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Abstract. We discuss in this paper the elementary and basic characters of Gy, (q).
The paper highlights the main idea that every irreducible character of G, (gq) appears
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1. Introduction and notations

The study of the irreducible characters of G, (q), a Sylow p-subgroup of GL(n, q)
has attracted much attention over the years. By inducing linear characters of
some special subgroups of G, (¢), Andre in [2] introduced the notion of elemen-
tary characters. These characters were also known to Lehrer (see [8]). The basic
characters are a special product of some of these elementary characters and their
constituents form a partition of all the irreducible characters of G, (q) (see for
example [2]).
The group G (q) is given by

Gn(q) = {(aij) € GL(n,q)|a;; =0, <i,a; =1 and a;; € Fy,1 <i < j <n},

that is a group of upper triangular matrices with 1°s in the major diagonal
and other entries coming from F,, where F is the Galois field of ¢ elements
with Fy and IF';F being the multiplicative and additive groups respectively. The
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group G, (q) can be written as a split extension N:G where N is an elementary
abelian p-group p*("=1) and G is the group G,_1(g). We use this fact to apply
the method of Fischer matrices in constructing the character tables. The method
of Coset Analysis by Moori [10] is used for the determination of the conjugacy
classes.

By \ij(a)%(@ we will mean the induction of \;;(a) to Gy,(g) where a € i
and A\j(o) : Gij — C* is a linear character of G;;. The G;; are special
subgroups of Gy, (q) where (i,7) € ®(n) = {(4,7)|1 < i < j < n}. We identify a
particular type of subsets of ®(n) denoted by D as the basic subsets. To each
basic subset D we can associate a function ¢ : D — F} such that ¢((4,7)) € F,
(see for instance Subsection 3.2 ) and thereby denote the basic characters by
¢p(¢). This is the standard notation as used in [2].

In Section 2 we briefly describe the method of constructing the elementary
and basic characters of G,,(¢q). Using Fischer matrices we obtain the character
tables of G3(2) and G3(3) in Sections 3 and 4. The elementary and basic char-
acters of these groups are discussed in Subsections 3.1, 3.2 and 4.1. We have
the main Theorem 4.2 on the elementary and basic characters of G3(q) proved
in Subsection 4.2. The character table of G4(2), its elementary and basic char-
acters are discussed in Section 5. For general notation we use ATLAS [4] and
Isaacs [6].

2. Elementary and basic characters

In this section we briefly describe the elementary and basic characters of Gy, (q).
We use the notation as in [2]. Basic characters have also been described in [7]
as super characters.

Definition 2.1. Let
Gn(q) = {(aij) € GL(n,q)|a;; = 0,7 <i,a; =1 and a;; € Fg,1 <i < j <n},

be a Sylow p — subgroup of GL(n,q). We set ®(n) = {(i,7)|1 < i< j < n} be
the set of pairs for the position of a;; € Fq in a matriz of Gn(q). The elements
of ®(n) are called positive roots.

Definition 2.2. By fizing i for 1 < i < n, define the i*" — row of G,,(q) to be
the set
ri(n) ={(i,j) € ®(n)]i <j < n}.

Similarly by fizing j the j*" — column of Gy, (q) is the set
¢j(n) ={(i,j) € ®(n)[1 <i <j}.
Using the elements of ®(n), we define
Gij = {(za) € Gn(@)|zip =010 < b < j},

Gi; are subgroups of Gp(q). The irreducible characters of Gy(q) that were
constructed by Lehrer [8] are described in Proposition 2.1 following here below.
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Proposition 2.1. Let a € Fy and v, be a non-trivial irreducible character of
Fg‘ considered as an additive group. Let N\ij(«) : Gijj — C* be a function such
that \ijj(a)(x) = Yo(a(xsj)) for all x € Gi; where x = (xqp). Then Aij(ar) is a
linear character of Gi;j and furthermore &;j(a) = Nij()%(9) is an irreducible
character of Gp(q).

Proof. See [8]. O

The following definitions are from [2].

Definition 2.3. The characters )\ij(a)G"(Q), as giwen in Proposition 2.1, are
called the (i, j)th elementary characters associated with .

Definition 2.4. Let D C ®(n) such that |D Nri(n)] <1 and |DNcj(n)] < 1.
Let p;j : D — F* be a function, then

&o(e) = [ &isleli, )

(4,9)€D

is a character of Gn(q) called the basic character of G,(q) and the subset D
is called a basic subset of ®(n).

3. Elementary and basic characters of G3(2)

We first construct the character table of G3(2) by using Fischer matrices. For
details on coset analysis and Fischer matrices the readers are referred to ([1],
[9], [10], [11]). The elementary and basic characters are discussed in Subsections
3.1 and 3.2. Table 1 gives the conjugacy classes of G3(2) computed using the
coset analysis technique.

classes of G2(2) | classes of G3(2) | [Cgy2)(9)]
(1a) (14) 23
(24) 23
(2C) 22
(2a) (2C) 22
(44) 22

Table 1: The Conjugacy Classes of G3(2)

The inertia factor groups are; Hy = Hy = G = Zo and H3 = {1}.
The Fischer matrices on the representatives of the classes of G are given
below

[Ca(1A)] [Ca(24)]  |Ca(2B)|
ICp,(1a)] 2 1 1 1

M(la) = |Cpy,(1a)| 2 ( 1 1 1>,
|Cr,(1a)] 1 2 —2 0
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[Ca(20)] [Ca(44)]

N [ (20)] 2 1 1
weg = G 20 1 )

Note that character tables of the inertia factor groups H; and Hs are 2 X
2 invertible matrices. Thus, by multiplying (usual matrix multiplication) the
partial character tables of the inertia factor groups Hi, Hs and Hs by the
corresponding rows of the Fischer matrices above, we obtain

LN ]

Similarly we obtain

o= )

L |

The character table of G3(2) is given below as Table 2.

[cl(g)] | LA 24 2B | 2C 4A
Colg)| 8 8 4| 4 4
1 T 1 1| 1 1
Yo 1 1 1]-1 -1
X3 1 1 —1] 1 —1
Y4 1 1 -1|-1 1
X5 2 -2 0 0 O

Table 2: The Character Table of G3(2)

3.1 Elementary characters of G3(2)

We apply in this Subsection the ideas of [2] to our group G3(2) to identify its
elementary and basic characters. We will later apply the same theory to G3(3),
G4(2) and G3(q) in general (see Subsections 4.1, 4.2, 4 and 5). For o = 1 and
using the character table of Fa, we have 1,, the fixed non-trivial irreducible
character of o, given by say xo.

We also have that

®(3) = {1 <i<j <3} ={(1,2),(1,3),(2,3)}.
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The subgroups G;; are G2 = Ga3z = G3 and
1 0 b
Glgz{ 01 ¢ ‘b,CG]FQ}
0 01

which is the group Zo x Zo.
Thus Ajj(a) @ Gy — C*, such that A\ij(a)(x) = ¢o(ax13) for all z € Gys.
We then have that

)\l](l)(x) = wo(.%'lg) =1if 13 = 0
—1if r13 = 1.

The character A13(1)93() is an irreducible character of G3(2) of degree
[G3(2) : Glg] = 2.

Using the character table of G3(2) in Table 2, we identify A;3(1)“3(2) = ys.
Since we need ( D
n(n —
(= D(——F—)=2-1)(
elementary characters, we have two more elementary characters to be induced
from G192 and Ga3 and clearly they are both of degree 1. We also have that
A12(1)(x), A23(1)(z) € {1, —1}. Using the character table and the structure of
the conjugacy class representatives of G3(2), we easily identify \12(1)? = x3
and A3(1)“3 = x. Hence the three elementary characters of G3(2) are xa, x3
and x5 of degrees 1, 1 and 2 respectively.

3(3-1), _
;=3

3.2 Basic characters of G3(2)

To calculate the basic characters of G3(2), we first identify the basic subsets
of ®(3). Since ®(3) = {(1,2),(1,3),(2,3)}, there are 8 subsets of ®(3). The
following subsets are basic D1 = 0, Dy = {(1,2)}, D3 = {(1,3)}, D4y = {(2,3)},
Ds ={(1,2),(2,3)}.

Remark 3.1. For the group G3(2), we have r1(3) = {(1,2),(1,3)}, m(3) =
{(2,3)}, c1(3) = 0, c2(3) = {(1,2)} and ¢3(3) = {(1,3),(2,3)}. It is clear that
|IDs N7(3)] < 1and |DsNe(3)] <1 forall s e {1,2,3,4,5}, ¢ € {1,2} and
j € {2,3}. Thus Dy is basic.

‘We now use the formula

(1) &)= [ &aleli )

(i,7)€D

for the basic characters where ¢ : D — Fy. By definition &p(¢) = x1 is the
trivial character of G3(2). In this way we have the basic characters of G3(2),
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namely
o, (9) = X1,
€0y (0) = €12((1,2)) = €12(1) = Aa(1)F® = xs,
€05 () = &13(0(1,3)) = &13(1) = Ms(1)F* = xs,
€D, () = £23((2,3)) = &23(1) = Aa3(1)7® = x2,
Eps () = &12((1,2)) x &23(0(2,3)) = &12(1) x E23(1)
= A12(1)%® X Aa3(1)% = xa X x3 = Xa-

Table 3 below gives the basic characters of G3(2) decomposed in terms of its
irreducible characters viz. x1, X2, X3, X4 and xs.

basic characters | x1 X2 X3 X4 X5
&o(p) 1 0 0 0 O
€D,(9) o 0 1 0 0
€D5(9) o 0 0 0 1
€,(9) o 1 0 0 0
§D5(9) 0 0 0 1 0

Table 3: The Constituents of the Basic Characters of G3(2)

We observe from Table 3 above that all the basic characters of G3(2) are
irreducible.

4. Elementary and basic characters of G3(3)

We have that G3(3) = 3%3 and F3 = {0,1,—1}. From the character table of
G3(q) in [3], we have that

e 2¢ — 1 =2(3) — 1 =5 inertia groups,

e > +q—1=32+3—1=11 conjugacy classes,

e ¢?> = 32 = 9 irreducible characters of degree 1,

e ¢ —1=3—1=2irreducible characters of degree 3.

To find the conjugacy classes of G3(3), we use the method of coset analysis. Let
G3(3) = N:G, where G = Z3 and the conjugacy class representatives of G are
{1a, 3a, 3b}. Table 4 following here below, gives the conjugacy classes of G3(3).

Theorem 4.1. The group G3(3) has the following conjugacy classes as listed in
Table 4 below, where the upper cases label conjugacy classes of G3(3) and lower
cases are reserved for its subgroups (inertia factor groups).

Proof. An application of the coset analysis method. O
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classes of G | classes of G | |Cay(9)]
(1a) (14) 33
(34) 33
(3B) 33
(3C) 32
(3D) 32
(3a) (3E) 32
(3F) 32
(3G) 32
(3a) (3H) 32
(31) 32
(3.) 32

Table 4: The Conjugacy Classes of G3(3)

The structure of the inertia factor groups is Hy = Zs = Ho = Hs and
H, = {1} = H5. We obtain the following character table for G = Z3 as in Table

5, where a = _71 + \232 and a is the complex conjugate.
[9] la 3a 3b
Celg) |3 3 3
X1 1 1 1
X2 1 a a
X3 1 a a

Table 5: The Character Table of G = Zg

Thus using the general form of the Fischer matrix in [3], we have

1Ca,(1A)] |C5(3A)] |Ca(B3B)| |CaBC)| [Ca(3D))
|Cx,(1a)| 3 1 1 1 1 1
|Cr,(1a)| 3 1 1 1 a a
M(la) = |Cu,(la)| 3 1 1 1 a a
|Cn,(1a)| 1 3 b b 0 0
|Cr, (La)| 1 3 b b 0 0

@z’ and b= =2 3\/31'.

The other Fischer matrices are given below, where a and a are as in the
Fischer matrix above

In the above Fischer matrix, a = *71 +

[Ca, BE)| [CaBF)| |Ca(3G)]
|Ch,(3a)| 3 1 1 1
M(3a) = |Cw,(3a)| 3 1 a a ,
|Cr, (3a)| 3 1 a a
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ICa,BH)| [CaBD)]  |Ca(3J)]
|CH, (3b)] 3 1 1 1
M(3b) = |Cx,(3b)| 3 1 a a
|C, (3b)] 3 1 a a

Thus, for instance, on the classes (14), (34), (3B), (3C) and (3D), the
character values are obtained by multiplying the partial character tables of the
inertia factor groups by the corresponding rows of the Fischer matrices and we
obtain

1 11111
It 111 1]={11111f,
1 11111

— =
ey
—
—
IS
&‘
I
—_ = =
—_ = =
—_ = =
Q@ Q 9
Q QI QI

—
—_
—
—
IS]
Q

-~
—
—
Ql
5=
I
—
—
—_
Ql QI
IS

—
—_

[

—
w
S

b 0 0]=[30b b 0 0].

In this manner we can obtain the character table of G'3(3) given as in Table 6.

9] 1A 3A 3B 3C 3D |3FE 3F 3G |3H 31 3J
ICa(g)| | 3% 3% 3 32 32|32 3 32|32 3 3°
X1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 a a a a a a
X3 1 1 1 1 1 a a a a a a
X4 1 1 1 a a 1 a a 1 a a
X5 1 1 1 a a a a 1 a 1 a
X6 1 1 1 a a a 1 a a a 1
X7 1 1 1 a a 1 a a 1 a a
X8 1 1 1 a a a 1 a a a 1
X9 1 1 1 a a a a 1 a 1 a
X10 3 b b 0 0 0 0 0 0 0 0
X11 3 b b 0 O0/0 O 0|0 0 O

Table 6: The Character Table of G = G3(3)
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] [0 1 -1
Cey(9)l |3 3 3
X1 1 1 1
X2 1 a a
X3 1 a a

Table 7: The Character Table of 3

4.1 Elementary characters of G3(3)

We now consider the field F3 = {0,1,—1}. Then « € {1,—1} and using the

character table of F3 as in Table 7, we fix 1, = xa2.

In Table 7 we have a = 5 + i,

2
We also have that

(3) ={(i, )1 <i<j <3} ={(1,2),(1,3),(2,3)}.

The subgroups G;; are G2 = Ga3z = G3 and
1 00
Glgz{ 01 ¢ |b,CEF3},
0 01

which is the group Zg x Zz. Thus \jj(a) : Gij; — C*, such that \;j(o)(x) =
Yo(auryg) for all z € Gys.
For instance, for &« = 1 we have

Xij(1)(z) = Yo(z13) = 1 if 213 = 0,
=a if r13 = 1,

=a if z13 = —1,

where a = = + 2 and a is its complex conjugate. The character Ai3(a
2 2 p

is an irreducible character of G3(3) of degree

G3(3)

[G3(3) : Glg] = 3.

Using the character table of G3(3) in Table 6, we identify A;3(1)“3®) = y1; and
A3(—1)%6) = xqq.
Since we need

n(n —1)
2

368-1)

(4= 1)( -

)=(3—-1)( )=6
elementary characters, we have four more elementary characters to be induced
from G12 and Ga3 and they are all of degree 1. We also have that Aja(a)(z),

Aoz(a)(x) € {1,a,a}. For instance, by using the character table and the structure
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[q] 1A 34 3B 3C 3D 3E 3F 3G 3H 3I 3J
A% 1 1 1 1 1 a a a @& a a

Table 8: The Values of \2(1)(z)

of the conjugacy class representatives of Gi3(3) we have the values of A9(1)&3()
on the conjugacy class representatives of G3(3) as in Table 8.

We easily identify )\12(1)G3(3) = X2, /\12(—1)G3(3) = X3, )\23(1)G3(3) = x4 and
A23(—1)93(3) = . Hence the six elementary characters of G3(3) are xa, X3, X4,
X7, X10 and x11.

4.2 Basic characters of G3(3)

As in Subsection 3.2, the basic subsets of ®(3) are D1 = 0, Dy = {(1,2)},
D3 ={(1,3)}, D4y = {(2,3)}, D5 = {(1,2),(2,3)}. By definition &y(p) = x1 is
the trivial character of G3(3). In this way we have the basic characters of G3(3),
namely

&b, (0) = xa,
0, () = &12((1,2)) = &12(1) = M2(1)%* = xa,
€p, () = €12(p(1,2)) = &1a(—1) = Ai2(—1)%% = x3,
En, () = &13(9(1,3)) = &i3(1) = Ai3(1)“® = x10,
€5 () = &13(0(1,3)) = &3(—1) = Ai3(—1)% = x11,
€D, (9) = &23(9(2,3)) = Ea3(1) = Aa3(1)%® = x4,
€D, () = €23((2,3)) = &z (—1) = Aa3(1)%® = x7,
Ep5(9) = &12(9(1,2)) x &23((2,3)) = &12(1) x &23(1)
= A2(1)% x A3(1)% = x2 X x4 = X5,
Eps () = &12(p(1,2)) x &a3((2,3)) = &12(—1) x &a3(—1)

(
Eps () = &12(p(1,2)) x &a3((2,3)) = &12(—1) x &a3(1)
= A2(—1)%% x A3(1)%® = x3 X x4 = X6,
1,2)) x &23((2,3)) = &12(1) x &23(—1)

95 x Aag(—1)% = xa x X7 = Xs-

Thus all the irreducible characters of G3(3) are basic characters. In general,
we have the following Theorem 4.2.

Theorem 4.2. All the irreducible characters of Gs(q) are basic characters.

Proof. From ®(3), we have the groups Gi12 = G3(q), Gi13 = Zq X Zg and Ga3 =
G3(q). The characters A;3(a)%3(@ are irreducible characters of G3(g) of degree
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|G3(q) : G13] = g. Thus associated with «, we have ¢ — 1 elementary characters
of G3(q) of degree q. Since &p,(¢) = Ai3(a)?3(@ | we have g — 1 basic characters
arising this way. This accounts for the ¢ — 1 irreducible characters of G3(q) of
degree ¢q. The basic subsets Dy and Dy both give rise to Alg(a)Gi”(‘Y) = A12(a) and
A23(a)93(@ = \ys(a) respectively. Thus we have 2¢—2 basic characters of degree
1. For the basic subset D5 we have £p. () = A2(a)93(@ x Ag3(a)3(9). This
gives us ¢? —2¢+ 1 basic characters of degree 1. The basic subset D contributes
1 irreducible character that is ;. We then have (¢ —2¢+1)+ (2¢—2) +1 = ¢?,
therefore accounting for the ¢? linear characters of G3(q). O

5. The group G4(2)

We determine the character table of G4(2), its elementary and basic characters.

5.1 The character table of G4(2)

Applying coset analysis we obtain the following conjugacy classes of G4(2) listed
in Table 9.

classes of G | classes of G4(2) | |Cq,(9)]
(1a) (14) 20
(24) 20
(2B) 25
(2C) 24
(2a) (2D) 20
(2F) 25
(44) 24
(2b) (2F) 24
(2G) 24
(4B) 23
(2¢) (2H) 24
(21) 24
(4C) 24
(4D) 24
(4a) (4F) 23
(4F) 23

Table 9: The Conjugacy Classes of G4(2)

We now calculate the Fischer matrices. Since G has four orbits on the
conjugacy classes of N, it also has four orbits on Irr(N). We check the lengths
of these orbits on Irr(N). Note that the trivial character is fixed. We now have
the lengths w + u 4+ s = 7, thus from the maximal subgroups of GG, we get that
w =1, u =2 and s = 4. In this case, the lengths are the same as those on
the conjugacy classes of G. Note that N = V3(2), the vector space of dimension



234 CHRISPER CHILESHE, J. MOORI anp T. T SERETLO

3 over 2 elements. We know that Irr(2?) is the dual of V3(2) denoted by V*.
In this case V3(2) = V* is a G-module. Hence the inertia factor groups are
H, = G = Hy, H3 = Zs, and for Hy we note that there are two subgroups, V,
and Z4 of G of index 2. Hence we ought to determine which one stabilizes the
representative from the orbit with 2 elements.

By writing, G =< a,b >= {1,a,a?, a3 b,ab,a’b,a®b} = Dg, we have (V}); =
{1,a%,b,a?b} and (V4)2 = {1,a% ab,a®b}. We identify Hy to be (V4)1, that is
the point stabilizer of the orbit with 2 elements. The character table of Hy and
the fusion of Hy into G are given in Table 10 and Table 11 respectively.

[9] 1 a® b a®b
Colg) |4 4 4 4
vi |1 1 1 1
o |1 1 -1 -1
ys |1 -1 1 -1
ya |1 -1 -1 1

Table 10: The Character Table of Hy

classes of Hy | classes of G3(2)
1 la
a? 2a
b 2c
a’b 2c

Table 11: The Fusion of the Classes from H4 to G

The character table of H; = G = G3(2) = Dsg is given in Table 12 following
below.

[cl(g)] | la 2a 2b| 2¢ 4a
Calg) | 8 8 4 4
i |1 1 1] 1 1
o |1 1 1 -1
s | 1T 1 —1] 1 -1
a |11 —1]-1 1
s | 2 2 0] 0 0

Table 12: The Character Table of H;

Note that Hy =< x >Z Zo, where x comes from the 2b class of G = Dg.
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In the following, we discuss the calculation of Fischer matrices. The Fischer
matrix M (la) has the form:

|Ch, (1a)| 8 1 1 1 1

Cr(a)s| 1 a d g
Ma)= 0. 1a) 2| 4 b ¢ hoo |

|Ch,(la)| 4 2 c f i

We use the column orthogonalities to obtain the values of a, b and ¢. We
have 8 4 8|a|? + 2|b|?> + 4|c|?> = 64 so that 4|a|? + [b|> + 2|c|?> = 28. Similarly
8 + 8a + 8b + 8¢ = 0, we obtain a = 1, b = —4 and ¢ = 2. we can compute the
other unknown entries of M(1la) in the same way and we obtain d = 1, e = 0,
f=-2,9g=-1,h=0and i =0.

By similar computations, we obtain

|CH, (2a)] 8 1 1 1
M(2a) = |Cy,(2a)| 8 1 1 ~1 ,
|Cr,(2a)] 4 2 —2 0
ICq(2F)|  [Ca(2G)]  |Ca(4B)
|Crr, (20)] 4 1 1 1
M(2b) = |Cp,(2b)] 4 1 1 —1 ,

ICa(2H)| [Ca2D)] [Ca(4C)]  [Ca(4D)]

|CH, (2¢)] 4 1 1 1 1
weg= oyl 1 A O
|Ch, (20)] 4 1 ~1 -1 1

|Cq(4E)|  [Cq(4F)]
o= jcrima (0 5 )

To obtain the character table of G4(2) we multiply the appropriate partial char-
acter tables of the inertia factor groups by the appropriate rows of the Fischer
matrices. Thus for the classes (14), (24), (2B) and (2C) of G = G4(2), by
using rows of M (la) and first columns of the character tables of inertia factor
groups, we have

1 1111
1 1111
11 1=t 11 1],
1 1111
2 2 2 2 2
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1 111 -1
1 111 —1
1111 -1]=|111 -1,
1 111 -1
2 2 2 2 -2
1 4 =4 0 0
[1] 4 40 0]“'_4 -4 0 0’
1 2 2 -2 0
1 2 2 -2 0
1[22'4(”_2 2 -2 0
1 2 2 -2 0
Similarly for the classes 2D, 2F and 4A, we have
1 11 1
1 11 1
L[t 11]=}1 1 1],
1 11 1
—2 -2 -2 -2
1 1 1 -1
1 1 1 -1
L[t 1 —-1]=|1 1 -1},
1 1 1 -1
—2 -2 -2 2
1 2 -2 0
1 2 -2 0
S| RB2o=15 0
~1 -2 2 0

Thus continuing in this manner, we obtain the full character table of G4(2)
as shown in Table 13.

5.2 The Elementary characters of G4(2)

As in section 3.1, we take Fo = {0,1}. Then oo = 1 and 1, = x2, the non-trivial
irreducible character of Fy. We have that

(I)<4) - {(7'7.7)‘1 <i<j< 4} = {(172)? (173)7 (174)7 (2a3)7 (274)7 (374)}
The subgroups Gj; are G2 = Gag = G34 = G4(2) and

1 0 b c
01 d e

(2) G13—{ 001 f !b,c,d,e,feFQ}.
000 1
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9] [1A 24 2B 2C|2D 2E 4A|2F 2G 4B|2H 21 4C 4D|4E 4F
|Ca(g)|| 26 26 25 24|25 25 24|24 24 23|24 24 94 24923 23
x1 |1 1 1 1|1 1 1|1 1 1|1 1 1 1|1 1
x2 |1 1 1 11 1 1|1 1 1|-1-1-1-1|-1 1
x3 |1 1 1 11 1 1|-1-1-1/1 1 1 1]|-1 -1
x+ |1 1 1 1|1 1 1]-1-1-1{-1-1-1-1{1 1
xs |2 2 2 2|-2-2-2/0 0 0/0 0O 0 0|0 O
xe |1 1 1 —1[1 1 —-1[1 1 —1[1 -1 1 —1]1 -1
x» |1 1 1 —-1/1 1 —-1{1 1 —1{-1 1 -1 1|-1 1
x¢ |1 1 1 —-1]1 1 —-1|-1 -1 1|1 -1 1 —1|-1 1
xo |1 1 1 —-1/1 1 —-1|-1 -1 1|-1 1 -1 1|1 -1
xXo |2 2 2 -2/-2-2 2|0 0 0[{0 0 0 0|0 O
xyu |4 40 0/[0 0 0[2 -2 0[]0 0 0 0[0 O
xz |4 -4 0 0/0 0 0[-22 0[]0 0 0 0|0 0
xi3 |2 2 -2 0[2 -2 0[0 0 0[2 0 -2 0/[0 0
xu |2 2 -2 0|2 -2 0[]0 0 0[-2 0 2 0[0 0O
x5 |2 2 -2 0(-2 2 0[0 0 0[]0 2 0 —2{0 0
xi6 |2 2 -2 0(-22 0[]0 0 0[]0 -2 0 2[{0 0O

Table 13: The Character Table of G = G4(2)

Using GAP [5], this group is isomorphic to a split extension of the form 2%:2
and using the IdSmallGroup(G13) function, this is the group number 27 on the
GAP list for groups of order 32.

1 0 0 ¢
0 1 d e

(3) G14—{ 001 f |c,d,e,f€IF‘2}
0 001

which is the group Zo x Dg and
1 a b c
01 0 e

(4) G24—{ 001 f |a,b,c,e€]F2},
00 0 1

this is of the form (Zy x Dg):Zs, it is the group number 49 on the GAP list for
groups of order 32.

We get
a- ") = e-nt ) =6
G4(2)

elementary characters. Three of these are the elementary characters Aj2(1)(x) ,
A23(1)(2)%4?) ) Az4(1)(2)%4?) all of degree 1. The character table and struc-
ture of the conjugacy class representatives of G4(2) allow us to identify these
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three elementary characters as Aj2(1)(z)%13) = xg, Aa3(1)(2)?) = x5 and
A34(1)(2)%4®) = x5, We now identify the last three elementary characters
)\13(1)(1‘)G4(2), )\14(1)(1’)G4(2) and )\24(1)(%’)G4(2).

We consider G13. The structure of GGi3 is known from the relation 2. We
use GAP [5] to construct G13 as a subgroup of G4(2). We have the following
conjugacy classes of G13 computed using GAP [5] in Table 14.

classes of G13(2) | la 2a 2b 2¢ 4a 2d 2 2f 29 4b 2h 20 4c 2j
Ca,,(2) 32 8 32 16 8 32 32 16 16 &8 16 16 8 16
[cl(z)] 1 4 1 2 4 1 1 2 2 4 2 2 4 2

Table 14: The Conjugacy Classes of G153

Using GAP [5], we get the fusions of the conjugacy classes of Gi3 to the
conjugacy classes of G4(2) as in Table 15 below.

classes of Gi3 | classes of G4(2) )\%‘ @) (y)
la 1A 2
2a 2H 2
2b 2D 2
2e
2c 2F 0
2
2d 2A 2
2F 2G 0
2J
2 2B )
2h 2F -2
4a 4F 0
4c
4b 4C -2

Table 15: The Fusion of Classes of G13 to G4(2)

With the information about fusions as in Table 15 above, we calculate the
permutation character (1g,,)%*®) = x14x¢. Since Ai3(1)(x) = 1 or A\y3(1)(x) =
—1 according as z13 = 0 or 13 = 1, we can induce the character \i3(1)(x)
by the induction formula to obtain the values as in Table 15 above on the
classes of G4(2). Note that for any ¢ € G4(2) not listed in Table 15, we have
that )\13(1)G4(2) (¢) = 0. Using the character table of G4(2), we then identify

Ap3(1)Gs 4(2) = y15. The same analysis applies in identifying >\14(1)G4(2) = Y11
and )\24(1)04(2) = x5. Therefore the six elementary characters of G4(2) are
>\12(1)(3«“)G4 = X6, A23(1)(2)) = x5, A3a(1)(2) NP = xa, Aiz(1)TP) =

x13; A14(1)F43) = yq1 and Agg(1)F43) = ys.
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5.3 Basic characters of G4(2)

To calculate the basic characters of G4(2), we first identify the subsets of ®(4)
which are basic. Since

®(4) = {(1,2),(1,3),(1,4),(2,3),(2,4), 3,4)},

there are 64 subsets of ®(4). The following subsets are basic Dy = 0, Dy =
{(1,2)}, Ds = {(1,3)}, Ds = {(1,4)}, D5 = {(2,3)}, Ds = {(2,4)}, D7 =
{(3,4)}. In addition, we have 7 basic 2-subsets of ®(4), namely Ds = {(1,2),
(2,3)} Dy = {(1,2),(2,4)}, D10 = {(1,2), (3,4}, D11 = {(1,3),(2,4)}, D12 =
{(1,3), (3,4)}, D13 = {(1,4),(2,3)}, D1a = {(2,3), (3,4) } and only one 3-subset,
namely D15 = {(1,2),(2,3),(3,4)}. Note that none of the 4-subsets and 5-
subsets is basic.

By definition £3(¢) = x1 is the trivial character of G4(2). In this way, we
have the basic characters of G4(2), namely

&b, (9) = X1,
£0, () = &12(p(1,2)) = E12(1) = Ai2(1)7" = x,
Eps () = &i3(p(1,3)) = &13(1) = Ai3(1)9" = xus,
€0, () = &ualp(1,4)) = &1a(1) = Aa(1)9 = a1,
£D5 () = E23(0(2,3)) = Ea3(1) = Aa3(1)9* = xs,
EDs () = E24((2,4)) = Eaa(1) = Aaa(1)9" = x5,
E0; () = &12(9(3,4)) = Eaa(1) = A3a(1)7" = xo.
Eps () = &12((1,2)) % E23((2,3)) = Ar2(1)* x Ags(1)F* = x6 ¥ x,
€Dy () = €12(2(1,2)) X E24(6(2,4)) = A2 (1)F* x Aaa (1) = x6 X x5,
D10 () = &12((1,2)) X E3a(0(3,4)) = A2 (1) x A3a(1)F* = x6 X X2,
En () = &13(0(1,3)) X Laa((2,4)) = A3 (1) x Aga(1)F* = x13 X x5,
D1 () = &13(0(1,3)) X Eaa((3,4)) = A13(1)7" x Aza (1) = x13 X X2,
€015 () = E1a(p(1,4)) X £a3((2,3)) = Ara(1)F* x Aga(1)F* = x11 X x3,
D14 (0) = €23((2,3)) X E3a(0(3,4)) = Ags (1) x A3a(1)9" = x5 % xa,
D15 () = &12(0(1,2)) % E23((2,3)) x E3a(p1°(3,4))

= A2 (1)% % Aoz(1)%% x A34(1)4 = x6 X x3 X X2

Table 16 below gives a summary of the basic characters of G4(2) decomposed
in terms of its irreducible characters. We observe from Table 16 that except
¢p,, (), all the other basic characters are its irreducible characters.
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basic characters|x1 X2 X3 Xa X5 X6 X7 X8 X9 X10 X11 X12 X13 X14 X15 X16
() 1 000O0OO0OCOGOOOTGOTGOO OO0 0 O
£p, () 0000O0O10O0DO0TO0O0 0 0 0 0 0
Eps(p) o oo o000 O0OO0O0OO0O O O 1T 0 0 O
£p, () 0000O0OOOOOOT O 1 0 0 0 0 0
Eps(p) o o1 00 O0OO0OO0OTO0O O O O o0 o0 o
£pg () 0000O10O0O0DO0OTGO0O0 0 0 0 0 0
¢p.(p) o1 0 0 0OO0O0OO0OO0OTO0O O O O o0 o0 o
£ps () 0000O0OO0OOOT1O0TG0O 0 0 0 0 0 0
€Dy () o oo o0o0o0o00O0O1T 0 0 0 0 o0 o
Dy () 0000O0OOT1O0OO0OTGO0O 0 0 0 0 0 0
Epy, (@) 0000O0O0OOOOOT O 0 0 0 0 1 1
€Dy, () 0000O0OOOOODOT OO0 0 0 1 0 0
£p15 () 0000O0OO0OOOOOT O 0 1 0 0 0 0
€0,,() 0001000O0O0TO0O O 0 0 0 0 0
Epys (@) 0000O0OOOOOT1UO0O 0 0 0 0 0 0

Table 16: The Constituents of The Basic Characters of G4(2)
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