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Abstract. Linear codes are an important class of codes. They are the most studied
codes from a mathematical point of view. In this work, we propose linear codes in
unitary space, then describe a way for finding a new parity check matrix of linear codes
in unitary space. In the end, we give a decoding procedure for linear codes in unitary
space.
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1. Introduction

Among all types of codes, linear codes are studied the most. Since linear codes
are vector spaces, their algebraic structure often make them easier to describe,
encode, and decode than nonlinear codes. The code alphabet for linear codes
is a finite field, although sometimes other algebraic structures can be used to
define codes that are also called linear.

Let I denote the vector space of all n-tuples over the finite field F;. An
(n, M)-code C over F, is a subset of IF; of size M. If C is a k-dimensional subspace
of Fy, then C will be called an [n, k-linear code over ;. The linear code C has
¢ codewords. If C has the minimum distance d, then C is an [n, k, d]-linear
code over F,. The Hamming weight of a vector V' is the number of its non-zero
entries and is denoted by wg(v). We have wg(v) = dg(v,0). The minimum
weight of the code C is the minimum non-zero weight among all codewords of
C, Wmin(c) = minO#xGC(WH($))'

It is customary to put the codewords of a basis for a linear code C into a
matrix. A generator matrix for an [n, k]-code C is any k x n matrix G whose
rows form a basis for C. Also a parity check matrix of a linear code C is a matrix
H whose columns form a basis for the dual code C+.
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Moreover, a code is of practical use only if an efficeint decoding scheme can
be applied to it. For linear codes, syndrome decoding is an efficient way to
decode them. In fact, let C be an [n,k,d]-linear code over Fy, then for any
v € F?, the syndrome of v is the word S(v) = vH".

Now, we want to describe linear codes in unitary space. This paper is or-
ganized as follows: In the second section, we mention some notes about linear
codes and their minimum distance. In the third section, we introduce unitary
space, linear codes in unitary space, then find a new parity-check matrix of lin-
ear codes in unitary space. Also we assert syndrome decoding of linear codes
in unitary space. Finally we conclude with the summary of the main results of
this paper.

2. Preliminaries

A linear code C of lenght n and dimension k over F, is often called a g-ary
[n, k]-code or an [n, k]-code. It is also an (n, ¢)-linear code. If the distance d of
C is known, it is also sometimes referred to as an [n, k, d]-linear code.

Definition 2.1. Let z be a word in Fy. The (Hamming) weight of =, denoted
by w(x), is defined to be the number of non-zero coordinates in z, i.e. w(z) =
d(x,0), where 0 is the zero word.

An important invariant of a code is the minimum distance between code-
words. The (Hamming) distance d(z, y) between two vectors z,y € Fy is defined
to the number of coordinates in which x and y differ.

Lemma 2.2 (5, Lemma 5.1). If z,y € Fy, then d(z,y) = w(z — y).

The (minimum) distance of a code C is the smallest distance between distinct
codewords and is important in determining the error-correcting capability of C.
In fact, the (minimum) distance of C is denoted by d(C), where

d(C) = min{d(z,y) | z,y € C, z # y}.

Theorem 2.3 (7, Theorem 4.3.8). Let C be a linear code over Fy. Then d(C) =
w(C).

Theorem 2.4 (5, Theorem 5.5). Let G be a generator matriz of an [n, k]-code,
then G can be transformed to the standard form [I;|A], where Iy is the k X k
identity matriz and A is a k X (n — k) matriz.

Since the generator matrix of a linear code has full row rank, it is quite
obvious that any linear code is equivalent to a linear code that has a generator
matrix in standard form.

Definition 2.5. Let C be an [n, k]-code over GF(q) and a is any vector in V.
Then the set a + C is defined by a +C = {a + x | x € C}, is called a coset of C.



LINEAR CODES ON UNITARY SPACE 197

Theorem 2.6 (5, Theorem 6.4). Suppose that C is an [n, k]-code over GF(q),
then:

1. every vector of V(n,q) is in some coset of C,
2. every coset contains exactly qk vectors,
3. two cosets either are disjoint or coinside.

H is the generator matrix of some codes, called the dual or orthogonal of C
and denoted C*. Notice that C* is an [n,n — k]-code. In fact,

Ct={z€F!|2.c=0, VeeC}.

If G is in standard form [I|A], one can take H = [—A*|I,_x]. Also we have
HG'=0.

Theorem 2.7 (5, Theorem 7.5). Let C be an [n, k]-code on 'V (n,q), then (C+)* =
C.

3. Linear codes in unitary space

In this section, we want to introduce linear codes in unitary space and some of
their properties.

Definition 3.1. A bilinear form on a vector space V over a field F is a function
<,>: V x V — F that satisfies

< AU+ pv,w >= A< u,w > Fp < v,w >,
< U F pw >S= A< u,v > 4 < u,w >,

for all u,v,w €V and A\, u € F.

It is symmetric, if < u,v >=< v,u > for all u,v € F. It is skew-symmetric,
if <wu,v>=— <w,u>,forall u,v € F. It is also an alternating, if < v,v >=0
for all v € F.

Definition 3.2. A conjugate symmetric sesquilinear form on V over a field F
that has an automorphism o of order 2, is a function <,>: V x V — F that
satisfies < A\u 4+ pv,w >= A < u,w > +p < v,w >, and < u,v >=< v,u >,
for all u,v,w €V and A\, pu € F.

If X CV, then define the subspace X+ ={v € V | <z,v>=0, Vz € X}.
The set X is called the radical of <, > and is denoted Rad(<,>). We say that
<, > is non-degenerate if Rad(<,>) = 0.

A non-degenerate conjugate symmetric sesquilinear form is called a unitary
form. A vector space V together with a unitary form is called unitary space and
is denoted by (V, <, >p).

A vector v € V is called isotropic if < v,v >y= 0. A subspace W of V is
called totally isotropic if <, >y restricted to W is zero.
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Theorem 3.3 (3, Theorem 18.1). All automorphisms GF(q™) over GF(q) are

00,01, -.,0m—1, where o;(a) = aqj, a€eGF(@),0<j<m-—1. As a result
GF(q™)
Aut(— M Ny~ g,
“erg

By Theorem 3.3, for non-degenerate unitary space (V, <, >y) with dim(V') =
n over F, we have F = GF(q?) and o(a) = a? =a (a € F).

Definition 3.4. If V is a unitary space with form <, >, then an isometry g of V'
is an invertible linear transformation of V' that satisfies < ug,vg >p=< u,v >y
for all u,v € V.

Definition 3.5. Let (V, <,>) be a unitary space and B = {v1,...,v,} be an
ordered basis of V. Then B = (bij)197jgn in which b;; =< v;,v; >y, 1<14,57 <

n is called matrix of form <, >y related to basis B. Hence for every x,y € V,
we can write

n n
T = E TV, Y = § Yjvj-
i=1 j=1

such that z;,y; € F, 1 <14,j <n. Therefore

n n n
<z,y>py=< invi,Zijj >y = Z x; < ;v >u Y-
i=1 j=1 ij=1

n
= Z l‘ibijyjazl'tBya.
2,7=1

Proposition 3.6 (6, Proposition 2.3.2). Let V' be a 2n-dimensional unitary vec-
tor space with unitary form <,>y. Then there is a basis vi,...,Up, W1, ..., Wy
of V' such that for all i, j, we have

<0,V >u=< W;, Wj >y= 0, <w;, w; >y= (5@'.
Such a basis for a unitary vector space V is called a unitary basis.
Definition 3.7. Assume that (V, <, >r) is a non-degenerate unitary space with

dim(V') = n over field GF(¢?). With choosing unitary basis, a unitary form can
be described for x = (x1,...,z,) and y = (y1,...,Yn), ,y € V by

n
<@,y >u= 1Y + T+ + TPy = D Tl
=1



LINEAR CODES ON UNITARY SPACE 199

3.1 The dual code in a non-degenerate unitary space

In a non-degenerate unitary space V(n,q), if for u,v € V(n,q), < u,v >y= 0,
then v and v are called orthogonal.

The dual code of a linear code C in V(n,q) is denoted by C1V. In fact, it is
the set of those vectors of V(n, ¢) which are orthogonal to every codeword of C,
ie. Ctv ={v e V(n,q)| <u,v>p=0, Yu € C}. It is easy to check that C*V is
a linear code.

Let G be a generator matrix of C. A vector v of V(n,q) belongs to C+v if
and only if u is orthogonal to every row of G. It means that v € CV if and only
if <wv,u >y=0, for every row u of G.

Lemma 3.8. Let (V,<,>y) be a non-degenerate unitary space of finite dimen-
sion. If W is a subspace of V', then
dimW*v = dimV — dimW
Proof. Let V* be the dual space of vector space V. The map ¢, where
oV —V*
v Oy
and ¢, (w) =< v,w >y, Yw,v € V is a inversable linear transformation.

Let {wy,wa,...,wi} be a basis for W. We claim that the elements of ¢, €
V*, 1 <4 <k are independent. Assume that

k
D Aidw, =0, A €F,

=1

then

k k k
Z)\iqbwi(v) = Z)‘i < wi, v >y=< Z)\iwi,v >y=0, YveV.
i=1 i=1 i=1

Since (V, <, >p) is non-degenerate, it follows that

k
Z)\iwi=0:>)\i:07 for 1 <i<n.
i=1

Therefore the elements of ¢,,,, (1 <1 < k) are distinct independent. As a result
{2 €V | ¢u,(x) =0, Yw;, 1<i<k}
{x eV |z € kergy,, Yw;, 1<i<k}

k
= ﬂ kerg,, .
i=1

But ¢y, is a non-zero functional and the dimension of its kernel is dimV" — 1.
Because ¢y, (1 <7 < k) are independent, it yields that
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dim (N, kerg,,) = dimV — k.
The proof is complete. O
If C is an [n, k]-code on V(n, q), then C*+V is an [n,n — k]-code.
Theorem 3.9. Let C be an [n, k]-code on V(n,q), then (C+v)+tv =C.

Proof. Since every vector of C is orthogonal to every vector of C+V, so C C
(Ctv)tv. On the other hand,

dim ((Ctv)tv) =n —dim (C*v) =n — (n — k) = k = dim (C),

thus (Ctv)+v =C. O
For a vector u € V(n,q) and a (I x n) matrix B with rows ri,79,...,7, we
define u.B = (< u,r1 >y, < u,m2 >y, ..., < u,r >y).

Definition 3.10. A parity check matrix Hy for an [n, k]-code C on V(n,q) is
a generator matrix of C1U.

Hy is an (n — k) x n matrix satisfying < h, g >y= 0 for every row h of Hy
and row g of generator matrix G, i.e. g.Hy = 0.

From Lemma 3.8 and Theorem 3.9, if Hy is a parity check matrix of an
[n, k]-code C, then C = {x € V(n,q) | x.Hy = 0}

Theorem 3.11. If G = [I;|A] is the generator matriz of an [n,k]-code C, then
a parity check matriz of C is Hy = [B|ln—k] where A = (aij)ix(n-k), B =
(bkt) (n—k)xk and by = —ag.

Proof. Hy has the size required of a parity-check matrix and its rows are
linearly independent. It is enough to show that every row of Hy is orthogonal
to every row of G.

Let u be the ith row of Hy and v is the jth row of G. Then

jth
v = (0, e ,0, 1 ,0, . ,O,ijl,ajxg, e ,ajx(n_l),ann),
(k+i)th
- =
u:(_alxia_CLQXiu'”7_aj><i7"'7_ak><i707"'7 1 707"'70)'
Therefore < v,u >py= —ajx; + ajx; = 0. For other rows of Hy and G, it is

similar. O
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3.2 Syndrome decoding

Let Let Hy be a parity check matrix of an [n, k]-code C. Then for any vector
v € V(n,q), the 1 x (n — k) row vector S(v) = vHy is called the syndrome of v.
If the columns of Hy are Hy, Hs, ..., H,_}, then

S(v) = (< v, Hy >y, <v,Hy >y,...,<v, Hy_}, >vu).
Also S(v) =0 if and only if v € C.

Proposition 3.12. Two vectors u and v are in the same coset of C if and only
if they have the same syndrome.

Proof. For two arbitrary vectors u and v in V(n,q), v and v are in the same
coset

u+C=v+C
u—v€eC
(u—v)Hy =0
(<u—v,H >y,...,<u—v,H, >y) =0,
H; (1 <i<n-—k)isith column of Hy
(<u,Hy >y,...,<u,H,_>y) = (<v,H >y,...,<v,H,_ >v)
uHy = vHy
S(u) = S(v).

1o

111

O

Theorem 3.13. Let C be an [n, k]-code with parity check matriz Hyr. For each
codeword of Hamming weight t, there exist t-columns of Hy which are linearly
dependent. Conwversely if there exist t-columns linearly dependent of Hy, then
there exists a codeword of Hamming weight t in C.

Proof. Assume that the parity check matrix Hy is in the form Hy = (Hy, Ha,

.., Hy,), where H; represents the ith column of Hy. Given a codeword v =
(v1,v2,...,v,) € C, we have 0 = vHy = (v1Hy,voHa, ... ,v,Hy)t. This implies
that C has a vector v of weight t if and only if Hy has t-columns linearly
dependent. ]

Corollary 3.14. Let C be an [n, k]-code with the parity check matriz Hy, then
the minimum distance of C is equal to the smallest number of columns of Hy
that are linearly independent.

The vector having minimum weight in a coset is called the coset leader.

From group theory, we know that if C is an [n, k]-code over GF(q), then
V(n,q) is partitioned into disjoint cosets of C as follows: V(n,q) = (0 +C) U
(e1 +C)U...U(er +C), where r = ¢" % — 1.
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We may choose 0,ey1,...,e,. to be the coset leader.

Now we present a method to partition the 2™ vectors of V' (n, ¢) to 3—: =on-k
cosets. We place the elements of C in a row with the vector 0 as left most element.
Select from the remaining vector, a vector e; of minimum weight, then form the
second row by placing e; under 0 and e; +x under x for each z € C. We continue
this process untill we have used all elements of V' (n,q). Now we have an array
of rows and columns. This is called a standard array of C.

If vy = 0,v9,...,vy are the codewords of C, in Figure 1, we show a standard
array of C.

Coset Leader

v1=0 V2 e vj oo Ughk
D) e + U9 ez + v; €9 + Ugk
€3 e3 + U2 e3 + v; €3 + Vok
eQn—k €2n—k + V2 e €2n—k + 'Uj e €2n—k + 'UQk

Figure 1. Standard array for an [n, k] — code.

We know that the syndrome of a vector in V'(n, g) is an (n—k)-tuple and there
is one to one correspondence between a coset leader and a syndrome. We form
a decoding table which consists of 2% coset leaders and their corresponding
syndromes. The steps of the decoding of a received vectors are as follows:

1. Get the syndrome of v, vHy,
2. Determind the coset leader ¢; whose its syndrome is vHy,
3. Decode the received vector v into v — ;.

Example 3.15. Write F; = {0,1,a,a?}. Let C be the Fy-linear code with
generator matrix

— oo
S Q0 =
S = Q
=R R

2

Since o(a) = o = @, the parity check matrix of C is

-1 —a? %1 0 0
Hy=| —a® -1 —a?|0 1 0
—a? —a? —-11]0 0 1

By Corollary 3.14, the minimum distance of the code is 3, so it is possible to
correct the error patterns of weight 1 or 0. Hence all vectors of weight 1 or 0 can
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be used as coset leader. The correcable error patterns and their corresponding
syndromes are given in Table 1.

Syndrome Coset Leader
(1, , @) (1,0,0,0,0,0)
(o, 1, ) (0,1,0,0,0,0)
(o, 1) (0,0,1,0,0,0)
(1,0,0) (0,0,0,1,0,0)
(0,1,0) (0,0,0,0,1,0)
(0,0,1) (0,0,0,0,0,1)

Table 1: Decoding Table for the F4-linear code C.

Assume that the codeword v = (0,1,0,c,1,«) is transmitted and w =
(0,1,1,, 1, ) is received. We compute the syndrome of w. We have

-1 —a®> —a?[1 0 0
UJHU = (0,1,1,04,1,04) —Oé2 -1 —042 01 0 = (Oé,Oé,l).
—a? —a®> —-11]0 0 1
From Table 1, we see that (a,a,1) is the syndrome of the coset leader e =

(0,0,1,0,0,0). Hence (0,0,1,0,0,0) is assumed to be the error pattern and w
is decoded into: v =w —e = (0,1,1,a,1,a) — (0,0,1,0,0,0) = (0,1,0,, 1, ).

Example 3.16. Let C be a code over GF(9) with parity check matrix

go_ (11111111
U=\123 456 78)

Suppose that v = (v1,va, ..., vs) is the codeword transmitted and w = (wy, wa, . ..
wg) is the received vector.
Assume that a single error has occurred such that the error magnitude

is k and the error position is I. Then (wi,ws,...,wg) = (v1,...,v_1,v +
k,vi41,...,vs). The syndrome is
(s1,82) =wHy = (1w + lws + Tws + 1wy + Tws + lwe + 1wy + lws,

Twy + 2wy + 3ws + 4wy + dws + 6wg + Twy + Sws).

s1 = 1wy + 1wy + lws + 1wy + 1wy + lwg + 1wy + 1wy
= Tvy + lvg + Tvz + Tog + 1vs + 1vg + Ty + lvs + k =k (mod 9)
sy = 1wy + 2wy + 3ws + 4wy + bws + 6wg + Twr + Swy

= Tvy + 209 + 3vz + 4vg + 5vs + 6vg + Tvr +8vg + Ik =1k (mod 9).

2

Since (o) = o = @, we have

s1 = w1+ w2+ ws+ wg+ ws + wWe + Wy + wWs
= vy t+uvytuvstu+uvs+uvg+ovr+wsg+k=k (mod?9)
So = wi + 4w + Twy + Tws + Twy + wg

= vy +4vy + Tvg + Tvs + Ty +vg + 1k =1k (mod 9).
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With simple computation, we see that the error position [ is given by (%)
and the error magnitude k is given by s1.

After calculating the syndrome (s1, s2), the decoding scheme is as follows:

1. If (s1,s2) = (0,0), then w is a codeword and we assume that there is no
errors,

2. Suppose s1 # 0, so # 0. We assume that a single error has occurred
which is corrected by subtracting s; from the (%)th entry of w,

3. If s; = 0 or s3 = 0 but not both, it follows that there are at least two
erTors.

For example, if received vector is w = 21513412, we get s1 = 1 and s9 = 7,
SO (%) = 4. Thus the 4th digit should have been 1 —1 = 0, i.e. transmitted
vector is 21503412.

4. Conclusion

In this work, we investigated unitary space and linear codes in unitary space.
Also, we mentioned a new parity check matrix of linear codes in unitary space
and syndrome decoding of linear codes. For further research, it would be natural
to generalized our presented results for linear codes in orthogonal space.
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