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Abstract. A graph G = (V(G), E(G)) is called 1-planar if it can be drawn in the
plane such that every edge of the graph is cut by at most one other edge of the graph.
For any ring R, the ideal intersection graph of R, denoted by G(R), is the graph whose
vertices are the nontrivial proper ideals of R and two distinct vertices are adjacent if
they have nontrivial intersection. In this paper, we characterize when the intersection
graph G(R) of a ring R, is 1-planar.
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1. Introduction

Through out this paper a graph means a finite simple graph, i.e. a graph
without loops and multiple edges. Recall that a graph is called planar, if it can
be drawn in the plane with nonintersecting edges except of the ends. Always
it is interesting to characterize when a graph is planar. One generalization of
planar graphs is called 1-planar. A graph is called 1-planar if it can be drawn in
the plane with every edge is cut in at most one point except of the ends. This
class of graphs is interesting in computer sciences, especially in networks. It
was studied extensively in literature, see [3], [7], and [8]. The following lemma,
summarizes the 1-planarity of a graph G with seven vertices or less, see [7].

Lemma 1. The graph K; — K3 is the unique T-vertex minimal non 1-planar
graph.
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All rings, R, in this paper are commutative with unity 1 # 0. A local ring

R, is a ring with only one maximal ideal, say M. An Artinian ring R is the
m

direct product of a finite number of Artinian local rings, R = [] R;. Moreover,

every ideal of R; is finitely generated. For an Artinian local rirzlglR with unique

maximal ideal M, there exists a least positive integer k such that M* = 0. In

this case we say that the local ring R has nilpotency index k, see [2].

Let G(R) be the ideal intersection graph of a ring R, with vertices are the
proper nontrivial ideals of the ring R, and two vertices are adjacent if they
intersect nontrivially. Akbari et. al. [1] proved that, R is Artinian if G(R)
is finite. Moreover, if G(R) is finite and connected, then diam(G(R)) < 2.
From now on, it is enough to consider Artinian rings, to characterize when the
intersection graph G(R), is 1-planar.

The idea behind introducing the intersection graph, G(R), of a ring R is
to study the interrelationship between algebraic properties of the ring R and
the graph theoretic properties of the graph G(R). So, G(R) was investigated by
many authors in literature, see [1], [4] and [9]. Jafari and Rad in [6] characterized
when the intersection graph, G(R), of ideals of a ring R is planar. Here in the
same spirit we characterize when the intersection graph G(R), is 1-planar.

For undefined notions and terminology, the reader is referred to [2] and [5].

2. The 1-planarity of intersection graph G(R)

As the first result, we characterize when an Artinian ring, which is the direct
product of at least three local rings, is 1-planar.

Theorem 1. Let R =[[;", R;, for m > 3. The graph G(R) is 1-planar if and
only if R is the product of three fields.

Proof. Firstly, assume that m = 3 and that R;, Ro, and R3 are fields. Then
G(R) has exactly six vertices. So, G(R) is 1-planar. But, if at least one of Ry,
Ro, and Rj is not a field, say R, with nontrivial maximal ideal M;. Then G(R)
has at least the following vertices Ry x Ry x {0}, Ry x {0} x {0}, M; x {0} x
{0}, My x Ry x {0}, Ry x{0}x R3, My x{0} x R3, My x Ry x R3. These vertices
induce the complete subgraph K7. Hence, by Lemma 1, the result follows.

Secondly, assume that m > 3, then |G(R)| > 7 and K7 is an induced sub-
graph of G(R). Thus, by lemma 1, G(R) is non 1-planar graph. O

Lemma 2. Let R be a direct product of a field, say F1, and a local ring, say
Ry. Then G(R) is I-planar if and only if G(R2) is isomorphic to K1, Ko, or
Ps.

Proof. Assume that G(R2) is isomorphic to Ka, then there is an ideal I of
Ry such that {0} C I) € M C Rg, and V(G(R)) = V(G(F1 x Rg)) = {F} X
{0}, F1 X Il, Fl X M, {0} X Il, {0} X M, {O} X Rg} Then ‘G(R)| = 6,
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hence G(R) is 1-planar. While, if G(Rz2) is isomorphic to K; then |G(R)| < 6.
Moreover, if G(R3) is isomorphic to Ps, then there are two ideals I; and Iy of
Ry such that {0} ChLH CMCR,, {0} CIhCMCRg,and I1 NIy = 0. Hence,
G(R) = G(F1 X Rp) is 1-planar, see Figure 1.

ko
P
Figure 1: G(R) = G(F x Ry), where G(Ry) is isomorphic to Pj

On the other hand, assume that |G(R2)| = 3 but not isomorphic to Ps, then
G(R2) is isomorphic to K3, where {0} C I} C Ix € M C Ry. Then the set of
vertices Iy x M, Fy x I, F} X I, {0} x I, {0} X 1o, {O} X M, {O} X Rs, induces
a subgraph isomorphic to K7 in the graph G(R). Hence, by Lemma 1, G(R) is
non 1l-planar.

Moreover, assume that |G(Rz2)| > 4, then the simplest connected intersection
graph of G(R3), is a star graph with three edges, Rs is local ring. Though,
we have three mutually disjoint, say Ii, 2, I3, non trivial and non maximal
ideals, that are subsets of maximal ideal, say M. Then the set of vertices
{0} X RQ, {0} X M, {0} X 11, F1 X M, F1 X Il, F1 X 12, F1 X 13, induce a
subgraph isomorphic to K7 — P, in the graph of G(R). Hence, by Lemma 1,
G(R) is non 1-planar. O

Lemma 3. Let R be a direct product of two local rings, R = R1 X Ra, that are
not fields. Then G(R) is 1-planar if and only if each R; has only one proper
nontrivial ideal.

Proof. If both rings R; and R, has at most one nontrivial proper ideal, say
M, and My respectively. Then G(R) has at most the following vertices {0} x
RQ, {0} X Mg, M1 X {0}, M1 X RQ, R1 X {O}, M1 X MQ, and R1 X MQ. The
graph of G(R) is isomorphic to a subgraph of K7 — Cy. Hence by Lemma 1,
G(R) is 1-planar.

On the other hand, if both R; and Ry are not fields with one of them has
at least two nontrivial proper ideals, say I C Ms C Rs, and Ry has M; # 0,
then G(R) has at least seven mutually adjacent vertices, namely {0} x Ma, Ry X



356 EMAN A. ABUHIJLEH, MANAL AL-LABADI anp HASAN AL-EZEH

My, Ry xI, {0} xI, M;x Ry, MjxMa,and M; xI. These induce the complete
subgraph K. Hence, by Lemma 1, G(R) is non 1-planar. O

Now, we summarize the case when R is the direct product of two local rings.

Theorem 2. For R = Ry X Ry, G(R) is 1-planar if and only if one of the
following holds:

1. Ry is a field and G(Rz2) is isomorphic to a path of length at most three.

2. Each R; has at most one proper non trivial ideal.
Finally, we consider the local Artinian rings.

Theorem 3. If a ring R is a local ring whose maximal ideal is principal, then
G(R) is 1-planar if and only if |G(R)| <6

Proof. Let R be a local ring whose maximal ideal is principal. Then R is a
chained principal ideal ring. So, G(R) is a complete graph. Hence, by Lemma
1, the result follows. O

Theorem 4. Let R be a local non principal ideal ring, whose maximal ideal has
exactly two generators x and y. Then G(R) is I1-planar if and only if either
M? =0, or M* =0 with M =< x,y > and 2°> = 0 = 3.

Proof. If either M? =0, or M* = 0 with M =< z,y > and 22 = 0 = 2. Then
|G(R)| < 5, hence by Lemma 1, G(R) is 1-planar.

Conversely, assume that M has nilpotency index 4 with M =< z,y > and
r* = 0 = y?. Then G(R) has a subgraph, that is induced by the vertices
<xzy>, <xly> <at> <ady>, <>, <z >, and < zy >, which is
isomorphic to the complete K7. Moreover, assume that M has nilpotency index
equals 3 with M =< z,y > and 23 = 0 = 3®. Then G(R) has the subgraph, say
G, that is induced by the vertices < z >, < y >, < 2° >, < z,y >, < z,y> >,
< 22,y >, and < z2,y? >, that is isomorphic to the graph K7 — P». Now,
assume that M has nilpotency index equals » with » > 5 and M =< z,y >,
then G(R) has a subgraph that is isomorphic to K7. Hence, for all these cases,
G(R) is non 1-planar by Lemma 1. O

Theorem 5. Let R be a local ring with mazximal ideal M, that can’t be generated
by less than three generators. Then G(R) is 1-planar if and only if M? = 0 and
M=<zy,z>.

Proof. If M =< x,y,z > and M? = 0, then G(R) has at most the following
vertices < x >, <y >, <z >, <z, >, < 2,2 >, <Y,z > <x,Y,2 >.
Then the graph of G(R) is isomorphic to a proper subgraph of K7 — k3, hence
by Lemma 1, G(R) is 1-planar.

Assume that R is a local ring with maximal ideal M with three generators
or more. If the nilpotency index of M equals r with » > 3. Then |G(R)| > 8
and G(R) has a subgraph isomorphic to Gy, that is defined in the proof of the
previous theorem. Hence the result follows. O
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