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Abstract. In the present paper, the non-linear stability of the triangular libration
point (L4) in the restricted three-body problem(R3BP) when less massive primary is
a heterogeneous triaxial rigid body has been studied with the assumption that the
primary has N layers having different densities. Following the procedure of Birkhoff’s
normalization, we normalized the Hamiltonian up to second order and the co-ordinates
(z,y) are expanded in double D’Alembert series. The non-linear stability of the tri-
angular libration point is discussed by applying Moser’s modified version of Arnold’s
theorem (1961) as well as following the procedure as adopted by Bhatnagar and Hallan
(1983). It is observed that Moser’s theorem is applicable in the range of linear stability,
except for three mass ratios depending upon heterogeneous triaxial rigid body.
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1. Introduction

The restricted three-body problem (R3BP) concerned the motion of the in-
finitesimal mass under the gravitational influence of two finite bodies: There
are two masses, called primaries, moving in circular orbits around their com-
mon center of mass. There is another mass, which is infinitesimal, moving in
the plane of motion of the primaries such that it does not influence the motion
of the primaries but is influenced by them. To describe the motion of the third
mass is called the circular restricted problem. In case the primaries move in
elliptical orbits instead of circular orbits, the problem is known as pseud re-
stricted problem. R3BP has been stated by many authors. In the restricted
three-body problem, distinct particular solutions exist. These particular solu-
tions are known as Lagrangian points and in the bi-dimensional system, five
Lagrangian points exist. Three of these are the collinear points and the other
two are the triangular points. Several authors have investigated the stability
of these points in linear sense and found that the collinear points are unstable
where as non collinear points are stable in the some range.

Many mathematicians and astronomers have discussed non-linear stability
by taking different aspects of the restricted three-body problem and made valu-
able contributions. Deprit and Deprit (1967) discussed the stability of the tri-
angular Lagrangian points. Bhatnagar and Hallan(1983) studied the effect of
perturbations in Coriolis and Centrifugal force on the nonlinear stability of the
equilibrium points in the restricted problem of three bodies . Gyorgyey (1985)
investigated on the non-linear stability of motions around Ls in the elliptic
restricted problem of three bodies. Krzysztof et al. (1991) studied about the li-
bration points in the restricted photo-gravitational three-body problem. Sharma
et al. (1997) discussed on the effect of oblateness on the non-linear stability of
Ly in the restricted three-body problem. Esteban et al. (2001) analyzed the
rotating stratified heterogeneous oblate spheroid in Newtonian physics. Jain et
al. (2001) studied on the non-linear stability of L4 in the restricted three-body
problem when the primaries are triaxial rigid bodies. Andres et al.(2001) stud-
ied the non-linear stability of the equilibria in the gravity field of a finite straight
segment. Chandra et al. (2004) discussed the effect of oblateness on the non-
linear stability of the triangular liberation points of the restricted three-body
problem in the presence of resonances. Aggarwal et al. (2006) investigated the
Non-linear stability of L4 restricted three-body problem for radiated axes sym-
metric primaries with resonances. Kushvah et al.(2007) studied the non-linear
stability in the generalized photo-gravitational restricted three-body problem
with Poynting-Robertson drag. Singh (2011) examined the non-linear stabil-
ity in the restricted three-body problem with oblate variable mass. Ishwar et
al. (2012) investigated the non-linear stability in photo-gravitational non-planer
R3BP with oblate smaller primary. Jain et al. (2014) studied the non-linear
stability of L4 in the restricted problem when the primaries are finite straight
segment under resonances. Ansari (2017 a, b) investigated the dynamical be-



NON-LINEAR STABILITY OF L4 IN THE R3BP WHEN THE SMALLER PRIMARY ... 299

havior in the restricted three-body problem with perturbations. Shalini et al.
(2016, 2017) studied the stability of Ly in the R3BP by taking the smaller
primary is a heterogeneous spheroid with layers.

In the present work, we propose to discuss the R3BT with the assumption
that the massive primary is a point mass and less massive primary is a hetero-
geneous triaxial rigid body with N layers, having different densities p; and axes
(ai, biyci), (1 =1,2,3,...,N) respectively. The main objective of this paper is
to study of the stability of libration point L4 in non-linear sense. For this we
will apply Moser’s modified version of Arnold’s theorem (1961) and procedure
as adopted by Bhatnagar and Hallan (1983).

This paper should be read in conjunction with the papers by Bhatnagar and
Hallan (1983) and Shalini (2017). As to save space, we are not mentioning the
values of various variables given in those papers, although they are used in this
paper.

This paper is organized as follows: In section Introduction we have reviewed
the literature related to R3BP under different perturbations. In section Equa-
tions of motion we have derived the potential of heterogeneous triaxial rigid
body with N layers and mean motion of the primaries and further, formulated
the equations of motion of the proposed system. Section Location of Triangu-
lar Points,we have obtained the coordinates of non-collinear libration points.
Section First order normalization, deals with the first order normalization. In
section Second order normalization, we have determined the second order nor-
malization. In section Second order coefficients in the frequencies, we have
found the second order frequencies. In section Stability, we have checked the
non-linear stability of triangular libration points. Section Conclusion, contains
the conclusion of the obtained results.

2. Equations of motion

Let m; and mg (m; > mg) be the two masses of the primaries at P; and
P, respectively as shown in Fig. (1) are moving in circular orbits around their
common center of mass O which is taken as the origin, OP; = 1—p and OP, = p,
as the distances of primaries from the center of mass. Let mi; be point mass
and mgo a heterogeneous triaxial rigid body with N layers having axes (a;, b;,
¢i) (a; > b; > ¢;) and densities p;. An infinitesimal mass ms which is much
less than masses of the primaries is moving in the plane of motion of m; and
mo. Let 7, 7 and 73 as the distances of infinitesimal mass, first primary and
second primary from center of mass respectively. ?’1 and Fy are the gravitational
forces acting on ms3 due to m; and mo respectively. Also let us consider that
the principal axes of heterogeneous triaxial rigid body remain parallel to the
synodic axes Oxyz throughout the motion and the equatorial plane of my is
coincide with the plane of motion of m; and mq.(Fig.1(a), (b)) The equation of
motion of m3 in the vector form is
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W

Figure 1: (a): Configuration of the restricted three-body problem with ms as
heterogeneous triaxial rigid body, (b): Heterogeneous triaxial rigid
body with N Layers

(1) (a;: 2% x j+@ T4 W x (T xT)) = F,

where 7 :O?, W=nk= angular velocity = constant, ? = total force acting
on msy.

The gravitational potential of the heterogeneous triaxial rigid body of mass
mg, with N layers of densities p; and axes (a;,bi,¢), pi < pitri, @i < Git1,
b; < bij+1, ¢; < ciy1 at the point P is

(2) Vo = VNN + Vinyn + .-+ Von + Vin(say),

where Vyn, Vin—1)n, -+, Van, Vin, are the potential of the triaxial rigid body
of densities pNN, P(N=1)N» -+ , P2N, P1N, for the regions N, N —1,...,1, respec-
tively. Here, Vany = Viy — V](,(N_l)(say), where V= potential of the triax-
ial rigid body of axes (an, by, cny) with homogeneous density py throughout at
P,= ﬂ%aNchN[l + ﬁ(?a?\, —b% =k - %(a?\, —b%)y?)], and V](,(Nfl) =
potential of the triaxial rigid body of axes (ay—_1,bny—_1,cny—1) with homogeneous

density py throughout at P = %(LN_le_lcN_l[l + ﬁ(%%\,fl —b% | —
C?V—l - %(G?V—l - b?v—1)l/2)]-
Thus,
3 VNN:%QTNG[aNbNCN{Hm%(QG?V—b?v—C?v—%(a?v —03)y*)}
3

—aN-1by-1CN— 1{1+10 2(2aN I o e g(aN =0y
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Similarly, we can find Viy_1)n,- - -, Van, Vin, and substituting in Eq.(2), we
have

(4) Vy — - maG KNG kéGyQ'

T9 27‘5’ 27“5’
where
41 N 47 N
]Ci = ? ZZ_;((/)Z — pi+1)aib¢ciai71), ké = ? ;((pl — pi—i—l)aibicio'i,Q)v
2a2 —b2_c2 2_p2
Uz',l — (‘1157101)’ Gi,Q — (a’15 z)’ ON+1 ?é 0

mi1G
T1

Hence, the total potential at P due to m; and meo is given by V = —

myG MG | kyGy?
T2 2r3 2ry -

Let us fix the units of mass,length and time with the assumption that the
gravitational constant G, the sum of the masses and the distance between both
primaries be equal to unity.

Then the equations of motion in Synodic co-ordinates system and dimen-
sionless variables are

i —2ngy = %
(5) T
Y+ 2na = By
2442 1— 3k
WhereQ:n(%)—}— 7"1“_%—’_2]6713 :29 7’%_( _M)2+92ar%:($_ﬂ+
1)? 442,
47 N 47 N
kl = ? Z((pz pz+1) /C/O-; 1) kQ 3 Z((pz pz—i—l) /C,O-; 2)
=1 i=1
(2a2-b2—c;?) I R — b=
Uz,',l = ER2 ) 04,2 = T BRZ ai = b/ = ; = Ra ,01 Ma PN+1 # 0,

M =m1+mo, ki,ky << 1, R = d1men81onal dlstance between the primaries.

2.1 Mean motion

The potential of the triaxial rigid body is —(mf%G + %) Let the distances of

my and mso from the center of mass O be a’ and V' respectively. Since m; and

me are moving in circular orbits about O, we have mia'n? = ("EZG + 32k]}24G)m1
1.2 _ (maG 3k1G
and mab'n® = ( B+ S )ymy. ) . . N
3 3 — ma2 1 mirTms2 3
Adding these equations, we have n® = ((a,+b/)3 + 2(a,+b,)5)( Lor2). Using

the dimensionless variables, we get the mean motion as

(6) n:].+Ck31,
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3. Locations of triangular points

The locations of triangular libration points are solutions of the Eq. (5) obtained
by making all the derivatives equals to zero (i.e.€2, = 0 and €, = 0). i.e.:

(I—p(z—p) pe—p+l) @k)+1-—p)

nr — — —

ril” r% 27‘3
15ko) (2 + 1 — p)y?

(7) + ( 2)( - M)y _ 0’

2r4
And

(1—p) w3k 3ky  15koy?

8 —_——_— o — — = — =0.
(8) (n r:f’ rg’ 27“3 rg’ + 27“5 )

From equation (8), we have two cases, either y = 0, or

(1—p) p 3k 3k  15key”

9 —_—— = = — — =0.
() (n 7”51)’ rg’ 27“3 rg + 27“5 )

The collinear libration points are the solution of the equation (7), when y = 0.
The non-collinear libration points are the solutions of the equations (7) and (9).

If we put k1 = ko = 0 in equations (7) and (8), we get the classical case of the
R3BP and consequently. r; = ry = 1 is the required solution. Now, we discuss
only the location of libration point L4. For this, we suppose that the solution of
the above equations when y 20 arery =147, ro =1+ 7', m, 7’ < 1. Putting
the values of 1 and r9 in the equations r$ = (x — )2 +y?, r3 = (x — p+1)2 +¢>
and solving, we get © = pu — % —(r—7"),y= \/g— %(ﬂ' + 7).

Now, we substitute the values of 71, x, y in equations (7) and (9) and rejecting
the second and higher order terms of m and 7/, we get the co-ordinates of the
stationary points Ly4(z,y) and Ls(z,—y) as x = p — % + pik1 + poko, y =

. _ Tu—11 3-4
? + p3k1 + paks, respectively, where p; = 2—;, Py = 8#%#—1)’ p3 = 6\/55,

_ 11-5u
PA= S B

4. First order normalization

Following the procedure as adopted by Bhatnagar and Hallan (1983) to derived
the first order normalization. The Lagrangian function of the equation(5) is
given by

1-— k 3koy?
pop T Sk
1 ro 215 2rs

1
(10) T = S {a*+ 5"+ n*(2® +y7°) + 2n(zg — yi)} +
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Now shifting the origin to L4(z,y), and expanding I" in power series of x and vy,
it can be expressed as ' =Tg+ 11 + 19+ I's + 'y + ..., where

1
Iy = g(ll + ’72 +t1k1 — 9k2),

' = 7(\/3 + tok1 + 2paka) — %(7 + t3k1 — 2paks)
+ x(takr + tske) + y(teks + trka),

1, - : . . 3
Iy = 5(932 +v2) + n(zy — yi) — —(8\/37 + tgk1 + toka)zy
1
+ 674(72 + t10k1 + tllkg)y + — 6 (24 + t10k1 + tlgkz) ,
3 3
I3 = 32( 2V3 + t1gky + tiska)y® + 32( 147 + tik1 + t17ka)y?
Bny 2 5
39 (=227 + tigk1 + tigka) + 6l (2\/§ + took1 + ta1ka)z”,
Ty = x4( 148 + taoky + tasks) + 3y4(2+t ke + taska )y
4 = 512 221 23R~2 256 24~ 25K2)Y
15xy3 53y
— o (6\[’}/ + togkt + t271€2) + 674(1()[’}’ + togkt + tzgkg)
1
64( + t3okt + t31k2)x y ,

all the values of ¢;, (i = 1,2,...31) are refer in Appendix.
Corresponding to the Lagrangian function I' given by equation (5), the
Hamiltonian function is given by H = —I" + p,a + p,y, where p, and p, are the

momenta coordinates and given by p, = gg =1T—nyY, py = 8—5 = y+nx. Finally,

the Hamiltonian function becomes H(x,y, pz, py) = (pz +p§) +n(yps — Tpy) —
Lo _p_ b kzy . Applying the following translation x — (z — 3p1k1 +paka),

1 T2 2r3
y— (y+ §p3k1 +p4k2), Pz —* Pz — n(% + psk1 + paka), py — py +n(5" +
p1ki + p2ks), One can find the Hamiltonian H as H = Y, , Hy, where Hy, =
the sum of the terms of k*" degree homogenous in variables z, v, p, Dy-

Now
Hy = T,
H, = 614( 40 — 12(11 + 11yp; — 3V/3p3)ky
+ (141 — 132yps + 36V3py) ko),
(11) Hy = %(piﬂﬂf,) +n(yps — 2py) + Ea® + Fy? + 2Gay,
H3 = T,
Hy = —Ty,
where E = 6—14(8 + c1k1 + k), F = 1(—40 + c3ky + caks), G = %(8\/57 +

64
csky + coka), c1 = 12(—1 4 Typ1), ca = 3(45 + 28vpa + 4v/3py), c3 = —12(11 +
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11yp1 — 3v3ps), ca = 141 — 132ypy + 36v/3ps, ¢5 = 4(—=5V3 + V3p1 — 119ps),
c6 = 65V/3 + 4v/3py — 447ypy).

To investigate the stability of motion as in Whittaker (1965), we consider
the following set of linear equations in the variables x and y

OH.
f)\px:—Q:2Ea:+Gy7npy,
ox
OH.
(12) —)\py:8—2:2Fy—|—G1:—npx,
Y
OH.
e =—2 =p,+ny,
Opa
OH.
)\yzﬁjzpy—nm, 1.e.AX =0,
where
2E G X —n x
_ G 2F n A B Yy
A= -2 n 1 0 X = Da
-n —-A 0 1 Dy

The equation (12) will have a non-zero solution if and only if Det(A) = 0,
which implies that A* + 2A\2(E + F +n?) + FE — G? — 2n?(E + F) +n* = 0.

and so the characteristic equation corresponding to Hamiltonian Hy given in
equation(11) is given by 16A* + (16 +2(—36 + 32c — 12yp; +9v/3p3) k1 — 6(—23 +
4ypy — 4v/3pg) ko) A2 + 27(1 — %) + 4(252 + 384c + 540y — 288yp; + 18v/3(—3 +
229%)p3) k1 + 4(—819 — 1755 — 2887ps + 36v/3(—3 + 1192)py) k2 = 0,

The stability of Libration point L, is assured only when the discriminant of
the characteristic equation is greater than zero, implying that u < p. = po —
(3.76183..)k1+(10.825...) ko, where pg = 0.0385208965 ... When D > 0, the roots
+iw] and +iw), (w] and w) being long/short-periodic frequencies) are related to
each other as w/12 + w/22 =1+ psk1 + pgkoa, w/12w/22 = %(1 —72) + prk1 + pska,

(0 <wy <w,y < 75) where ps = g(=36+32c —12yp1 +9v/3p3), ps = 3 (~23+

4ypy — 4V3p4), pr = (252 + 384c + 540y — 288yp1 + 18v/3(—3 + 2292)ps),
ps = 57(—819 — 17557 — 288vpy + 36v/3(—3 + 119%)py).

It is observed that the perturbed frequencies (wj,w}) are related to the
unperturbed one (w1,ws) as wj = w1 (1 + pk1 + p'ke), wh = wa(l + gk1 + ¢'k2),
27p5—27v2ps—16prws  ,  2Tps—27v2pe—16psw3 _ 27p5—27v%p5—16prw?
L IR P= 5A(1—72)k2 4= BA(— 12k

(= Hhe T el k2 = 2u? — 1 =1 - 23,

Following the method given in Whittaker (1965), we use a canonical trans-

formation from the phase space (x,y, pz, py) into the phase space of the angles

(¢1, P2) and the actions (I, I2), so that the Hamiltonian Hs be normalized.

where p =

(13) X =JT,
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where

L @1
x=|Y | 1= Q2 ,
Pz Pl
Py Py
/ 2I; 1 . gt .
J = (a;;)1<ij<a, Qi = (7)2 sin ¢;, P; = (2Lw;)? cos ¢;, (i =1,2).
i
Now, we have calculated all the elements of J and we obtain afij = a;; (1 +
. . l l
aijkl + O[,:]kQ), ,] = 17273747 where ajl] = a2 = 07 ais = lelk17 a4 = 2w22k27
_ —dw _ —duwy _ 3V3y _ 33y _ —wimyg _ —wamy
a1 = ik a2 = ok a3 = o1k’ a4 = Qwnlak? asy = Ak asa = 2ok
_ 3V3y 33y 33w _ 3V3ywe _ ni —
a3z = 20101k a34 = 2walak? aqr = 2/l1k , A42 = 20k a43 = 20101 k> a44 =
" T . . .
ToaaRe? and all the values of ;; and o5, 7,7 = 1,2, 3,4, are given in Appendix.

The transformation changes the second order part of the Hamiltonian into
the normal form Hy = w]I; —w)I5 and the general solutions of the corresponding
equations of motion are I; = Constant (i = 1,2), ¢1 = wit+ Constant, ¢o =
wht+ Constant.

5. Second order normalization

Moser’s conditions are utilized for transforming the Hamiltonian to the Birkhoff’s
normal form with the help of double D’Alembert’s series. Here we wish to per-
form Birkhoff’s normalization for which the co-ordinates (z,y) are to be ex-
panded in double D’Alembert series:

T = ZB}L’O, y:ZBg’l,

n>1 n>1

where the homogeneous components BYY and B! of degree n in /I, /I are
of the form

_1  __1
S LTS (Coemamig cos(ion + jo)

0<m=n (i.7)

(14) + Sn—m,mij sin(i¢r + jg2)).

The double summation over the indices ¢ and j is such that (a) i runs over those
integers in the interval 0 < i < n —m that have the same parity as n —m (b) j
runs over those integers in the interval —m < j < m that have the same parity
as m. I; and Iy are to be regarded as constants of integration and ¢1, ¢o are to
be determined as linear functions of time such that

¢ = wh + Zf2n(11’12)7 $g = —wh + 29271(—71’]2)7

n>1 n>1
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where fo, and go, are of the form

f2”: Z fé(nfm),QmI?_mIénv 9on = Z gé(n,m)’ZmI{l_mIgL.

0<m<n 0<m<n

The first order components Bll’0 and B?’l are the values of x and y given
by equation(14). The second order components B;’O and Bg’l are solutions of
the partial differential equations AlAgBé’O = &5 and AlAng’l = Wy, where

Ai:(D2+%2), (i:1,2)7D:w/18%1_wéa%2.

Dy = Xo(D? — L (72 + tiok1 + ti1ka)) + Yo(2nD + 5 (8v/37 + tsky + toks)),
Uy = Y2(D2 — 3%(24 +t19k1 + tlgkz)) — XQ(QTLD — 3%(8\/§’7 + tgk1 + tgkg)), and
Xs and Y, are homogeneous components of order 2 obtained on substituting
T = Bll’0 + B21’0, Yy = B?’l =+ Bg’l, in %, 83—1;3.

6. Second order coefficients in the frequencies

To make use of Moser’s modified version of Arnold’s theorem (1961), it is nec-
essary to reduce the Hamiltonian to its normalized form. So, we performed
the first and second order normalization. We have found the second order co-
efficients in the frequencies. For this we have obtained the partial differential
equations which are satisfied by the third order homogeneous components of the
fourth order part of Hamiltonian H4 and second order polynomials in the fre-
quencies. Following the iterative procedure of Bhatnagar and Hallan (1983), we
note that the third order components Bg’l and Bé’o can be obtained by solving
the partial differential equations

(15) A1ABy° = &3 — 2f,P — 2050Q,
A A Byt = U3 — 2£,U — 295V,
where
1 3
b3 = ng(l)2 — 5(72 + ti0k1 + t11/€2)) + 1/3(272D + 5(8\/5’}’ + tgky + tgk‘g)),
o . ,0B"° o1y g 021
= — —nB7 — — — (T2 + t10k1 + t11k
96, (w1 961 nB;") (wy 9, 32( + t1ok1 + t11k2))
+ ( 9By B (2 ’—+i(8\/§ + tsk1 + tok2))}
18¢1 1 nw18¢1 32 Y 8h1 9h2 9
0 , 0B o1y, 1 O 1
= —{(— —nB;y’ — — — (72 + t1ok1 + t11k
Q 8¢2{( ) Do nB;")(wg Do 32( + tiok1 + t11k2))
oBM o 3
—Wh 2L BYY (—onwh —— 4+ = tsky + tok
(g - nBl) (-2 (VY ik foh))
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3 3
Uy = Yg(D2 — 5(24 + t10k1 + t13]€2)) — X3(2nD — 3*2(8\/§’Y + tgk1 + tgkg)),

R I R L S L)

T )}

= azz(wé aaniO — nB(l)’l)(2nD — (3\{?’}/ — 15\23,14:1 + 11:17 + 3\531{;2))
@I ey B BB 2,

and X3 and Y3 are homogeneous components of order 3 obtained on substituting
T = Bll’0 + B;’O, Y= B?’l + Bg’l in % —|—% and 88—1;3 —}—88—1;4 . The components
Bg’l and B; 0 are not required to be found out. We find the coeflicients of C'os¢q,
Sing1, Cospe and Sing, in the right-hand sides of equation(15), they are the
critical terms. We eliminate these terms by properly choosing the coefficients in
the polynomials fo = f57011 + f(/)7212, go = g/270[1 + g(lmlg, where

Coefficient of Cos ¢1in®;
2(Coefficient of Cos¢1inP)
/ / Coefficient of Cosgoin®s
Jo2 =920 = 2(Coefficient of Cosgoin@)

/ Coefficient of CosgoinV¥s
902 = 2(Coefficient of Cosgpain@) = Clsay).

/
ﬁﬂ:

= A(say),

= B(say),

7. Non-linear stability

Now the condition is Kjw] +Kaw) # 0, for all pairs (K1, K2) of rational integers
such that |Ki|+ |K3| < 4.

We calculate, Kijw] +Kowh =0, & “F = _%‘
w 2
1

/
1
/
° / 1 /
Here,wehave,0<w2<%<w1<1,and500<w2<ﬁ<wl<1
([K1| << 1, |[K| << 1).
So, we have

(16) i I
Wy
equation (16) to be true, K7 and K are of opposite signs and —% > 1.
Therefore, K1, K2 can have the following values, K1 = 1, Ky = —2; K| =
—1,K2 = 2. Kl == 1,K2 == —3; K1 == —I,KQ = 3.

Case-I. When K; =1, Ky = —2; K1 = —1, K9 = 2. Equation (16) gives
w)

(17) =2 ew) — 2wy = 0.
Wy
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Solving equations (14) and (17) and putting v = 1 — 2u, we get

1y = (0.024293897...) + (2.08929 .. )k; 4 (4.69455 .. )ks.

Case-II. When K1 = 1,K2 = *3; Kl = *1,K2 = 3.
Equation (16) gives
(18) Y13 iew — 3wy = 0.
Wy

Solving equations (14) and (18) and putting v = 1 — 2u, we get
1y = (0.013516016....) + (2.01103.. .)k; + (4.70867 .. .)ks.

Hence for the values ) and pfy of the mass ratio condition (a) of Moser’s
theorem is not satisfied.

The normalized Hamiltonian up to fourth order is written as H = wil; +
woly + L(AI} + 2B I, + CI3) + . ..

The determinant D occurring in condition (a) of Moser’s theorem is

A B W
D=|B C —uwh|=—(Aws®+2Bw;, + Cw).
wp —wh 0

Following the iterative procedure of Bhatnagar and Hallan (1983), we ob-
served that Moser’s second condition is violated for the unperturbed problem
(i.e. for kj = ko = 0 ) when pg = 0.0109137... When k;, ks # 0, we take
u/3 = u3 + Xk1 + X'ky such that D = 0. It is also observed that the condition
(b) of Moser’s theorem is satisfied i.e. D # 0, if in the interval0 < p < p., the
mass ratio does not take the value ,u;) = pz+ Xky+ X'ko, where X = 40.917. ..,
X' =607.324....

8. Conclusion

E. P. Esteban and S. Vazquez have studied the rotating stratified heterogeneous
oblate spheroid in Newtonian Physics by taking three layers. But we have taken
the smaller primary with mass mgy a heterogeneous triaxial rigid body with
N layers having different densities p; and axes (a;, b;,¢), (i = 1,2,3,4,...,N)
respectively in the restricted three-body problem. We have found that there
exist five stationary solutions (called libration points) of the equations of motion.
Three of them are collinear and two are triangular equilibrium points.

We also observed that in the non-linear sense, collinear points are unstable
for all mass ratios p, and triangular points are stable in the range of linear
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stability 0 < p < pie, p < pre = po — (3.76183...)k1 + (10.825...)ka, Where,
o = 0.0385208965 . .. except for three mass ratios

1y = (0.0242939 ...) + (2.08929 .. )k + (4.69455 .. )k,
1y = (0.013516016....) + (2.01103 .. )k + (4.70867 .. )k,
1ty = (0.0109366...) + (40.917 .. Yk1 + (607.324 .. )k,

at which Moser’s theorem does not apply.
Here, if we take k1 = ko = 0, then the values of ,u/l, NIQ and ,ué agree with
those found by Deprit and Deprit (1967).
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Appendix.
t1 =2(2+ 3c+ cy?),

ty = v/3c + 2ps,

t3 = ¢y — 2p1,

ty = 34 4cy — 3p1 + 3v/3ps,

ts = 3(15 + 4ps — 4v/37py),

te = (—3v/3 + 43¢ — 4v/3yp1 + 9Ip3),

tr = 3(7V3 — 4v/3yp2 + 12py),

ts = 4(—5v/3 +V/3p1 — 119p3),

tg = 4v/3pa — 44ypy + 65V/3,

t10 = 33 + 16¢ + 33vp; — 9v/3ps,

t11 = —47 4 44ypy — 12¢/3py,

ti2 = 3+ 16¢ — 21yp1 — 3v/3ps,

t13 = —3(45 + 28vp3 + 4v/3pa),

tia = —15v/3 — 15v/3yp1 + p3),

t15 = 40v/3 — 15v/3vp2 + pa4,

ti6 = 25 — 37p1 + 25v/37ps,

tir = —37p2 + 25v/37pu,

t1s = 85 — 41py + 45v/3ps,

tig = —40 — 41py + 45V/3py,

tao = —15v/3 + 25v/3yp1 + 41p3),

ta1 = 25v/3ypy + 41py,

tog = 10(—57 + 23vp1 + 57\/§p3),

taz = 10(23yp2 + 57v/3p4),

tos = 5(37 4+ 3Typ1 + 11V/3p3),

tos = 5(—272 4 37yp2 + 11/3py4),

tag = —35v/3 + 23v/3p1 — 377ps,

tor = 56v/3 + 23v/3pa2 — 37ypa4,
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tog = —21v/3 + 57v/3p1 + 437ps,
tag = 57v/3p2 — 43vpa,
t30 = —60(—93 + 43yp1 + 69v/3p3,
t31 = 15(1965 + 172yps + 276+/3py,
a3 = m{ 6336¢ — 864p + 45¢1 + 832p7 + (1536¢ + 2304p — 16¢; —

832p5 — 256p7)w? + (5376p — 3072¢ — 16¢1 + 256p5)wl + (39 — 12w2)eser}, o)y =

W{%élq +45¢o + 832ps + (2304g — 16c2 — 832pg — 2566 )w? + (5376q —

16¢o + 256pg)wi + 1024w + (39 — 12w?)cscr ),
Qa1 = gty (31680 864p—0c) +320pr-+ (6336 1152p— 40y +320ps —
T27p7)w?+(— 768p 512c—16¢1+768ps )wi-+(1024c—1024p)wb —(15+36w?)ccr },
ahy = 7163[2(%4“) {—864q—9ca —320ps + (— 1152 —40c2 +320ps — 728ps )w? +

(—768q — 1602 + 768pg)wi — 1024qw8 — (15 — 36w?)cper ),
Qo3 = 64I~c3l3 {108864c+23328p+(101376c—41472p+15552ps5 )wi — (151296p-+

116736¢ — 14080])5)0.)1 (147456¢ — 48128p — 27648p5)w1 + (—49152¢ 4 20480p +
4096p5)w? — 16384pwi® + (—729 + 660w1 + 1296@)1 —192w)cscr — 67p7(243 +
220w? — 432w1 + 64wP) — ¢1(243 + 936w? — 64w + 384wf + 256wf)},
b3 = ¢ md {—23328¢ + (41472q — 15552pg)w? + (151296¢ — 14080pg)w? +
(48128¢ + 27648p6)w1 — (20480q + 4096pg)wt + 16384qwi® — (729 + 660w; —
1296wi + 192w8)ceer + 64pg(243 + 220wF — 432wi + 64wf) + c2(243 + 936w? —
64wi + 384wl + 256wF)1,
2
a1 = o {38592c—864p+(—40704c—11520p+4928p5 )wi +(5120c—3840p—
1
51200ps)wi + (—4096¢ + 16384p + 1024ps)wf + 4096w + 16384qwi® + (—231 +
240w? +48wi)eser+64p7 (—704+80w? +16wi) +c1 (—333+284w? + 336w +64wP)},
2
ol = s {—864q— (11520q —4928pg )wi +(—3840¢ —3120pe )wi + (16384¢—
1
1024pg)wf + 4096w§ + (—231 + 240w? + 48wi)cger + 64ps (—T7 + 80w? + 16wT) +
62(—333 + 284w1 + 336w; + 64w%)},
azz = g mg {-85536¢ — 23328p + (—120384c + 41472p — 15552p5)w? +
(151296p+64512c— 14080ps)wi + (— 1372166+48128p—|—27648p5)w1 (24576¢ —
20480p — 4096p5)w§ + 16384( —c)wi® + (729 + 660w1 - 12960‘;1 + 192w1)C5C7 -
64p7(243 + 220w1 432w7 + 64w + c2(243 + 936w? — 64w + 384wl + 256w8)},
ah3 = ¢ 4k313 {—23328¢ + (41472q — 15552pg)w? — (151296¢ — 14080pg )w; +
(48128¢ + 27648p6)w1 (—20480g — 4096pg)wt + 16384qwi® + (729 + 660w? —
1296w7 + 192w§)c6c7 + 64pg (243 + 220w? — 432w} + 64w?) + (243 + 936w? —
64w + 384w1 + 256ws)},

oy = 64k3l3 {108864c—23328p+(101376¢c—3456p+15552p5 )w?+(—116736c—

46848p + 14080])5)0.11 (147456¢ — 68608p — 27648p5)w$ + (—49152¢ + 69632p +
4096p5)w§ + 16384pwi® + (=729 — 660w? + 1296w — 192wf)cscr — 64p7(243 +
220w} — 432w + 64wf) — ¢1(243 4+ 936w? — 64w + 384w? + 256wf)},

oy = 64k3l§ {23328¢ + (—3456q + 15552p¢)w? + (—46848¢ + 14080pg)w? +
(—68608¢ — 27648p5 ) + (696329 + 4096p5)w’ + 16384qwl0 + (—729 — 660w? +
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1296w — 192w8)coer — 64pg(243 + 220w? — 432w7 + 64wf) — (243 + 936w? —
64w] + 384wl + 256wF)1,
3 = @{492& + 7776p + (—15552¢ — 10368p + 7488ps)wi + (—5376¢ —

48384p — 1536ps5 )wi + (35840c — 24576p — 7T168pg)wf — 4096(c — p)ws + (=351 +
T2w? + 336w} )cscr + 64pr(—117 + 24w? + 112w7) + 3c1 (=135 + 12w? + 176w] +
64c7)},

s = @{777&1 — (10368¢ — 7488pg )w? + (48384q — 1536p5)wi + (24576¢ —

7168pg)w? +4096qws + (—351 +72w? +336wi ) cger + 64ps (— 117+ 24wd +112wT) +
3c2(—135 + 12w? + 176w] + 64w?)},

The values of «;; and o ; for j = 1,2, can be obtained from those for j = 1, 3,
respectively by replacing wy by ws, I1 by la, m1 by mg and n; by no whenever
they occur, keeping k unchanged.
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