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Abstract. The operations of cubic sum, cubic product, cubic intersection, cubic union
are given in MV-algebras, and the concepts of cubic MV-ideals and cubic prime MV-
ideals in MV-algebras are introduced. Then some characterizations of cubic MV-ideals
and cubic prime MV-ideals are obtained. The image set of cubic prime MV-ideals
is proved to be a chain under the order relation ≼ by discussing the properties of
cubic prime ideals, and the cubic prime MV-ideal theory and extension theorem of MV-
algebras are presented. Finally, the quotient structure of cubic MV-ideals is constructed
by cubic cosets, and three isomorphism theorems concerning the quotient of cubic MV-
ideals are presented by using the notion of invariant cubic sets.
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1. Introduction

Non-classical logic systems which lay logical foundation for dealing with uncer-
tain information processing and fuzzy information in computer science, have
become one of the most active research directions in artificial intelligence field.
The study of logic algebraic systems not only promotes the development of
non-classical mathematical logics, but also enriches the content and methods of
algebras. MV-algebras were introduced by Chang [1] as the algebraic counter-
part of  Lukasiewicz infinite-valued calculus, and MV-algebras entered deeply in
many areas of mathematics and logics. The notions of pseudo MV-algebras [2]

∗. Corresponding author



CHARACTERIZATIONS OF MV-ALGEBRAS IN TERMS OF CUBIC SETS 435

and generalized MV-algebras [3] as two non-commutative but equivalent gener-
alizations of MV-algebras have independently appeared, and they are used for
algebraic foundations of non-commutative fuzzy logic.

Ideal theory is a very effectively tool to study logical algebras and the com-
pleteness of the corresponding nonclassical logics. On the one hand, ideals are
closely related to congruence relations with which one can associate quotient
algebras; on the other hand, the sets of provable formulas in the correspond-
ing inference systems from the point of view of uncertain information can be
described by fuzzy ideals of those algebraic semantics. A number of researches
have motivated to develop nonclassical logics, and also to enrich the ideal the-
ory of algebras [4, 5, 6]. In addition, based on the fuzzy set theory introduced
by Zadeh, the related fuzzy structures (i.e., the fuzzification) of ideals in MV-
algebras were further studied [7, 8]. Hedayati [9] extended the notions of fuzzy
ideals to (∈,∈ ∨q)-fuzzy (implicative) ideals in pseudo MV-algebras by using the
concept of quasicoincidence of a fuzzy value with a fuzzy set. Using falling shad-
ows theory, [10] proposed the concept of falling fuzzy (implicative) ideals which
as a generalization of a T∧-fuzzy (implicative) ideal in MV-algebras. Moreover,
based on the concept of the soft set, [11] established the int-soft ideal theory in
pseudo MV -algebras.

Using a fuzzy set and an interval-valued fuzzy set, Jun et al. [12] introduced
a new notion, called a cubic set, and investigated several properties, then they
applied the cubic theory to BCK/BCI-algebras, and proposed cubic P-ideals
and cubic α-ideals [13, 14]. Continue the Jun’s work in [15], Khan et al. [16]
introduced the concepts of cubic h-ideals, cubic h-bi-ideals and cubic h-quasi-
ideals in hemirings, and provided some basic properties. Combining cubic sets
and soft sets, [17] introduce the notions of cubic soft o-subalgebras and (closed)
cubic soft ideals in BCK/BCI-algebras, and investigate related properties.

The paper aims to investigate ideals of MV-algebras based on the cubic the-
ory. The concepts of cubic MV-ideals and cubic prime MV-ideals in MV-algebras
are given, and some characterizations of them are present by the introduced cu-
bic operations. Inspired by the fuzzy prime filter theorem in [18], the cubic
prime MV-ideal theorem is provided in MV-algebras. A congruence relation
on an MV-algebra is constructed via a cubic MV-ideal. Furthermore, a quo-
tient structure of MV-algebras is constructed by cubic cosets, and some certain
isomorphism theorems are proved by using the notion of invariant cubic sets.

2. Preliminaries

In this section, we will provide basic terminologies and notations of MV-algebras
which are necessary for the understanding of subsequent results.

An algebra (M,⊕,¬, 0) of type (2, 1, 0) is called an MV-algebra if it satisfies
the following axioms: for any x, y, z ∈ M ,

(MV1) x⊕ (y ⊕ z) = (x⊕ y) ⊕ z,
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(MV2) x⊕ y = y ⊕ x,

(MV3) x⊕ 0 = x,

(MV4) ¬¬x = x,

(MV5) x⊕ ¬0 = ¬0,

(MV6) ¬(¬x⊕ y) ⊕ y = ¬(¬y ⊕ x) ⊕ x.

Let (M,⊕,¬, 0) be an MV-algebra, for any x, y ∈ M , we put 1 = ¬0, x⊗y =
¬(¬x⊕¬y), x → y = ¬x⊕y, x⊖y = x⊗¬y, x∨y = ¬(¬x⊕y)⊕y = (x⊖y)⊕y,
x∧y = ¬(¬x∨¬y) = (x⊕¬y)⊗y. In what follows, unless mentioned otherwise,
(M,⊕,¬, 0) is an MV-algebra and will often be referred to by its support set
M .

Proposition 2.1 ([19, 20]). Let (M,⊕,¬, 0) be an MV-algebra. Then the fol-
lowing assertions are valid: for any x, y, z, s, t ∈ M ,

(1) x ≤ y if and only if ¬x⊕ y = 1 if and only if x⊖ y = 0;

(2) x⊖ y ≤ z if and only if x ≤ y ⊕ z;

(3) x⊗ ¬x = 0, x⊕ ¬x = 1, (x⊖ y) ∧ (y ⊖ x) = 0;

(4) x⊗ y ≤ x ∧ y ≤ x ∨ y ≤ x⊕ y;

(5) x⊖ y = ¬y ⊖ ¬x, x⊖ z ≤ (x⊖ y) ⊕ (y ⊖ z);

(6) (x⊕ s) ⊖ (y ⊕ t) ≤ (x⊖ y) ⊕ (s⊖ t);

(7) if x ≤ y, then ¬y ≤ ¬x, x⊗ z ≤ y ⊗ z and x⊕ z ≤ y ⊕ z;

(8) (x ∨ y) ⊖ y = x⊖ y, x⊖ (x ∧ y) = x⊖ y.

Let (M,⊕,¬, 0) be an MV-algebra and I a nonempty set of M . Then I
is called an ideal of M if it satisfies: for any x, y ∈ M , (1) x, y ∈ I implies
x⊕ y ∈ I; (2) x ≤ y and y ∈ I imply x ∈ I. An ideal I is proper iff I ̸= M . We
say that an ideal P is prime iff it is proper and satisfies for any x, y ∈ M , either
x⊖ y ∈ P or y ⊖ x ∈ P .

Filters, the order duals of lattice ideals, have a variety of applications in
logic and topology. Since MV-algebra M is a lattice, we can give the notion of
lattice filters. A nonempty subset F of M is called a lattice filer if it satisfies:
for any x, y ∈ M , (1) x, y ∈ F implies x ⊕ y ∈ F ; (2) x ≤ y and x ∈ F imply
y ∈ F [21].

Let M1 and M2 be MV-algebras. A function f : M1 → M2 is a homomor-
phism iff it satisfies the following conditions: for any x, y ∈ M1, (1) f(0) = 0,
(2) f(x⊕ y) = f(x) ⊕ f(y), (3) f(¬x) = ¬f(x).

Now we will recall the concept of interval-valued fuzzy sets. A closed subin-
terval ã = [a−, a+] of a closed unit interval [0, 1] is called an interval number,
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where 0 ≤ a− ≤ a+ ≤ 1. Denote by D[0, 1] the set of all interval numbers.
We define the operations ∧, ∨, ≥, ≤ and = in case of two elements in D[0, 1].
Consider two elements ã1 = [a−1 , a

+
1 ], ã2 = [a−2 , a

+
2 ] in D[0, 1], then

(1) ã1 ≥ ã2 if and only if a−1 ≥ a−2 and a+1 ≥ a+2 ;

(2) ã1 ≤ ã2 if and only if a−1 ≤ a−2 and a+1 ≤ a+2 ;

(3) ã1 = ã2 if and only if a−1 = a−2 and a+1 = a+2 ;

(4) ã1 ∧ ã2 = [min{a−1 , a
−
2 },min{a+1 , a

+
2 }];

(5) ã1 ∨ ã2 = [max{a−1 , a
−
2 },max{a+1 , a

+
2 }];

(6) rinfi∈Λãi = [inf
i∈Λ

a−i , inf
i∈Λ

a+i ], where ãi ∈ D[0, 1], i ∈ Λ;

(7) rsupi∈Λãi = [sup
i∈Λ

a−i , sup
i∈Λ

a+i ], where ãi ∈ D[0, 1], i ∈ Λ;

other operations > and < can be defined analogously.
An interval-valued fuzzy set (briefly, IVF-set) µ̃A defined on a nonempty set

X is given by
µ̃A = {(x, [µ−

A(x), µ+
A(x)])|x ∈ X},

where µ−
A(x) ≤ µ+

A(x) for all x ∈ X. Then the ordinary fuzzy sets µ−
A : X → [0, 1]

and µ+
A : X → [0, 1] are called a lower fuzzy set and an upper fuzzy set of µ̃A,

respectively.

3. Cubic MV-ideals of MV-algebras

In this section, we define some cubic operations on MV-algebras, then introduce
a new notion called cubic MV-ideal of MV-algebras and study several properties
of it.

Definition 3.1 ([12, 13]). Let X be a nonempty set. A cubic set A in X as an
object having the following form:

A = {(x, µ̃A(x), λA(x))|x ∈ X},

which is briefly denoted by A = (µ̃A, λA), where µ̃A = [µ−
A, µ

+
A] is an IVF set

in X and λA is a fuzzy set in X. In order to facilitate our subsequent discussion,
for any x ∈ X, the number A(x) = (µ̃A(x), λA(x)) is called a cubic element,
where the numbers µ̃A(x) and λA(x) represent, respectively, the membership
degree and non-membership degree of the element x to the set A, and µ+

A(x) +
λA(x) ≤ 1.

For two cubic elements A(x) and A(y) of the cubic set A, we give the fol-
lowing operations:

(1) A(x) ≼ A(y) if and only if µ̃A(x) ≤ µ̃A(y), λA(x) ≥ λA(y);
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(2) A(x) ≺ A(y) if and only if µ̃A(x) < µ̃A(y), λA(x) > λA(y);

(3) A(x) ≽ A(y) if and only if µ̃A(x) ≥ µ̃A(y), λA(x) ≤ λA(y);

(4) A(x) ≻ A(y) if and only if µ̃A(x) > µ̃A(y), λA(x) < λA(y);

(5) A(x) = A(y) if and only if µ̃A(x) = µ̃A(y), λA(x) = λA(y);

(6) A(x) YA(y) = (µ̃A(x) ∨ µ̃A(y), λA(x) ∧ λA(y));

(7) A(x) ZA(y) = (µ̃A(x) ∧ µ̃A(y), λA(x) ∨ λA(y)).

If Ai = (µ̃Ai , λAi) (i ∈ Λ) are cubic elements, where Λ is an index set, then
we define:

supi∈ΛAi =

(
rsupi∈Λµ̃Ai , inf

i∈Λ
λAi

)
.

Let X be a nonempty set and A a nonempty subset of X. The cubic char-
acteristic function of A is defined as χA = {(x, µ̃χA(x), λχA(x))|x ∈ X}, where

µ̃χA(x) =

{
[1, 1], x ∈ A,

[0, 0], otherwise,
λχA(x) =

{
0, x ∈ A,

1, otherwise.

Let A = (µ̃A, λA) and B = (µ̃B, λB) be two cubic sets of X, we put A ⊑ B
if and only if A(x) ≼ B(x) for any x ∈ X; A @ B if and only if A(x) ≺ B(x) for
any x ∈ X.

In what follows, we introduce the operations ~ and } which provide interest-
ing further characterizations of cubic MV-ideals in the subsequent discussions.

Definition 3.2. Let A = (µ̃A, λA) and B = (µ̃B, λB) be two cubic sets of M .
Then:

(1) the cubic sum ~ of A and B is defined as

A~B = {(x, (A~B)(x))|x ∈ M} := {(x, (µ̃A+µ̃B)(x), (λA+λB)(x))|x ∈ M},

where (A~B)(x) = sup{A(y) ZA(z)|x = y ⊕ z, y, z ∈ M}.

(2) the cubic product ~ of A and B is defined as

A}B = {(x, (A}B)(x))|x ∈ M} := {(x, (µ̃A◦µ̃B)(x), (λA◦λB)(x))|x ∈ M},

where (A}B)(x) = sup{A(y) ZA(z)|x = y ⊗ z, y, z ∈ M}.

Inspired by [16], we can also give the intersection and union of two cubic sets
as follows. Let A and B be cubic sets of an MV-algebra M . The intersection
and union of A and B, denote by A ⊓B and A ⊔B respectively, are cubic sets:

A ⊓B = {(x,A(x) ZB(x))|x ∈ M} := {(x, (µ̃A d µ̃B)(x), (λA e λB)(x))|x ∈ M},
A ⊔B = {(x,A(x) YB(x))|x ∈ M} := {(x, (µ̃A e µ̃B)(x), (λA d λB)(x))|x ∈ M}.
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Lemma 3.3. For any cubic sets A, B, C, D and E in an MV-algebra M , then
we have:

(1) A~ (B ⊔ C) = (A~B) ⊔ (A~ C);

(2) A} (B ⊔ C) = (A}B) ⊔ (A} C);

(3) A~ (B ⊓ C) = (A~B) ⊓ (A~ C);

(4) A} (B ⊓ C) = (A}B) ⊓ (A} C);

(5) A ⊔ (B ⊓ C) = (A ⊔B) ⊓ (A ⊔ C);

(6) A ⊓ (B ⊔ C) = (A ⊓B) ⊔ (A ⊓ C);

(7) A~ (B ~ C) = (A~B) ~ C;

(8) A} (B } C) = (A}B) } C;

(9) if D ⊑ A, E ⊑ B, then D ~ E ⊑ A~B;

(10) if D ⊑ A, E ⊑ B, then D } E ⊑ A}B.

Proof. (5), (6), (9) and (10) are straightforward. The proofs of (2), (3) and (4)
are similar to that of (1), and the proof of (8) is similar to that of (7), therefore,
we only give the proofs of (1) and (7).

(1) For any x ∈ M , assume that there exist y, z ∈ X such that x = y ⊕ z,
then

(µ̃A + (µ̃B d µ̃C))(x) = rsup {µ̃A(y) ∧ (µ̃B d µ̃C)(z)|x = y ⊕ z}
= rsup {µ̃A(y) ∧ (µ̃B(z) ∨ µ̃C(z))|x = y ⊕ z}
= rsup {(µ̃A(y) ∧ µ̃B(z)) ∨ (µ̃A(y) ∧ µ̃C(z))|x = y ⊕ z}
= rsup {(µ̃A(y) ∧ µ̃B(z)} ∨ rsup {(µ̃A(y) ∧ µ̃C(z)|x = y ⊕ z}
= (µ̃A + µ̃B)(x) ∨ (µ̃A + µ̃C)(x)

= ((µ̃A + µ̃B) d (µ̃A + µ̃C))(x),

(λA + (λB e λC))(x) = inf {max {λA(y), (λB e λC)(z)} |x = y ⊕ z}
= inf {max {λA(y),min {λB(z), λC(z)}} |x = y ⊕ z}
= inf {min {max {λA(y), λB(z)} ,max {λA(y), λC(z)}} |x = y ⊕ z}
= min{inf{max{λA(y), λB(z)}|x=y ⊕ z}, inf{max{λA(y), λC(z)}|x = y ⊕ z}}
= min {(λA + λB)(x), (λA + λC)(x)}
= ((λA + λB) e (λA + λC))(x).

Hence, A~ (B ⊔ C) = (A~B) ⊔ (A~ C)
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(7) For any x ∈ M , assume that there exist y, z ∈ M such that x = y ⊕ z,
then

(µ̃A + (µ̃B + µ̃C))(x) = rsupx=y⊕z {µ̃A(y) ∧ (µ̃B + µ̃C)(z)}
= rsupx=y⊕z

{
µ̃A(y) ∧ rsupz=z1⊕z2 {µ̃B(z1) ∧ µ̃C(z2)}

}
= rsupx=y⊕z

{
rsupz=z1⊕z2 {µ̃A(y) ∧ µ̃B(z1) ∧ µ̃C(z2)}

}
= rsupx=y⊕(z1⊕z2) {µ̃A(y) ∧ µ̃B(z1) ∧ µ̃C(z2)} ,

((µ̃A + µ̃B) + µ̃C)(x) = rsupx=y⊕z {(µ̃A + µ̃B)(y) ∧ µ̃C(z)}
= rsupx=y⊕z

{
rsupy=y1⊕y2 {µ̃A(y1) ∧ µ̃B(y1)} ∧ µ̃C(z)

}
= rsupx=y⊕z

{
rsupy=y1⊕y2 {µ̃A(y1) ∧ µ̃B(y2) ∧ µ̃C(z)}

}
= rsupx=(y1⊕y2)⊕z {µ̃A(y1) ∧ µ̃B(y2) ∧ µ̃C(z) ∈ M} ,

since x = y⊕ (z1⊕z2) = (y1⊕y2)⊕z, then (µ̃A +(µ̃B + µ̃C))(x) = ((µ̃A + µ̃B)+
µ̃C)(x).

(λA + (λB + λC))(x) = inf
x=y⊕z

{max {λA(y), (λB + λC)(z)}}

= inf
x=y⊕z

{
max

{
λA(y), inf

z=z1⊕z2
{max {λB(z1), λC(z2)}}

}}
= inf

x=y⊕z

{
inf

z=z1⊕z2
{max {λA(y), λB(z1), λC(z2)}}

}
= inf

x=y⊕(z1⊕z2)
{max {λA(y), λB(z1), λC(z2)}} ,

((λA + λB) + λC)(x)

= inf
x=y⊕z

{max {(λA + λB)(y), λC(z)}}

= inf
x=y⊕z

{
max

{
inf

y=y1⊕y2
{max {λA(y1), λB(y2)}} , λC(z)

}}
= inf

x=y⊕z

{
inf

y=y1⊕y2
{max {λA(y1), λB(y2), λC(z)}}

}
= inf

x=(y1⊕y2)⊕z
{max {λA(y1), λB(y2), λC(z)}} ,

since x = y ⊕ (z1 ⊕ z2) = (y1 ⊕ y2) ⊕ z, hence

inf
x=y⊕(z1⊕z2)

{max {λA(y), λB(z1), λC(z2)}}

= inf
x=y⊕(z1⊕z2)

{max {λA(y), λB(z1), λC(z2)}} ,

and so (λA + (λB + λC))(x) = ((λA + λB) + λC)(x).
Therefore A~ (B ~ C) = (A~B) ~ C.

Lemma 3.4. Let A and B be nonempty subsets of an MV-algebra M . Then
the followings hold:
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(1) A ⊆ B if and only if χA ⊑ χB;

(2) χA ⊔ χB = χA∪B, χA ⊓ χB = χA∩B;

(3) χA ~ χB = χA⊕B, where A⊕B = {x⊕ y|x ∈ A, y ∈ B};

(4) χA } χB = χA⊗B, where A⊗B = {x⊗ y|x ∈ A, y ∈ B}.

Proof. (1) and (2) is obviously, the proof of (4) is similar to that of (3), here
we only need to prove (3). For any x ∈ M , we consider two cases.

(i) if x ∈ A⊕ B, then there exist y1 ∈ A and z1 ∈ B such that x = y1 ⊕ z1.
Then µ̃χA⊕B (x) = [1, 1]. Since (µ̃χA+µ̃χB )(x) = rsup {µ̃χA(y) ∧ µ̃χB (z)|x = y ⊕ z}
≥ µ̃χA(y1)∧ µ̃χB (z1) = [1, 1], then (µ̃χA + µ̃χB )(x) = [1, 1] = (µ̃χA⊕B (x), and so,
µ̃χA⊕B (x) = [1, 1].

(λχA+λχB )(x) = inf
x=y⊕z

{max {λχA(y), λχB (z)}} ≤ max {λχA(y1), λχB (z1)} =

0, therefore (λχA + λχB )(x) = 0 = λχA⊕B (x).
(ii) if x /∈ A ⊕ B, then there exist y1 ∈ M\A or z1 ∈ M\A such that

x = y1⊕ z1, then (µ̃χA + µ̃χB )(x) = rsup {µ̃χA(y) ∧ µ̃χB (z)|x = y ⊕ z} = [0, 0] =
µ̃χA⊕B (x), and (λχA+λχB )(x) = inf

x=y⊕z
{max {λχA(y) ∧ λχB (z)}} = 1 = λχA⊕B (x).

Therefore, we have χA ~ χB = χA⊕B.

Definition 3.5. Let A = (µ̃A, λA) be a cubic set of an MV-algebra M . Then A
is called a cubic MV-ideal of M if it satisfies the following conditions: for any
x, y ∈ M , if (1) A(x) ZA(y) ≼ A(x⊕ y); (2) x ≤ y implies A(y) ≼ A(x).

For better understanding the notion of cubic MV-ideals, we illustrate it by
the following example.

Example 3.6. Let M = {0, a, b, 1} be a set such that 0 < a < 1 and 0 < b < 1.
The operations ⊕ and ¬ are defined as follows:

⊕ 0 a b 1

0 0 a b 1
a a a 1 1
b b 1 b 1
1 1 1 1 1

¬ 0 a b 1

1 b a 0

then (M,⊕,¬, 0) is an MV-algebra. Define a cubic set A = (µ̃A, λA) in M as
follows:

µ̃A(x) =


[0.8, 0.9], x = 0,

[0.3, 0.4], x = a,

[0.2, 0.5], x = b,

[0.1, 0.3], x = 1;

λA(x) =


0.1, x = 0,

0.5, x = a,

0.4, x = b,

0.6, x = 1,

it is to check that A is a cubic MV-ideal of M .
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(2) Let I be an ideal of MV-algebra M , Γ1 = (α̃1, β1) and Γ2 = (α̃2, β2) be
cubic elements such that (α̃1, β1) ≺ (α̃2, β2). Define a function as follows:

IΓ2
Γ1

(x) =

{
Γ2, x ∈ I,

Γ1, x /∈ I.

Routine calculation shows that IΓ2
Γ1

is a cubic MV-ideal of M . Here the cubic

set IΓ2
Γ1

is called the generalized cubic characteristic function of I.

Proposition 3.7. Let A be a cubic set of an MV-algebra M . Then A is a cubic
MV-ideal of M if and only if for any x, y ∈ M ,

(1) A(x) ≼ A(0);

(2) A(y) ZA(x⊖ y) ≼ A(x).

Proof. The sufficiency is very clear, we now give the proof of the necessity. For
any x, y ∈ M , if x ≤ y, then A(x) ≽ A(y) Z A(x ⊖ y) = A(y) Z A(0) = A(y).
Notice that (x ⊕ y) ⊖ y ≤ x, we have A((x ⊕ y) ⊖ y) ≽ A(x), and A(x ⊕ y) ≽
A(y)ZA((x⊕ y)⊖ y) ≽ A(x)ZA(y), therefore A is a cubic MV-ideal of M .

Note that the concept of level sets in the fuzzy set theory, Khan et al. [16]
give the notion of cubic level sets which serves as a bridge between of cubic sets
and crisp sets.

Let A = (µ̃A, λA) be a cubic set of a nonempty set X, r ∈ [0, 1] and [s, t] ∈
D[0, 1] such that r + t ≤ 1. The set

L(A; ([s, t], r)) = {x ∈ X|µ̃A(x) ≥ [s, t], λA(x) ≤ r}

is called a ([s, t], r)-cubic level set of A. The proof of the next proposition is
obviously, and will be omitted.

Proposition 3.8. Let A = (µ̃A, λA) be a cubic set of M . Then the following
statements are equivalent:

(1) A is a cubic MV-ideal;

(2) for any r ∈ [0, 1], [s, t] ∈ D[0, 1] and r + t ≤ 1, the nonempty cubic level set
L(A; ([s, t], r)) is an ideal of M .

Analogues to the notion of cubic MV-ideals, we can present the notion of
cubic lattice filters as follows.

Let A = (µ̃A, λA) be a cubic set of an MV-algebra M . Then A is called
a cubic lattice filter of M if it satisfies that for any x, y ∈ M , A(x) Z A(y) =
A(x ∧ y). It is easy verify that if A is a cubic lattice filter of M , then for
any r ∈ [0, 1], [s, t] ∈ D[0, 1] and r + t ≤ 1, the nonempty cubic level set
L(A; ([s, t], r)) is a lattice filter of M .
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Theorem 3.9. Let A = (µ̃A, λA) be a cubic set of an MV-algebra M . Then A
is a cubic MV-ideal of M if and only if z ⊖ x ≤ y implies A(x) Z A(y) ≼ A(z)
for any x, y, z ∈ M .

Proof. Assume that A is a cubic MV-ideal of M and there exist x, y, z ∈ M
such that z ⊖ x ≤ y, then A(z ⊖ x) ≽ A(y). In view of Proposition 3.7, we have
A(z) ≽ A(x) ZA(z ⊖ x) ≽ A(x) ZA(y).

Conversely, it follows immediately from 0 ⊖ x = 0 ≤ x that A(0) ≽ A(x) Z
A(x) = A(x). Notice that x⊖(x⊖y) ≤ y, we obtain that A(x) ≽ A(y)ZA(x⊖y).
Thus A is a cubic MV-ideal of M .

Proposition 3.10. Let A be a cubic set of an MV-algebra M . Then A is a
cubic MV-ideal of M if and only if for any x, y ∈ M ,

(1) A(x) ZA(y) ≼ A(x⊕ y);

(2) A(y) ≼ A(x⊗ y).

Proof. The proof will be complete if we show that (2) is equivalent to the
condition (2) of Definition 3.5. Assume that A is a cubic MV-ideal of M , since
x⊗ y ≤ y for any x, y ∈ M , then we get the condition (2) of Proposition 3.10.

Conversely, suppose that the condition (2) of Proposition 3.10 holds. For
any x, y ∈ M , if x ≤ y, then (¬y ⊕ x) ⊗ y = x ∧ y = x, and hence A(x) =
A((¬y ⊕ x) ⊗ y) ≽ A(y), therefore (2) of Definition 3.5 is valid.

Proposition 3.11. Let A be a cubic MV-ideal of M . Then the following results
hold: for any x, y, z ∈ M ,

(1) if A(x⊖ y) = A(0), then A(y) ≼ A(x);

(2) A(x ∨ y) = A(x) ZA(y);

(3) A(x⊕ y) = A(x) ZA(y);

(4) A(x) ZA(¬x) = A(0);

(5) A(x⊖ y) ZA(y ⊖ z) ≼ A(x⊖ z).

Proof. (1) Since A is a cubic MV-ideal of M , then we have A(y) ZA(x⊖ y) =
A(y) ≼ A(x) by Proposition 3.7.

(2) Using (x ∨ y) ≤ x ⊕ y and together with Theorem 3.9, we obtain that
A(x)ZA(y) ≼ A(x∨y). As for the reverse inequality, from x, y ≤ x∨y, we have
A(x ∨ y) ≼ A(x) and A(x ∨ y) ≼ A(y), and so A(x ∨ y) ≼ A(x) Z A(y). Hence
(2) is valid.

(3) Since (x∨y) ≤ x⊕y, one more application of Definition 3.5 yields A(x⊕
y) ≼ A(x ∨ y) = A(x) Z A(y). The reverse inequality follows from Proposition
3.10, which completes the proof of (3).

(4) is a consequence of (3).
(5) is immediately from Proposition 2.1 (5) and Theorem 3.9.
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Theorem 3.12. Let A be a cubic set of M . Then A is a cubic MV-ideal of M
if and only if the following conditions are valid:

(1) A~A ⊑ A;

(2) χM }A ⊑ A.

Proof. Assume that A is a cubic MV-ideal of M and x is an element of M . We
will first show that (1) holds. Let x be expressed as x = y⊕z for some y, z ∈ M .
Then we get that µ̃A(x) = µ̃A(y ⊕ z) ≥ µ̃A(y) ∧ µ̃A(z), λA(x) = λA(y ⊕ z) ≤
max{λA(y), λA(z)}. And so µ̃A(x) ≥ rsup {µ̃A(y) ∧ µ̃A(z)|x = y ⊕ z} = (µ̃A +
µ̃A)(x), λA(x) ≤ inf {max {λA(y), λA(z)} |x = y ⊕ z} = (λA + λA)(x), hence
A~A ⊑ A.

For any x ∈ M , we have (µ̃χM ◦ µ̃A)(x) = rsup{µ̃χM (y)∧ µ̃A(z)|x = y⊗ z} =
rsup{[1, 1] ∧ µ̃A(z)|x = y ⊗ z} = rsup{µ̃A(z)|x = y ⊗ z} ≤ rsup{µ̃A(y ⊗ z)|x =
y ⊗ z} = µ̃A(x), and (λχM ◦ λA)(x) = inf{max{λχM (y), λA(z)}|x = y ⊗ z} =
inf{max{0, λA(z)}|x = y ⊗ z} = inf{λA(z)|x = y ⊗ z} ≥ inf{λA(y ⊗ z)|x =
y ⊗ z} = λA(x), therefore χM }A ⊑ A.

Conversely, suppose that A ~ A ⊑ A and χM } A ⊑ A. For any x, y ∈ M ,
we get that µ̃A(x ⊕ y) ≥ (µ̃A + µ̃A)(x ⊕ y) ≥ µ̃A(x) ∧ µ̃A(y) and λA(x ⊕ y) ≤
(λA + λA)(x ⊕ y) ≤ max {λA(x), λA(y)}, that is A(x) Z A(y) ≼ A(x ⊕ y). Due
to the fact that µ̃A(x ⊗ y) ≥ (µ̃χM ◦ µ̃A)(x ⊗ y) ≥ µ̃χM (x) ∧ µ̃A(y) = µ̃A(y)
and λA(x ⊗ y) ≤ (λχM ◦ λA)(x ⊗ y) ≤ max {λχM (x), λA(y)} = λA(y), that
is, A(y) ≼ A(x ⊗ y), we get that A is a cubic MV-ideal of M by Proposition
3.10.

Proposition 3.13. Let A and B be cubic MV-ideals of M . Then the following
results are valid:

(1) A ⊓B is a cubic MV-ideal of M ;

(2) if A~B is an inverse isotone mapping, then A~B is a cubic MV-ideal of
M .

Proof. (1) It is obviously.
(2) For any x, y, z ∈ M , if z ⊖ x ≤ y, that is, z ≤ x ⊕ y, according to

Proposition 3.11 (3), we have (A~B)(x)Z (A~B)(y) = sup{A(x1)ZB(x2)|x =
x1⊕x2}Zsup{A(y1)ZB(y2)|y = y1⊕y2} = sup{A(x1)ZB(x2)ZA(y1)ZB(y2)|x =
x1⊕x2, y = y1⊕y2} ≼ sup{(A(x1)ZA(y1))Z (B(x2)ZB(y2))|x⊕y = (x1⊕y1)⊕
(x2 ⊕ y2)} = sup{(A(x1 ⊕ y1)) Z (B(x2 ⊕ y2))|x⊕ y = (x1 ⊕ y1) ⊕ (x2 ⊕ y2)} =
(A~B)(x⊕ y) ≼ (A~B)(z). Thus A~B is a cubic MV-ideal of M .

Let X be a non-empty set and (α̃, β) a cubic element. For any x ∈ X, if
C(α̃,β)(x) = (α̃, β), then C(α̃,β) is called a constant cubic set of X. For the sake of
convenience, a nonconstant cubic MV-ideal is called a proper cubic MV-ideal.
We define the image set Im(A) of the cubic set A of X as: Im(A) = {A(x)|x ∈
X}.
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Definition 3.14. Let A be a proper cubic MV-ideal of M . For any x, y ∈ M , if
A(x⊖ y) = A(0) or A(y ⊖ x) = A(0), then A is called a cubic prime MV-ideal.

In what follows we will show some characterizations of cubic prime MV-
ideals.

Proposition 3.15. Let A be a proper cubic MV-ideal of M . Then A is a
cubic prime MV-ideal of M if and only if for any r ∈ [0, 1], [s, t] ∈ D[0, 1] and
r + t ≤ 1, the nonempty cubic level set L(A; [s, t], r) is a prime ideal of M .

Proposition 3.16. Let A be a proper cubic MV-ideal of M . Then the following
assertions are equivalent:

(1) A is a cubic prime MV-ideal of M ;

(2) A(x ∧ y) = A(0) implies A(x) = A(0) or A(y) = A(0) for any x, y ∈ M .

Proof. Assume that A is a cubic prime MV-ideal of M . Let A(x ∧ y) = A(0).
Notice that x ⊖ (x ∧ y) = x ⊖ y and A is a cubic MV-ideal of M , we have
A(x) ≽ A(x∧y)ZA(x⊖ (x∧y)) = A(x⊖ (x∧y)) = A(x⊖y) by Proposition 3.7,
and so A(0) ≽ A(x) ≽ A(x ⊖ y). Similarly A(0) ≽ A(y) ≽ A(y ⊖ x). From A
is a cubic prime MV-ideal, it follows that A(x⊖ y) = A(0) or A(y ⊖ x) = A(0),
hence A(x) = A(0) or A(y) = A(0).

Conversely, suppose that (2) is valid. For any x, y ∈ M , (x⊖y)∧(y⊖x) = 0,
then A((x⊖ y)∧ (y⊖ x)) = A(0). Then A(x⊖ y) = A(0) or A(y⊖ x) = A(0) by
hypothesis, therefore A is a cubic prime MV-ideal.

Theorem 3.17. Let A be a proper cubic MV-ideal of M . Then A is a cubic
prime MV-ideal of M if and only if Im(A) is a chain under the order relation
≼, and A(x ∧ y) = A(x) YA(y) for any x, y ∈ M .

Proof. Suppose that A is a cubic prime MV-ideal of M , then A(x⊖ y) = A(0)
or A(y ⊖ x) = A(0) for any x, y ∈ M . If A(x ⊖ y) = A(0), consider that
x ⊖ (x ⊖ y) ≤ x ∧ y, we get that A(x) ≽ A(x ⊖ y) Z A(x ∧ y) = A(x ∧ y) by
Theorem 3.9. Combining with A(x ∧ y) ≽ A(x) and A(x ∧ y) ≽ A(y), we have
A(x ∧ y) = A(x) and A(x) ≽ A(y). Similarly, if A(y ⊖ x) = A(0), we can prove
that A(x ∧ y) = A(y) and A(y) ≽ A(x). Hence, Im(A) is a chain under the
order relation ≼, and A(x ∧ y) = A(x) YA(y).

Conversely, due to the fact that (x ⊖ y) ∧ (y ⊖ x) = 0, we obtain that
A(0) = A((x⊖ y)∧ (y⊖x)) = A(x⊖ y)YA(y⊖x). Since Im(A) is a chain, then
A(0) = A(x⊖ y) or A(0) = A(y ⊖ x), thus A is a cubic prime MV-ideal.

Proposition 3.18. Let A,B be cubic sets of M . If A is a cubic prime MV-ideal
of M , and B is a proper cubic MV-ideal of M such that A ⊑ B and A(0) = B(0),
then B is a cubic prime MV-ideal of M .
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Proof. Since A is a cubic prime MV-ideal of M , then A(x ⊖ y) = A(0) or
A(y ⊖ x) = A(0) for any x, y ∈ M . If A(x ⊖ y) = A(0), from A ⊑ B and
A(0) = B(0) it follows that B(x ⊖ y) = B(0). Similarly, B(y ⊖ x) = B(0) if
A(y ⊖ x) = A(0). Thus, B is a cubic prime MV-ideal.

Proposition 3.19. Let A and C(α̃,β) be a cubic set and a constant cubic set of
M , respectively. If A is a cubic prime MV-ideal of M and (α̃, β) ≺ A(0), then
A ⊔ C(α̃,β) is a cubic prime MV-ideal of M .

Proof. For any x, y, z ∈ M , if z⊖ x ≤ y, then A(z) ≽ A(x)ZA(y) by Theorem
3.9, and so (A ⊔ C(α̃,β))(z) = A(z) Y C(α̃,β)(z) ≽ (A(x) Z A(y)) ∨ C(α̃,β)(z) =
(A(x) Y C(α̃,β)(z)) Z (A(y) Y C(α̃,β)(z)) = (A(x) Y C(α̃,β)(x)) Z (A(y) Y C(α̃,β)(y)) =
(A⊔C(α̃,β))(x)Z (A⊔C(α̃,β))(y). Therefore, A⊔C(α̃,β) is a cubic MV-ideal of M .

Nextly, we will show that A ⊔ C(α̃,β) is prime. In view that A is a cubic
prime MV-ideal of M , and (α̃, β) ≺ A(0), we get that (A ⊔ C(α̃,β))(0) = A(0) Y
C(α̃,β)(0) = A(0) Y (α̃, β) = A(0) ̸= A(1), thus A ⊔ C(α̃,β) is a proper cubic MV-
ideal of M . Since (A ⊔ C(α̃,β))(0) = A(0) and A ⊑ A ⊔ C(α̃,β), then A ⊔ C(α̃,β) is
a cubic prime MV-ideal of M by Proposition 3.18 .

Definition 3.20. Let (α̃, β) be a cubic element, and X be a set of some cubic
elements. The cubic element (α̃, β) satisfies the chain property on X if it is
comparable with all elements of X.

Lemma 3.21. [19] Let I be an ideal of MV-algebra M and F ( ̸= ∅) be a lattice
filter of M with I ∩F = ∅. There is a prime ideal P of M such that I ⊆ P and
P ∩ F = ∅.

Inspired by the fuzzy prime filter theorem in [18], we give the cubic prime
ideal theorem in MV-algebras as follows.

Theorem 3.22. (Cubic Prime Ideal Theory ) Let A be a proper cubic MV-
ideal of M with A(0) ≺ ([1, 1], 0). Suppose that there is a cubic lattice filter
B of M such that A ⊓ B @ C(α̃,β), and (α̃, β) satisfies the chain property on
Im(A) ∪ Im(B), then there is a cubic prime MV-ideal D such that A ⊑ D and
D ⊓B ⊑ C(α̃,β).

Proof. Since A is a proper cubic MV-ideal, then L(A,A(0)) is a proper ideal
of M . Nextly, we consider the following three cases relative to the (α̃, β)-cubic
level sets of A and B:

Case (1): L(B; (α̃, β)) = ∅. It follows that B ⊑ C(α̃,β). Taking F = {0}, then
there is a prime ideal P of M such that L(A,A(0)) ⊆ P by Lemma 3.21. Here

we put D = P
([1,1],0)
A(0) , that is, D is the generalized cubic characteristic function

of the ideal P . And so D is a cubic prime MV-ideal of M , with A ⊑ D and
D ⊓B ⊑ C(α̃,β).

Case (2): L(A; (α̃, β)) = ∅. We obtain that A ⊑ C(α̃,β) and A(0) ≺ (α̃, β). If

P is the prime ideal given in case (1), and D = P
(α̃,β)
A(0) , then D is a cubic prime

MV-ideal of M , with A ⊑ D ⊑ C(α̃,β) and D ⊓B ⊑ C(α̃,β).
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Case (3): L(A; (α̃, β)) ̸= ∅ and L(B; (α̃, β)) ̸= ∅. Then L(B; (α̃, β)) is a
lattice filter of M , and (α̃, β) ≼ A(0). From A ⊓ B @ C(α̃,β), we obtain that
L(A; (α̃, β)) ∩ L(B; (α̃, β)) = ∅, thus L(A; (α̃, β)) ̸= M , and so L(A; (α̃, β)) is
a proper ideal of M . By Lemma 3.21, it follows that there is a prime lattice
ideal P of M such that L(A; (α̃, β)) ⊆ P and L(B; (α̃, β)) ∩ P = ∅. We put

D = P
([1,1],0)
(α̃,β) , it is easy to see that D is a cubic prime MV-ideal of M , and

we will show that A ⊑ D and D ⊓ B ⊑ C(α̃,β). For any x ∈ M , if x ∈ P ,
then x /∈ L(B; (α̃, β)), and so A(x) ≼ ([1, 1], 0) = D(x) and B(x) ≺ (α̃, β),
hence (D ⊓ B)(x) ≺ (α̃, β) = C(α̃,β)(x); if x /∈ P , then x /∈ L(A; (α̃, β)), thus
A(x) ≺ (α̃, β) = C(α̃,β)(x) and (D ⊓ B)(x) ≼ (α̃, β) = C(α̃,β)(x). Therefore, in
any case we have A(x) ≼ C(α̃,β)(x) and (D ⊓B)(x) ≼ C(α̃,β)(x).

4. Quotient structures of MV-algebras based on cubic MV-ideals

In the section, we defined the quotient structure of cubic MV-ideals, then present
three isomorphism theorems concerning the quotient of cubic MV-ideals.

Let A = (µ̃A, λA) be a cubic MV-ideal of an MV-algebra M and x ∈ M . The
cubic set Ax is called the cubic coset of A which is defined as: for any y ∈ M ,

Ax(y) = A(x⊖ y) ZA(y ⊖ x).

We denote M/A the set of all cubic cosets with respect to A.

Lemma 4.1. Let A be a cubic MV-ideal of an MV-algebra M . Then the fol-
lowing assertions hold: for any x, y, z, s, t ∈ M ,

(1) Ax = Ay if and only if A(x⊖ y) = A(y ⊖ x) = A(0);

(2) the set A∗ = {x ∈ M |A(x) = A(0)} is an ideal of M ;

(3) Ax(y) = Ay(x);

(4) Ax(y) = A¬x(¬y);

(5) Ax(y) ZAy(z) ≼ Ax(z);

(6) Ax(y) ZAs(t) ≼ Ax⊕s(y ⊕ t).

Proof. (1) Suppose that Ax = Ay, then Ax(x) = Ay(x), it follows that A(x ⊖
x) = A(0) = A(y ⊖ x) ZA(x⊖ y). Thus A(x⊖ y) = A(y ⊖ x) = A(0).

Conversely, assume that A(x⊖ y) = A(y ⊖ x) = A(0). According to Propo-
sition 3.11 (5), we get that A(x ⊖ z) ≽ A(x ⊖ y) Z A(y ⊖ z) = A(y ⊖ z) and
A(z⊖x) ≽ A(z⊖y)ZA(y⊖x) = A(z⊖y). Hence Ax(z) = A(x⊖z)ZA(z⊖x) ≽
A(y ⊖ z) ZA(z ⊖ y) = Ay(z). Similarly, Ay(z) ≽ Ax(z), therefore Ax = Ay.

(2) and (3) are obviously.

(4) is immediately from Proposition 2.1 (5).
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(5) Since x ⊖ z ≤ (x ⊖ y) ⊕ (y ⊖ z) and z ⊖ x ≤ (y ⊖ x) ⊕ (z ⊖ y), then
A(x⊖ y)ZA(y⊖ z) ≼ A(x⊖ z) and A(y⊖ x)ZA(z⊖ y) ≼ A(z⊖ x) by 3.11 (3),
whence (5) follows form the monotonicity of Z.

(6) The proof of (6) is similar to that of (5).

As an immediate consequence of Lemma 4.1, we have

Proposition 4.2. Let A be a cubic MV-ideal of M . A relation ≡A on M is
defined as follows: for any x, y ∈ M ,

x ≡A y if and only if A(x⊖ y) = A(y ⊖ x) = A(0),

Then ≡A is a congruence relation on M .

Given x ∈ M , the equivalence class of x with respect to ≡A will be denoted
by [x]A and the quotient set M/ ≡A. Since ≡A is a congruence, defining the
operations on the set M/ ≡A as: ¬[x]A = [¬x]A and [x]A ⊕ [y]A = [x⊕ y]A for
any x, y ∈ M . Then the system (M/ ≡A,⊕,¬, [0]A) becomes an MV-algebra.

The next corollary is an easy consequence of Lemma 4.1 and Proposition 4.2.

Corollary 4.3. Let A be a cubic MV-ideal of M . Then

(1) Ax = Ay if and only if x ≡A y, for any x, y ∈ M ;

(2) A∗ = [0]A.

Let A be a cubic MV-ideal of an MV-algebra M . For any Ax, Ay ∈ M/A,
we define Ax ∨Ay = Ax∨y, Ax ∧Ay = Ax∧y, Ax ⊕Ay = Ax⊕y, ¬Ax = A¬x, and
the order ≤ on M/A by Ax ≤ Ay if and only if Ax ∨Ay = Ay.

Lemma 4.4. Let A be a cubic MV-ideal of M . Then Ax ≤ Ay if and only if
A(x⊖ y) = A(0).

Proof. For any x, y ∈ M , Ax ≤ Ay if and only if Ax ∨ Ay = Ax∨y = Ay if and
only if A(y ⊖ (x ∨ y)) = A((x ∨ y) ⊖ y) = A(0), that is, A(x⊖ y) = A(0).

Corollary 4.5. Let A be a cubic MV-ideal of M . Then Ax ≤ Ay if and only if
Ax ∧Ay = Ax.

Theorem 4.6. Let A be a cubic MV-ideal of M . Then (M/A,⊕,¬, A0) is an
MV-algebra, which is called a cubic quotient MV-algebra.

Proof. We can claim that the operations on M/A are well-defined. In fact, if
Ax = Ay and As = At, according to Corollary 4.3, we have that x ≡A y and
s ≡A t, and so x ⊕ s ≡A y ⊕ t, it follows that Ax⊕s = Ay⊕t. Similarly, we can
prove Ax∨s = Ay∨t and Ax∧s = Ay∧t. Then we can easily check that M/A is an
MV-algebra.

Theorem 4.7. Let A be a cubic MV-ideal of M . Then M/A ∼= M/ ≡A.
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Proof. Define a map φ : M/A → M/ ≡A by φ(Ax) = [x]A for any x ∈ M .
Assume that Ax, Ay ∈ M/A, then Ax = Ay if and only if x ≡A y, which
implies that φ is an one-to-one function. Obviously, φ is surjective. Moreover,
φ(Ax ⊕ Ay) = φ(Ax⊕y) = [x ⊕ y]A = [x]A ⊕ [y]A = φ(Ax) ⊕ φ(Ay), φ(¬Ax) =
φ(A¬x) = [¬x]A = ¬[x]A = ¬φ(Ax), thus φ is an isomorphism and the proof is
complete.

From the above theorem we immediately obtain:

Corollary 4.8. Let f : M1 → M2 be a homomorphism of MV-algebras and A
be a cubic MV-ideal of M with kerf = A∗. Then M/A ∼= f(M1).

Definition 4.9. Let A be a cubic MV-ideal of M and B a cubic set of M . A
cubic set B/A of the MV-algebra M/A is defined as follows: for any Ax ∈ M/A,

(B/A)(Ax) = sup{B(y)|Ax = Ay, y ∈ M},

and B/A is called a quotient cubic set of M/A.

Proposition 4.10. Let A,B be cubic MV-ideals of M . Then B/A is a cubic
MV-ideal of M/A.

Proof. For any x1, x2 ∈ M , (B/A)(Ax1 ⊕Ax2) = (B/A)(Ax1⊕x2) = sup{B(y1⊕
y2)|Ax1⊕x2 = Ay1⊕y2} ≥ sup{B(y1)ZB(y2)|Ax1 = Ay1 , Ax2 = Ay2} = B/A(Ax1)Z
B/A(Ax2).

For any x1, x2 ∈ M such that Ax1 ≤ Ax2 , then Ax1 = Ax1 ∧ Ax2 , and
(B/A)(Ax1) = sup{B(y1)|Ax1 = Ay1} = sup{B(y1)|Ax1 = Ay1 , Ax2 = Ay2} =
sup{B(y1∧y2)|Ax1 = Ay1∧y2 , Ax2 = Ay2} ≥ sup{B(y2)|Ax2 = Ay2} = B/A(Ax2).

Thus B/A is a cubic MV-ideal of M/A.

Definition 4.11. Let f be a mapping from an MV-algebra M1 into an MV-
algebra M2, and A, B be cubic sets of M1 and M2, respectively. Then

(1) the inverse image f−1(B) of B under f is defined as f−1(B)(x) = B(f(x)),
for any x ∈ M1;

(2) the image f(A) of A under f is defined as

f(A)(y) =

{
sup{A(x)|f(x) = y}, f−1(y) ̸= ∅,
([0, 0], 1), otherwise.

The following result can be easy proved together with Definition 3.5, and so
we omit the proof.

Proposition 4.12. Let f : M1 → M2 be a homomorphism of MV-algebras and
A, B be cubic MV-ideals of M1 and M2, respectively. Then

(1) the inverse image f−1(B) is a cubic MV-ideal of M1;
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(2) the image f(A) is a cubic MV-ideal of M2.

Proposition 4.13. Let A, B be cubic MV-ideals of an MV-algebra M and
φ : M → M/A a natural homomorphism, that is, φ(x) = Ax for any x ∈ M .
Then

(1) φ(B) = B/A for any cubic set B of M ;

(2) φ−1(B)/A = B for any cubic set B of M/A.

Proof. (1) For any Ax ∈ M/A, we get that φ(B)(Ax) = sup{Bt|φ(t) = Ax, t ∈
M} = sup{Bt|At = Ax, t ∈ M} = B/A(Ax). And therefore φ(B) = B/A.

(2) For any Ax ∈ M/A, we obtain that (φ−1(B)/A)(Ax) = sup{φ−1(B)(t)|At

= Ax, t ∈ M} = sup{B(φ(t))|At = Ax, t ∈ M} = sup{B(At)|At = Ax, t ∈
M} = B(Ax). Thus φ−1(B)/A = B.

For the purpose of investigating homomorphism theorems of MV-algebras
based on cubic MV-ideals, we introduce the following notions.

Let f : M1 → M2 be a homomorphism of MV-algebras and A, B be cubic
MV-ideals of M1 and M2, respectively. If f(A) ⊑ B, we say that A is weakly
homomorphic to B, and we write A ∼ B. If f(A) = B, we say that A is
homomorphic to B, and we write A ≈ B. If f is bijective and f(A) = B, we
say that A is isomorphic to B, and we write A ∼= B.

As an immediate consequence of the above Proposition 4.13, we record here
the following result.

Corollary 4.14. Let A, B be cubic MV-ideals of M . Then B ≈ B/A.

Theorem 4.15. Let A, B be cubic MV-ideals of an MV-algebra M1, and f :
M1 → M2 be an epimorphism of MV-algebras such that kerf = A∗. Then
B/A ∼= f(B).

Proof. Define a map φ : M1/A → M2 by φ(Ax) = f(x) for any x ∈ M1. Then
for any x1, x2 ∈ M1, we have that Ax1 = Ax2 if and only if x1 ⊖ x2, x2 ⊖ x1 ∈
A∗ = kerf if and only if f(x1 ⊖ x2) = f(x2 ⊖ x1) = f(0) = 0 if and only
if f(x1) = f(x2). Therefore φ is an one-to-one function. It follows that φ is
surjective due to the fact that f is a surjective function. For any x1, x2, x ∈ M1,
φ(Ax1 ⊕ Ax2) = φ(Ax1⊕x2) = f(x1 ⊕ x2) = f(x1) ⊕ f(x2) = φ(Ax1) ⊕ φ(Ax2),
φ(¬Ax) = φ(A¬x) = f(¬x) = ¬f(x) = ¬φ(Ax), thus φ is a homomorphism.

Moreover, for any y ∈ M2, φ(B/A)(y) = sup{(B/A)(Ax)|φ(Ax) = y} =
sup{sup{B(z)|Az = Ax}|f(x) = y} = sup{B(z)|Az = Ax, f(x) = y}
= sup{B(z)|f(z) = f(x), f(x) = y} = f(B)(y), that is φ(B/A) = f(B). And
so B/A ∼= f(B).

Definition 4.16. Let f : M1 → M2 be a homomorphism of MV-algebras and A
be a cubic MV-ideal of M1. A is called an invariant cubic set with respect to f
if f(x1) = f(x2) implies A(x1) = A(x2), for any x1, x2 ∈ M1.
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Proposition 4.17. Let f : M1 → M2 be a homomorphism of MV-algebras, and
A be a cubic MV-ideal of M1. Then A is invariant with respect to f if and only
if kerf ⊆ A∗.

Proof. Suppose that A is invariant with respect to f . For any x ∈ kerf , we
have f(x) = 0 = f(0), then A(x) = A(0), hence x ∈ A∗, and so kerf ⊆ A∗.

Conversely, assume that kerf ⊆ A∗. For any x1, x2 ∈ M1, if f(x1) = f(x2),
according to the proof of Theorem 4.15 we get that x1⊖x2, x2⊖x1 ∈ kerf ⊆ A∗,
and so A(x1 ⊖ x2) = A(x2 ⊖ x1) = A(0). Noting that A is a cubic MV-ideal of
M1, then A(x2) ≼ A(x1) and A(x1) ≼ A(x2) by Proposition 3.11 (1). Therefore
A(x1) = A(x2), and thus A is invariant with respect to f .

Lemma 4.18. Let f : M1 → M2 be an epimorphism of MV-algebras, and A be
a cubic MV-ideal of M1 such that A is invariant with respect to f . Then for
any x1, x2 ∈ M1, A

x1 = Ax2 if and only if f(A)f(x1) = f(A)f(x2).

Proof. Suppose that Ax1 = Ax2 , using Lemma 4.1 we obtain that A(x1⊖x2) =
A(x2⊖x1) = A(0). Since A is a cubic MV-ideal of M1 and f is an epimorphism,
it follows that f(A) is a cubic MV-ideal of M2 by Proposition 4.12. Then
f(A)(f(x1) ⊖ f(x2)) = f(A)(f(x1 ⊖ x2)) = f−1(f(A))(x1 ⊖ x2) = A(x1 ⊖ x2) =
A(0) = f(A)(0). Similarly, we can show that f(A)(f(x2) ⊖ f(x1)) = f(A)(0),
thus f(A)f(x1) = f(A)f(x2).

Conversely, let f(A)f(x1) = f(A)f(x2). It follows that f(A)(f(x1)⊖ f(x2)) =
f(A)(f(x1 ⊖ x2)) = f(A)(0) = A(0). And A(x1 ⊖ x2) = f−1(f(A))(x1 ⊖ x2) =
f(A)(f(x1⊖x2)) = A(0), analogously, A(x2⊖x1) = A(0). Hence Ax1 = Ax2 .

Theorem 4.19. Let f : M1 → M2 be an epimorphism of MV-algebras, and
A,B be cubic MV-ideals of M1. Then B/A ∼= f(B)/f(A).

Proof. Define h : M1/A → M2/f(A) by h(Ax) = f(A)f(x) for any x ∈ M1, it
follows from Lemma 4.18, we get that h is an one-to-one function. Note that f
is a surjective function, hence h is surjective. For any x1, x2, x ∈ M1,

h(Ax1 ⊕ Ax2) = h(Ax1⊕x2) = f(A)f(x1⊕x2) = f(A)f(x1)⊕f(x2) = f(A)f(x1) ⊕
f(A)f(x2) = h(Ax1) ⊕ h(Ax2), h(¬Ax) = h(A¬x) = f(A)f(¬x) = f(A)¬f(x) =
¬h(Ax), thus h is a homomorphism.

Moreover, according to Definition 4.9, Definition 4.11 and Lemma 4.18, for
any x ∈ M1, we obtain that

h−1(f(B)/f(A))(Ax) = (f(B)/f(A))(h(Ax)) = (f(B)/f(A))(f(A)f(x))

= sup{f(B)(y)|f(A)f(x) = f(A)y, y ∈ M2}
= sup{sup{B(z)|f(z) = y, z ∈ M1}|f(A)f(x) = f(A)y, y ∈ M2}
= sup{B(z)|f(A)f(z) = f(A)x, z ∈ M1}
= sup{B(z)|Az = Ax, z ∈ M1} = (B/A)(Ax),

that is, h−1(f(B)/f(A)) = B/A. Due to the fact that h is isomorphic, we get
that h(B/A) = f(B)/f(A), hence B/A ∼= f(B)/f(A).
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Corollary 4.20. Let f : M1 → M2 be an epimorphism of MV-algebras, and
A,B be cubic MV-ideals of M2. Then f−1(B)/f−1(A) ∼= B/A.

Lemma 4.21. Let A,B be cubic MV-ideals of M and A ⊑ B. If A(0) = B(0),
then Bx = By if and only if (B/A)(Ax) = (B/A)(Ay), for any x, y ∈ M .

Proof. For any x, y ∈ M , if Bx = By, then B(x ⊖ y) = B(y ⊖ x) = B(0).
And we have (B/A)(Ax⊖y) = sup{B(z)|Az = Ax⊖y, z ∈ M} ≽ B(x ⊖ y) =
B(0) = (B/A)(A0), thus (B/A)(Ax⊖y) = (B/A)(Ax ⊖Ay) = (B/A)(A0), which
means (B/A)(Ay) ≼ (B/A)(Ax) by Proposition 3.11 (1). Similarly, we can prove
(B/A)(Ax) ≼ (B/A)(Ay), hence (B/A)(Ax) = (B/A)(Ay).

Conversely, if (B/A)(Ax) = (B/A)(Ay), it follows that (B/A)(Ax⊖y) =
(B/A)(Ax ⊖ Ay) = sup{B(z)|Az = Ax⊖y, z ∈ M} = (B/A)(A0) = B(0) by
Proposition 3.11 (1). To prove Bx = By, we only need to show that B(x⊖ y) =
B(y⊖ x) = B(0). For any z ∈ M , if Az = Ax⊖y, then A(z ⊖ (x⊖ y)) = A(0) by
Lemma 4.1 (1). Note that B is a cubic MV-ideal of M and A ⊑ B, from Proposi-
tion 3.7 (2) we get that B(x⊖y) ≽ B(z)ZB(z⊖(x⊖y)) = B(z)ZA(z⊖(x⊖y)) =
B(z)ZA(0) = B(z)ZB(0) = B(z). And so B(x⊖y) ≽ sup{B(z)|Az = Ax⊖y, z ∈
M} = B(0), thus B(x ⊖ y) = B(0). Similarly, we can show B(y ⊖ x) = B(0),
hence Bx = By.

Theorem 4.22. Let A,B,C be cubic MV-ideals of M and A ⊑ B. If A(0) =
B(0), then (C/A)/(B/A) ∼= C/B.

Proof. It is easy to prove that (C/A)/(B/A), C/B are cubic MV-ideals of
MV-algebras (M/A)/(B/A) and M/B, respectively.

Define h : (M/A)/(B/A) → M/B by h((B/A)A
x
) = Bx for any x ∈ M , from

Lemma 4.21 we get that h is an one-to-one function. Obviously, h is surjective.
For any x1, x2, x ∈ M ,

h((B/A)A
x1 ⊕ (B/A)A

x2
) = h((B/A)A

x1⊕Ax2
)

= h((B/A)A
x1⊕x2

) = Bx1⊕x2

= Bx1 ⊕Bx2 = h((B/A)A
x1

) ⊕ h((B/A)A
x2

),

and h(¬(B/A)A
x
)=h((B/A)¬A

x
)=h((B/A)A

¬x
)=B¬x = ¬Bx = ¬h((B/A)A

x
),

thus h is a homomorphism. Moreover, using Lemma 4.21 we have that: for any
x ∈ M , (C/A)/(B/A)((B/A)A

x
) = sup{(C/A)(Aw)|(B/A)A

w
= (B/A)A

x
, w ∈

M} = sup{sup{C(v)|Av = Aw, v ∈ M}|(B/A)A
w

= (B/A)A
x
, w ∈ M} =

sup{C(v)|(B/A)A
v

= (B/A)A
x
, v ∈ M} = sup{C(v)|Bv = Bx, v ∈ M} =

(C/B)(Bx)=(C/B)(h((B/A)A
x
))=h−1(C/B)((B/A)A

x
), that is, (C/A)/(B/A)

= h−1(C/B). Since h is isomorphic, we get that (C/A)/(B/A) ∼= C/B.

Theorem 4.23. Let A,B be cubic MV-ideals of M and A(0) = B(0). If A~B
is an inverse isotone mapping, then A/(A⊓B) ∼ (A~B)/B and A/(A⊓B) ∼
(A~B)/A.
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Proof. Since A~B is an inverse isotone mapping, it follows that A~B is a cubic
MV-ideal by Proposition 3.13. It is easy to obtain that A/(A ⊓B), (A~B)/B
are cubic MV-ideals of MV-algebras M/(A ⊓B) and M/B, respectively.

Define the map h : M/(A⊓B) → M/B by h((A⊓B)x) = Bx for any x ∈ M .
For any x1, x2 ∈ M , if (A ⊓ B)x1 = (A ⊓ B)x2 , from Lemma 4.1 it follows that
(A ⊓ B)(x1 ⊖ x2) = (A ⊓ B)(x2 ⊖ x1) = (A ⊓ B)(0) = B(0), so we get that
B(x1 ⊖ x2) = B(x2 ⊖ x1) = B(0), thus Bx1 = Bx2 . hence h is an one-to-one
function. Obviously, h is surjective.

Moreover, for any x1, x2, x ∈ M , we have h((A ⊓ B)x1 ⊕ (A ⊓ B)x2) =
h((A ⊓ B)x1⊕x2) = Bx1⊕x2 = Bx1 ⊕ Bx2 = h((A ⊓ B)x1) ⊕ h((A ⊓ B)x2), and
h(¬(A ⊓ B)x) = h((A ⊓ B)¬x) = B¬x = ¬Bx = ¬h((A ⊓ B)x), thus h is a
homomorphism.

For any x ∈ M ,

((A~B)/B)(Bx) = sup{A~B)(t)|Bt = Bx}
= sup{A(t1) ZB(t2)|t = t1 ⊕ t2, B

t = Bx} ≽ sup{A(t) ZB(0)|Bt = Bx}
= sup{A(t)|Bt = Bx},
h(A/(A ⊓B))(Bx) = sup{(A/(A ⊓B))((A ⊓B)z)|h((A ⊓B)z) = Bx}
= sup{(A/(A ⊓B))((A ⊓B)z)|Bz=Bx}=sup{A(t)|(A ⊓B)t=(A ⊓B)z, Bz=Bx}
≼ sup{A(t)|Bt = Bz, Bz = Bx} = sup{A(t)|Bt = Bx}.

It follows that h(A/(A ⊓ B))(Bx) ≼ ((A ~ B)/B)(Bx), hence h(A/(A ⊓ B)) ⊑
((A~B)/B), and so A/(A ⊓B) ∼ (A~B)/B. Similarly, we can prove A/(A ⊓
B) ∼ (A~B)/A.

Definition 4.24. The cubic MV-ideal A of an MV-algebra M has cubic sup-
property if for any nonempty subset H of M , there exists x0 ∈ H such that
A(x0) = sup{A(x)|x ∈ H}.
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