a=rpq
(MF 01—k 001k MF) () < prp(z).
2 2
Thus, Foi_x Soi_x F'C F. ]
2 2

Theorem 3.27. Let F = (Ap,ur) be an IFS. Then F = (Ap,ur) is an
(€, € Vq)-intuitionistic fuzzy subsemigroup of S if and only if Fo1_x F C F.
2

Theorem 3.28. An IFS F = (Ap, up) of S is an (€, € Vg )-intuitionistic fuzzy
bi-ideal of S if and only if the following condition satisfied.

(i) Forx FCF,

(i4) Fof_Tk Sors FCF.

Proof. Let FF = (A\p,ur) be an interval valued (€, € Vg )-intuitionistic fuzzy
bi-ideal of S.Then, by Lemma 3.24 and Theorem 3.26, we have Fro1_x FF C F
and F oy, Soi_, FCF. ’

ConveQrsely, assume that condition (1) and (u7) satisfied. Let z,y € S be such
that a = xy. Then, we have

Ar(zy) = Ar(a) > (Arors Ar) ()

=V {)\F(p)/\)\F(Q)/\lgk}

a=xy

A () Ae () 1

v
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and

pr(zy) = pr(a) < (MF 01k MF) (a)

= A {NF(P)\/MF(Q)\/lgk}

a=pq
1-k

< prP)Vpr @)V ——

Now, let x,y,z € S such that a = zyz. Then, we have
A (eyz) = Ar(a) = (Arors Lok Ar) (a)

el
— ai{,q{AF(p)/\<q\=/st{1/\)\F(8)/\1;k}>Al;k}
= \/ \/{)‘F(p)/\)\F(s)/\lgk}

>V P a 5t
> /\F(.CC)/\)\F(Z)A%
and
pr (zyz) = prp (a)é(uF o1k 0oLk uF) (a)

ol e)
ol )

AN IA
I > Il > |
=

A
=
B
O
<
=
|
X
<
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Hence, F' = (Ap, ur) be an (€, € Vg )-intuitionistic fuzzy bi-ideal of S. O

Theorem 3.29. An IFS F = (Ap, ur) of S is an (€, € Vi )-intuitionistic fuzzy
left (resp. right, two sided) ideal of S if and only if it satisfied:
Soixy FCF (FOMSQF, SoﬂFgFandFoﬂSQF).

2 2 2 2

Proof. Straightforward. O

Theorem 3.30. Let E = (A\g, ug) and F = (Ap, ur) be two (€, € Vg )-intuitio-

nistic fuzzy bi-ideal of S. Then A = Fo, i F is an (€, € Vqy)-intuitionistic fuzzy
2

bi-ideal of S.

Proof. Let E = (Ag,ug) and F = (Ap,ur) be two (€, € Vgi)-intuitionistic
fuzzy bi-ideal of S and a € S. Then we have two cases:

(i) If  # ab for any a,b € S. (i) If x = ab for some a,b € S.

Case i. If x # ab for any a,b € S, then

(e ) i (o 3)) =15 (e 1) 0
and
(o ) g (e ) 01 =02 (s )

Thus, Aoi—x A C A.
2
Case ii. If x = ab for some a,b € S, then

(e o de) ore (Ao oz 2r)) @)
= \/ {()\E 01k AF) (z) A ()\E O1-k AF) (y) A 1;k}

a=zy

_ [V ompg (3 (0) A Ar (0) A 155 ] 1
) \/{ Voo {2 () A r (1) 1 155
= VYV \/{{ ) A (g) A 1;]{:}/\)\15(8)/\)\}:(75)/\1;]{:}

a=xy r=pq y=st

= \/ \/ \/{AE(p)/\)\E(S)/\)\F@)/\:l;k}

a=xy r=pq y=st

< VYV \/{AE ME()H;’“MF(@}}.

a=xy r=pq y=st

a=zy

Since a = xy, z = pq and y = st. So, a = (xy) (st) = (pgs)t and we have

V YV V Pemaree a5 o

a=xy r=pq y=st

< \/ { /\)\E(S)/\lgk/\)\p(t)}.

=(zys)t
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Since E = (A\g, ug) is an interval valued (€, € Vgy)-intuitionistic fuzzy bi-ideal
of S we have 1k
Mg (zys) > Ag (2) A A (s) A %

So,

V Pewareea Gt ien)

a=(zys)t
< \/ AE (zys) A A ()/\ﬂ
S E XY E\S 5
a=(zys)t
1—-k
<a\{v{AE /\)\E()/\2}

= ()\E 01k )\F> (a).

Therefore, (()\E o1 )\F) o1 ()\E oL >\F>> (a) < ()\E oL )\F> (a) . Now,

(e o me) oocs (e onsir) ) @
= /\ {(ME T ,UF) () V (ME 01k MF) (y) v 1216}

a=zy

:aéy{x@)q{w(p)vw(q)vlgk}v A {IUE(S)\/,UF(t)\/ 1;k}v 1;k}

y=st

- A A Ao vieov G e fwo v oy S

a=xy r=pq y=st

= A A /\{NE(p)\/NE(S)\/NF()VI;k}}

a=xy r=pq y=st

> /\ /\ /\{ME VME()VlJCVMF(t)}}-

a=xy r=pq y=st

Since a = xy, * = pq and y = st. So, a = (vy) (st) = (pgs)t and we have

/\ /\ /\{ME \/HE()VlgkvﬂF(t)}}

a=xy r=pq y=st

> A {ME(p)VME(S)Vlgk\/MF <t>}}-

a=(zys)t

Since E = (Ag, 1) is an interval valued (€, € Vg )-intuitionistic fuzzy bi-ideal

of S we have
1—k
pe (vys) > pp (x) vV pe (s) Vv 5
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So,

A Aoy 6 v v o))

a=(zys)t
1—-k
> (zys) (s) vV ——1}
- a(/z\ys)t {ME ’ \/ME ! 2 }
> Z\ {,uE (u) V pup (v) VvV 151{;} = (;LE o1k MF) (a).

Therefore, ((HE O1-k MF) O1-k (,UE O1-k MF)) (a) > (,uE O1-k ,up) (a) and hence
Aoir AC A. Thuzs, A= Eéﬂ Fis 2an intutionistic (€, € 2\/qk)—intuitionistic
fuzzy? subsemigroup of S. ’

Now, let a,b,c € S. Then,

(e oz Ar) @8 (s orgs dr) ) (018 ==
=V (@ >A12’“}A V oo mae@a 5 Lt

s 2 2
e 5 21
<a\40y{AE w()AAE(p)AAF(q)Al;’“}

é\/\/{)\E /\)\F()/\)\F(q)/\lgk}.

Since a = zy and ¢ = pq, so abc = (zy) b (pq) = (x (yb) p) ¢ and we have

V V Pe@nremare@nt;t]

a=xy c=pq

<V {{)\E () A AF (3) /\1;k} A (q)}.

abe=(z(yb)p)q

Since E = (Ag, 1) is an interval valued (€, € Vg )-intuitionistic fuzzy bi-ideal
of S we have
—k

AE (z (yb)p) = Mg (x) A A (yb) A 5
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So,
1-k
V A{Pe@avwn i ove]
abe=(z(yb)p)q
1-k
<V {sewmnoroa Gt
abe=(z(yb)p)q
= ()\E O1—k )\F> (abc) .
2
Thus,
<)\E O1-k )\F> (abc) > (}\E O1-k )\F) (a) VAN ()\E O1-k )\F) (C) AN il
= - 2 2 2

and

(s 3e) 0 (e 3)) 015

:{aiy{AE@)AAF(y) - }} {\/AE ) A (a) 1 1;’“}A1;’“

:a\é C\/ {{ AAF<)Algl"}Ac{in(p)mF(q)A1;’“}A1;k}
<V V {{AE MF<>ME<p>MF<q>}A1;’“}
sa\é C\/ {AE(x)MF(y)MF(q)Al;’“}.

Since a = xy and ¢ = pq, so abc = (zy) b (pq) = (x (yb) p) ¢ and we have

V V fre@areeane a5t

a=xYy c=pq

<V A{{r@rmconSt o).

abe=(z(yb)p)q

Since E = (A\g, ug) is an interval valued (€, € Vg )-intuitionistic fuzzy bi-ideal
of S we have

k

A (& (99) ) > A () A A (gb) A+
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So,
1—k
V  A{Pe@avwn i ovo]
abe=(z(yb)p)q
1—k
<V {sewnoron Gt
abe=(z(yb)p)q
= ()\E O1-k Ap) (abe) .
2
Thus,
1—
()\E o1t )\p) (abc) > (AE 011 )\F) (@) A (AE 011 )\F> (€) A ?’“

and

((,UE 01k MF) (a) v (ME 01k MF)) (c)
Y
v L=k

_ axy{ME \/:U’F 2

Neepg 112 (0) V pir (g }
_ {pe (z \/MF ) ' }
- A A e )

1-k%
< A Afrrt qu<y>qu<p>wF<q>v2}
a=xy c=pq

< /\ /\{ME )V AR (y )VMF(Q)Vlgk}

Since a = zy and ¢ = pg, so abc = (zy) b (pq) = (x (yb) p) ¢ and we have

A A {ME (x)VNF(y)VMF(Q)VIQk}

a=IYy c=pq

< A A{movieoviE e

abe=(z(yb)p)q

135

Since E = (Ag, pg) is an (€, € Vg )-intuitionistic fuzzy bi-ideal of S we have

1-k

pe ( (yo) p) 2 pp (2) V pp (yb) V —5

So,

A {{NE (x) V ur (y)\/lgk} Vpr (Q)}

abe=(z(ydb)p)gq

< A {uE@(yb)p)qu(q)vl;k}:(qul_QkuF)wbc).

abe=(z(yb)p)q
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Thus,

1-k

<ME 01k MF) (abe) < <ME 01k MF) (a) v (ME 01k MF) () V——

Hence, A = F o, F is an intutionistic (€, € Vg)-intuitionistic fuzzy bi-ideal
2

of S. UJ

For any intutionstic fuzzy set F' = (Ap, up) in S and t € (0,1],r € [0,1), we
denote F(; ) = {z € S: (z;(t, 7)) '} and [F]; .y = {x € S : (z; (L, 1)) € VarE}.

Obviously, [F](t,r) = Fiur) UU(r), where Uy, Fiy,) and [F}(t’r) are called
€-level set, gi-level set and € Vgy-level set of F' = (A, up) respectively.

Theorem 3.31. AnIFS F = (Ap, up) of S is an (€, € Vg )-intuitionistic fuzzy
left (resp. right) ideal of S if and only if for allt € (0,1] and r € [0,1), the set
Uiy # 0 is a left (resp. right) ideal of S.

Proof. Let F' = (Ap,ur) be an (€, € Vg )-intuitionistic fuzzy left ideal of S
and U,y # 0 for all t € (0,1] and r € [0,1). Let y € Uy, and x € S. Then,
Ap (x) >t and Ap (z) < r. Since

1—k 1-k
)\F(xy)Z)\F(x)/\)\p(b)/\TZt/\TZt

and
1—k 1-k
pr (2y) < pr @)V ur (y)V —5— SrV—— <7
So, zy € Uy,. Hence Uy ) # () is a left ideal of S.

Conversely, Let F' = (Ap,pur) be an intutionistic fuzzy set in a way that
Uy # () is a left ideal of S. Assume that there exists x,y € S such that
Ar (zy) < Ar (y) A 355 and pp (vy) > pr (v) V 155, We choose ¢ € (0,1] and
r € [0,1), then A\p (zy) < t < Ap(y) A % and pp (xy) > r > pp(x) VvV %
Then y € Uy, but xy ¢ Uy, which is a contradiction. Hence, A\r (zy) <
Ar (y) AE and pp (2y) > pr () v 152 O

Theorem 3.32. AnIFS F = (Ap, up) of S is an (€, € Vqy)-intuitionistic fuzzy
bi-ideal of S if and only if for all t € (0,1] and r € [0,1), the set U,y # 0 is a
bi-ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.31. O

Theorem 3.33. An IFS F = (Ap, ur) of S is an (€, € Vi )-intuitionistic fuzzy
(1,2)-ideal of S if and only if for all t € (0,1] and r € [0,1), the set Ug ) # 0
is a (1,2)-ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.31. OJ
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Theorem 3.34. An IFS F = (Ap,ur) of S is an (€, € Vqi)-intuitionistic
fuzzy subsemigroup of S if and only if for all t € (0,1] and r € D|0, 1), the set
[F] 4y # 0 is a subsemigroup of S.

Proof. Let z,y € [F],,. Then, Ap (z) > t and pp (z) < ror Ap (z)+t +k > 1
and pp (z)+r+k <1,and Ap (y) > tand pr(y) <ror Ap(y)+t+k>1and
wr (y) + 7+ k < 1, thus we have the following four cases:
i) A\p(z) > tand pp () <r,and Ap (y) >t and pp (y) <7,
i) Ap (z) > tand pp (x) <rand Ap (x)+t +k > 1and pp (y) +r+k <1,
iii) A\p (z)+t+k>1and pur (y)+r+k <1,and Ap (y) >t and pr (y) <,
) Ap(z)+t+k>1and pup(y) +r+k <1,and A\p (y) +t+k > 1 and
pr(y) +r+k <1

For the first case, by Theorem 3.10 (i), it implies that

(
(
(
(

1—k 1—k Lk e > 1ok
A > A A =t =¢ 27 2
F(zy) > Ar () ANAp (y) A 5 A 5 {t, iftg%
and
1—k
pr (ry) < NF(‘T)\/MF(Q)\/72
-k 1-k
_ T\/ﬂ: 177 1f$<T
2 r, if r < 158

and hence, Ap(zy) +t+k > 55 + 55 4k = 1 and pp(zy) +7+k <
% + % + k = 1 which implies that (zy) (¢,7) g F or xy € F(;,y. Hence
vy € Uy U Fypy = [F) (t,r)- For the second case we assume that ¢ > % and
r < % Then 1—t < % and 1—7r > % IfAr () > AR (y)/\% and pp (z) <
pr (y)VISE, then Ap (z) > Ap (y)ASE > 1—tand pp (y) < pr (y)Vi5E < 1-r
and if \p (y) > Ap (y)/\% and pp (z) < pp (y)\/%, then A (zy) > Ap (z) >t
and pp (vy) < pr(z) < r. Hence, xy € Uy, U Fiypy = [F](t,r)’ Now suppose
that ¢ < %amdrz % Then 1 — ¢t > % and 1 —r < % If \p (y) >
Ar(2) AR and pp (y) < pr(2) V455, then Ap (zy) > Ap (y) A 55E > ¢
and pp (z) < pp(y) V555 < rond i Ap(y) < Ap (@) A 55E and jup (y) >
wr (z) V 1;2]“, then Ap (xy) > Ap(y) > 1 —t and pp(2y) < pp(y) < 1-—r.
Hence, ab € Ug) U Fi1p) = [F];,)- We have similar result for the case (iii).
For the case four, if ¢ > % and r < % Thenl — ¢t < % and 1 —r > %
Hence,
1-k

Ar(zy) > )\F(x)/\)\F(y)/\T

_ %>1—t, if Ap () A Ar (y)
Ar () AAR(y) > 1—t, if Ap(z) A Ar ()

ANAY
— —
w‘l w‘l
Eol ol
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and
1—k
pr(zy) < MF(HT)VMF(ZJ)V?
_ JeE<1en if pr (2) V pr (y) < 15
pe (@) Ve (y) >1—r,  if pp () Ve (y) > 55

and hence zy € F(t,r) C [F](t,r). Ift < % and r > %, then % <1-—tand
% > 1 — 7. Thus,
1-k

Ar(zy) > )\F(x)/\)‘F(y)/\T

E > ¢, if \p () A Ap (y) >
)\F(x)/\)\p(y)>1—t, if)\p(:c)/\)\p(y)<

—
|
>

N
>

[y
[\

and
1—-k
pr (ry) > MF(QT)/\MF(ZJ)A?
_ J5Es if pp (2) V opr (y) < 5E
pp () Ve (y) <1—7r  if pp () Ve (y) > 55

which implies that 2y € U,y U Fiy ) = [F] (tr) -

Conversely, assume that F' = (Ap,pup) is not an (€, € Vgi)-intuitionistic
fuzzy subsemigroup of S. Then, there exists x,y € S such that A\p (zy) <
Ar (2) AAp (y) A 52 and pp (2y) > pr (@) V pr (y) V 155 Let

(=5 e+ e () m e () A 5

2

and

1 1-k
r=5 MF(ﬂCy)JFMF(?C)VMF(y)VT :
Then,

1-k
)\p(my)<t<)\p(x)/\)\p(y)/\T

and
1-k
pr (2y) > 1> pp () Ve (y) vV ——.

Which implies that z,y € [F],) and zy € [F] . Hence, Ap(zy) > t and
pr(xy) < ror Ap(zy) +t+k > 1 and pp (vy) +r + k < 1, which is con-
tradiction. Therefore, we have Ap (zy) > Ap (2) A Ar (y) A 5% and pp (vy) <
pr (z) V pp (y) V55 Thus, F = (A\p, pup) is an (€, € Vg)-intuitionistic fuzzy
subsemigroup of S. O
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Theorem 3.35. An IFS F = (Ap, ur) of S is an (€, € Vqy)-intuitionistic fuzzy
left (resp. right) ideal of S if and only if for all t € (0,1] and r € [0,1), the set
[Fl(ry # 0 is a left (resp. right) ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.34. UJ

Theorem 3.36. An IFS F = (Ap, ur) of S is an (€, € Vqy)-intuitionistic fuzzy
bi-ideal of S if and only if for all t € (0,1] and r € [0,1), the set [F]; .y # 0 is
a bi-ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.34. O]

Theorem 3.37. An [FSF = (\p,ur) of S is an (€, € Vqi)-intuitionistic fuzzy
(1,2)-ideal of S if and only if for all't € (0,1] and r € [0,1), the set [F]; .y # 0
is a (1,2)-ideal of S.

Proof. Proof of the Theorem follows from Theorem 3.34. O

Theorem 3.38. Every (€, € Vq)-intuitionistic fuzzy bi-ideal of S is an (€, €
V@) -intuitionistic fuzzy (1,2)-ideal of S.

Proof. Straightforward. O

Theorem 3.39. In a regular semigroup every (€, € Vqi)-intuitionistic fuzzy bi-
ideal of S is an (€, € Vqy)-intuitionistic fuzzy left (resp. right) ideal of S.

Proof. Suppose S is regular, then every bi-ideal of S is left (resp. right) ideal
of S. Let F' = (Ap,ur) be an (€, € Vqi)-intuitionistic fuzzy bi-ideal of S and
z,y € S, xSz is a bi-ideal of S. Then aSa is a right ideal of S. Since S is
regular, thus we have ab € (aSa) S C aSa, this implies that xy = xyx for some
y € S. Also since F = (Ap, up) is an (€, € Vg )-intuitionistic fuzzy bi-ideal of
S. It implies that

1—k 1—k

Ar (zy) = Ap (xyz) > Ap () A AR (2) A 5 > Ap(x) A S

and

1—k 1—k

pr (2y) = pr (eyx) < pp @)V pr (@) V —5— < pr (@) V —5—

Hence, F' = (Ap, ur) is an (€, € Vgg)-intuitionistic fuzzy right ideal of S. [

Theorem 3.40. In a reqular semigroup every (€,€ Vqi)-intuitionistic fuzzy
(1,2)-ideal of S is an (€, € Vqi)-intuitionistic fuzzy left bi-ideal of S.

Proof. Let S be a regular semigroup and F' = (Ap,up) is an (€, € Vgi)-

intuitionistic fuzzy (1,2)-ideal of S. Let a,b,x € S. Since S is regular, we

have az € (aSa) S C aSa, this implies that ax = asa for some s € S. Thus
1—k

Ar(azb) = Ap((asa)b) = Ap(ax(ab)) > Ap(a) A Ap(a) A Ap(b) A —5
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and up(axb) = pr((asa)b) = pr(ax(ab)) < pp(a)Vpr(a)V ppd)V 15—"” Hence,
F = (Ap,ur) is an (€, € Vg)-intuitionistic fuzzy bi-ideal of S. O

Theorem 3.41. Let F' = (Ap, pup) is an (€, € Vqi)-intuitionistic fuzzy bi-ideal
of S. If S is completely reqular and Ap (a) < %, and pp (a) > % for all
a €S, then F (a) = F (a?) for alla € S.

Proof. Straightforward. O

4. Conclusion

It is recognized that semigroups are basic algebraic structures in several applied
branches like automata and formal languages, coding theory, finite state ma-
chines and others. Due to these prospects of applications, semigroups are now
widely studied in fuzzy setting. An intuitionistic fuzzy set is more substantial
and brief to designate the essence of fuzziness. Intuitionistic fuzzy set theory is
more appropriate than the fuzzy set theory for dealing with imperfect knowledge
in several problems. In the structural study of semigroup, we notified that intu-
itionistic fuzzy ideals with superior properties continuously play an significant
role. The intuitionistic fuzzy point of a semigroup S is basic tools to define the
algebraic subsystems of S. So, we combined the above notions and initiated new
types of intuitionistic fuzzy bi-ideals and (1,2)-ideals of semigroups which are
said to be an (€, € Vg )-intuitionistic fuzzy bi-ideal and (€, € Vg )-intuitionistic
fuzzy (1,2)-ideal. The results in the paper are generalizations of results about
ordinary (€, € Vq)- intuitionistic fuzzy ideals in semigroups. In future, we will
focus on the following topics:

(1) Characterizations of regular semigroups by the properties of (€, € Vg )-
intuitionistic fuzzy ideals

(2) We will define (€, € Vgi)-intuitionistic fuzzy (interior, prime, general-
ized bi, prime bi) ideals of a semigroup and characterize different classes of
semigroups by the properties of (€, € Vg )-intuitionistic-fuzzy ideals. In future
we will extend our study to other algebraic structures like ring theory, module
theory, soft semigroups etc.
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