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Abstract. In this article, R is commutative ring with identity and Y is a left unitary
R-module. A proper submodule L of Y is called nearly semiprime submodule if whenever
r"y € L, wherer € Rand y € Y, n € Z*, implies that ry € L + J(Y), where J(Y) is
the Jacobson radical of Y. This concept in courage us to introduce the concept nearly
semi-2-absorbing submodule as a generalization of nearly semiprime submodule, where
a proper submodule L of Y is called nearly semi-2-absorbing submodule of Y if whenever
a’y € L, where a € R, y € Y, implies that either ay € L+ J(Y) or a? € [L : Y]. Many
basic properties, and characterization of this concept are introduce. On the other hand
the relation of this concept with other classes of modules are studied.
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1. Introduction

The notion of prime submodule was introduce by [6] . where a proper submodule
N of an R-module Y is called prime submodule, if whenever ry € N, r € R, y €
Y, implies that either y € N or r € [N : Y] [6], where [N:Y] = {r € R :
rY C N}. Semiprime submodule as a generalization of prime submodule was
introduced by [1], where a proper submodule N of Y is called semiprime if
whenever r"y € N, r € R,y € Y , n € Z" implies that ry € N [1]. This
concept generalized in [7] to nearly semi prime sub module, where a proper sub
module N of Y is called nearly semiprime if whenever vy € N ;r € R |y €
Y ,n € Z* implies that ry € N+J (Y). Also, semiprime submodule generalized
to semi -2- absorbing submodule in [3] ,where a proper submodule N of Y is called
semi -2-absorbing sub module of Y if whenever a?y € N , wherea € R, y € Y,
implies that either ay € N or a> € [N : Y]. This led us to introduce the

*. Corresponding author



NEARLY SEMI -2-ABSORBING SUBMODULES AND RELATED CONCEPTS 621

concept of nearly semi -2 absorbing sub module as a generalization of nearly
semiprime submodule, where a proper submodule N of Y is called nearly semi-
2-absorbing if whenever a?y € N , where a € R, y € Y, implies that either y €
N+J(Y) ora®?€[N+J(Y):Y]. We give many properties, characterizations
and relationship between nearly semi-2-absorbing and other concepts.

2. Nearly semi -2-absorbing sub modules

We investigate in this section, the concept of nearly semi -2-absorbing sub mod-
ule as a generalization of nearly semi prime sub module.

Definition 2.1. A proper submodule L of an R-module Y is called nearly Semi
-2- absorbing, if whenever a?y € L, where a € R, y € Y, implies that either
aye L+J(Y)ora?e[L+J(Y):Y].

A proper ideal J of a ring R is called nearly semi-2-absorbing ideal if J is
nearly semi-2-absorbing sub module of an R-module R.

Proposition 2.2. If L is a nearly semiprime submodule of an R-module Y, then
L is nearly semi -2-absorbing sub module of Y.

Proof. Assume that e’y € L, a € R, y €Y , witha®> ¢ [L+ J(Y) : Y],
since L is a nearly semi prime , it follows that ay € L + J(Y'). Thus L is nearly
semi-2-absorbing sub module of Y.

The converse of Proposition 2.2 is not true in general, so the following ex-
ample explain that.

Example 2.3. Consider the submodule L = 47 of the Z-module Z , L is nearly
semi-2-absorbing but not nearly semi prime because if 22 x 1 € 4Z, where 2 € Z,
1 € Z, implies that 2 x 1 ¢ 4Z + J (Z), but 22 € [4Z + J (Z) : Z] = 4Z. On the
other hand if 22 x 1 € 47 , implies that 2 x 1 ¢ 4Z + J(Z) hence 4Z is not
nearly semiprime Z-sub module.

Lemma 2.4 ([1]). A proper submodule L of an R-module Y is semiprime if and
only if whenever a®y € L , wherer € R, y €Y, then ry € L.

Remark 2.5. Every semiprime submodule of an R-module Y is nearly semi
-2-absorbing, but the converse is not true in general.

Proof. Since every semiprime submodule is nearly semi prime[7], hence the
proof is follows by Proposition 2.3.

For the converse ,consider the following example:

Consider the sub module (0) of the Z-module Z4 . (0) is nearly semi-2-
absorbing but not semiprime submodule of Z,; because if 22 x1 € (6) then2x1 ¢
(0) hence (0) is not semiprime, but 22 € [(0) +J (Z4) : Za] = [(0) +{0,2} : Z4] =
27 , hence (0) is nearly semi-2-absorbing in Z,.
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Proposition 2.6. Let K be a submodule of an R-module Y, with K + J(Y') is
nearly semi-2-absorbing , then K is nearly semi-2-absorbing.

Proof. Assume that 2y € K ,wherer € R, y € Y , then 7’y € K + J (y).
But K + J(Y) is nearly semi-2-absorbing then either ry € K +7(Y)+ J(Y) =
K+JY)orr2e[K+J(Y)+J(Y):Y]=[K+J(Y):Y]. Hence K is nearly

semi-2-absorbing in Y.

Lemma 2.7 ([5]). Let N and K be two sub modules of an R-module Y, then
1. If N C K, then [N : M| C [K : M].
2. If N C K,then [N : M| C [N : K].

Proposition 2.8. Let E and F be two submodules of an R-module Y with E C
F. If E is a nearly semi-2-absorbing submodule of Y and J(Y') C J(F), then E
1s nearly semi-2-absorbing in F.

Proof. Assume that r?y € E , with r € R, y € F, since E is nearly semi-
2-absorbing sub module of Y, then ry € E+ J(Y) or 7?2 € [E+J(Y):Y].
But J(Y) C J(F), it follows that ry € E+ J(F) or > € [E+J(F):Y] C
[E+ J(F): F] by Lemma 2.7. Hence E is nearly semi-2-absorbing in F.

Remark 2.9. Every prime submodule of an R-module Y is nearly -2-absorbing
submodule of Y ,while the converse is not true.

Proof. Since prime submodule is semiprime [1], hence the proof follows by
Remark 2.5. For the converse consider the following example, let Y = Z, R =
Z. L = 97 asubmodule of Y, 9Z is nearly semi-2-absorbing of Z since 32x1 € 97
it follows that 32 € [9Z + J (Z) : Z] = 9Z. But 9Z is not prime submodule of
Z,since3x3€9Zbut 3¢9Z and 3¢ (927 : Z] =9Z.

Recall that a proper submodule L of an R-module is 2-absorbing if whenever
aby € L, with a,b € R, y € Y implies that either ay € L or by € L or
ab e [L:Y] [2].

Proposition 2.10. Every 2-absorbing submodule of an R-module Y is nearly
semi-2-absorbing submodule of Y .

Proof. Let L be 2-absorbing submodule of Y, and r?y € L, where r € R,
y € Y. Since L is 2-absorbing it follows that either ry € L or 2 € [L :Y].
That is either ry € L+ J(Y) or 7> € [L : Y] < [L+ J(Y):Y] by Lemma 2.7.
Thus L is nearly semi-2-absorbing.

Proposition 2.11. Let Y be an R-module, and K be a proper submodule of Y
with J(Y) C K. Then K is semi-2-absorbing iff K is nearly semi-2-absorbing.
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Proof. = Assume that r?y € K, where r € R, y € Y. Then either ry € K C
K+J{Y)orr?e[K :Y]C[K+J(Y):Y]. Hence either ry € K + J (Y) or
r2 € [K+ J(Y):Y]. Thus K is nearly semi-2-absorbing.

< Assume that a?y € K with a € R, y € Y. Then either ay € K + J (Y)
ora?€ [K+J(Y):Y]. But J(Y) C K, it follows that K + J (Y) = K. Hence
either ay € K or a®> € [K :Y]. Thus K is semi-2-absorbing.

Remark 2.12. The intersection of two nearly semi-2-absorbing submodules
of an R-module Y need not to be nearly semi-2-absorbing submodules. For
example let Y = Z and R = Z,L = 27, K = 9Z are nearly semi-2-absorbing
submodules of Y, but 22N 97 = 187 is not nearly semi-2-absorbing submodule
of Y, since 32 x 2 € 187, but 3 x 2 ¢ 18Z + J(Z) and 3% ¢ [18Z + J (2) : Z)].

Proposition 2.13. Let L be a nearly semi-2-absorbing submodule of an R-
module Y, and K is a proper submodule of Y with K ¢ L and J(K) = J(Y),
then L N K 1is nearly semi-2-absorbing submodule in K.

Proof. Since K ¢ L, then LN K < K. Let r?y € K N L, where r € R,
y € K. Since L is nearly semi-2-absorbing and 7%y € L, it follows that either
ry€e L+J(Y)orr?€[L+J(Y):Y],but J(K)=J(Y) thenry € L+ J(K)
orr? € [L+ J(K):Y]. Sincey € K, thenry € K, hence ry € (L + J (K))NK,
it follows that ry € (LN K)+J (K), or r? € [L + J (K) : Y], implies that r2y €
L+J(Y)forally € Y. Since ry € K, thenr?y € K. Hencer?y € (L + J (K))N
K, implies that 7%y € (LN K) + J(K), hence > € (LNK)+J(K):Y] C
(LNK)+J(K):K]. That is 7?2 € [(LNK)+J(K):K]. Hence LN K is
nearly semi-2-absorbing in K.

Recall that a ring R is good ring if J(R)Y = J(Y) where Y is an R-
module [4].

Remark 2.14 ([4]). If R is good ring, then J (Y)N N = J(N), where Y is an
R-module, N submodule of Y.

Lemma 2.15 ([4], Lemma 2.3.15). Let Y be an R-module , and L, F' and E are
submodule of Y with F C E. Then (L+F)NE = (LNE)+F = (LNE) + (FNE).

Proposition 2.16. Let Y be an R-module over good ring, and L is nearly semi-
2-absorbing submodule of Y, and K be a proper submodule of Y with K ¢ L
and J(Y) < K, then (LN K) is nearly semi-2-absorbing in K.

Proof. Since K ¢ L, then (LNK) C K. Assume that r?y € (LNK),
where r € R, y € K. Since L is a nearly semi-2-absorbing, and r?y € L,
then either ry € L+ J(Y) or r2 € [L+J(Y):Y]. Since y € K then ry €
K and r’y € K. Hence ry € (L+J(Y))NK or 7?2y € (L+J(Y))NK
for all y € Y. Thus by Lemma 2.15, ry € (LNK) + J(Y)N K or r’y ¢
(LNK)+ (J(Y)NK). Since R is good ring, then J (Y)N K = J (K). That is
ry€ (LNK)+J(K)orr?ye (LNK)+J(K). Hencery € (LN K)+J (K) or
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2e[(LNK)+J(K):Y]<[(LNK)+J(K): K] by Lemma 2.7, (2), implies
that 2 € (LN K)+ J (K) : K]. Thus L N K is nearly semi-2-absorbing in K.

Proposition 2.17. Let L and K be nearly semi-2-absorbing proper submodules
of an R-module Y, with K ¢ L and either J(Y) C L or J(Y) C K, then LNK
is semi-2-absorbing of Y.

Proof. Since K ¢ L, then LNK C L C Y, it follows that LN K C Y. Assume
that 72y € LN K, r € R,y € Y. Then r?y € K and r?y € L, but both
K and L are nearly semi-2-absorbing in Y, then either ry € K + J (Y) or 72 €
[K +J(Y):Y]and either ry € L+J (Y)orr? € [L+ J (Y) : Y]. It follows that
either ry € (K +J(Y)N(L+JY)orr?2c[K+J(Y):Y|N[L+J(Y):Y].
If J(Y) C L, then ry € (K+J(Y)) N L, it follows that by Lemma 2.15,
ry € (LNK)+ J(Y). If J(Y) C K, then it follows that by Lemma 2.15,
rye (L+J(Y))NK,thenry € (LNK)+J(Y). Alsor? e [K+J(Y):Y]N
[L+J(Y):Y]C(LNK)+J(Y):Y], implies that 72 € [LNK + J (V) : Y].
That is either ry € (LN K)+J(Y)orr? € [LNK +J(Y) :Y]. Hence LN K
is nearly semi-2-absorbing submodule of Y.

Proposition 2.18. Let Y be an R-module over a good ring R, and L, K be
submodules of Y, with L C K and J (Y) C K. If L is a nearly semi-2-absorbing
submodule of Y, then L is a nearly semi-2-absorbing submodule of K.

Proof. Assume that 72y € L, r € R, y € K, since L is a nearly semi-2-
absorbing submodule of Y, and y € K C Y, then either ry € L+ J (Y) or 7% €
[L+J(Y):Y]. But y € K, then ry € K. Hence either ry € (L+J(Y))NK
orr?y € (L+ J (Y))NK for each y in K. Hence either ry € (LN K)+J (Y)NK
or r’y € (LN K)+ (J(Y)NK). Since R is a good ring, and L C K, it follows
that either ry € L+ J (K) or 7%y € L + J (K). Hence either ry € L + J (K) or
r? € [L+ J(K): K]. Thus L is a nearly semi-2-absorbing in K.

Proposition 2.19. Let E be a submodule of an R-module Y. Then E+ J(Y)
is a nearly semi-2-absorbing submodule of Y if and only if [E +J(Y): rQy] =
[E+J(Y):ry] foreachy €Y orr’e [E+J(Y):Y].

Proof. =>Assume that r? ¢ [E+ J(Y):Y]. To prove that [E + J (Y) : r’y| =
[E+J(Y):ryl. It is clear that [E+J(Y):ry] € [E+J(Y):r?y|. Now,
let @ € [E+J(Y):r?y], then r?ay € E + J(Y) since E + J (Y) is nearly
semi-2-absorbing in Y and 7> ¢ [E+J(Y):Y]soa € [E+ J(Y):ry]. Thus
[E+J(Y):r?yl = [E+J(Y):ry].

< Let r?y € E+ J(Y), by hypothesis [E + J(Y) : r?y] = [E + J(Y) : ry]
orr? € [E+JY):Y]. U[E+JY):r¥y = [E+JY) : ry], then
[E+J(Y) : r%y] = R because 7’y € E+J(Y). Implies that [N+J(Y) : ry] = R
and hance ry € E+ J(Y). Thus either ry € E+J(Y)orr? € [E+J(Y):Y].
Hence E + J(Y) is nearly semi 2-absorbing in Y.
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Proposition 2.20. Let Y be an R-module, and E be a submodule of Y. Then
E is a nearly semi 2-absorbing in Y if and only if r>F C E, implies that
rFC E+J(Y)ora>e [ E+J(Y):Y].

Proof. = Assume that 7>F C FE, and suppose that there exist y € F such

that ry ¢ E+ J (Y). Since r2F C E, so r’m € E for each m € F. But E is a

nearly semi 2-absorbing in Y, and 7y ¢ E + J (Y). Hence 7> € [E + J (Y) : Y].
< It is clear.

Proposition 2.21. Let E be a submodule of an R-module Y such that J(Y) C
E. If E is nearly semi 2-absorbing of Y, then|E : Y] is a semi 2-absorbing ideal
n R.

Proof. Assume that a?b € [E : Y], a,b € R, implies that a?by € E for each
y € Y. But E is a nearly semi 2-absorbing in Y, then either aby € E+ J (Y) or
a? € [E+J(Y):Y],But J(Y) C E, it follows that aby € E or a® € [E : Y].
That is ab € [E: Y] or a® € [E: Y].

< Assume that a’y € E, a € R, y € Y, with the converse Proposition 2.21
hold under the class of cyclic modules.

Proposition 2.22. Let E be a proper submodule of cyclic module Y. If [E : Y]
is semi 2-absorbing ideal of R, then E is a nearly semi 2-absorbing submodule
of Y.

Proof. Assume that [E : Y] is semi 2-absorbing ideal of R then by [3], we have
FE is a semi 2-absorbing submodule of Y. Hence by Proposition 2.11, we get E
is nearly semi 2-absorbing submodule of Y.

Corollary 2.23. Let E be a proper submodule of cyclic R-module Y with J (Y) C
E. Then E is a nearly semi 2-absorbing submodule of Y if and only if [E : Y]
is a semi 2-absorbing ideal of R.

Proposition 2.24. Let ¢ : Y — Y be an R-epimorphism with Ker ¢ C E
whene F is a proper submodule of Y. Then

1. If E is a nearly semi 2-absorbing in Y, then ¢(F) is a nearly semi 2-
absorbing submodule in Y'e.

2. If E' is a nearly semi 2-absorbing submodule in Y'e and Kery is small
submodule in'Y, thenyp=(E'e) is a nearly semi 2-absorbing submodule in

Y.
Proof.
1. ¢(E) is a proper submodule of Y’e, if not, that is ¢ (E) = Y’e, then

for each y € Y,p(y) € Y'e = ¢ (E), implies that ¢ (y) = ¢ () for some
n € E, hence ¢ (y —n) =0, then y —n € Kerp C E, implies that y € F,



626 HAIBAT K . MOHAMMADALI AND AKRAM S. MOHAMMED

hence E=Y contradiction (since E C Y) Now, assume that r%y’e € ¢ (E),
r € R,y'e € Y'e, since ¢ is onto, then there exist y € Y such that
¢ (y) = y'e hence r?p (y) € ¢ (E), that is ¢ (r?y) € ¢ (E) then there
exist e € E such that ¢ (r2y) = ¢ (e), hence ¢ (e—r2y) = 0, implies
that e — r?y € Keryp C FE, hence r?y € E, but E is a nearly semi 2-
absorbing in Y, then either ry € E+ J (Y) or r? € [E+ J (Y) : Y]. That
isry € E4+J(Y)orr?Y € E4+J(Y). Tt follows 7o (y) € ¢ (E)+¢ (J (Y))
or 72 (y) C o (E)+¢ (J (Y)). Hence ry'e € o (E)+¢ (J (Y'e)) or r2y'e C
¢ (E) + (J (Y'e)). Hence either ry’e € ¢ (E) + J(Y') or 7% € [p(E) +
J(Y'e) : Y'e]. Therefore ¢ (E) is a nearly semi 2-absorbing submodule
inY’e.

2. It is clear that o (E’e) C Y.Now, assume that r2y € o' (E'e),r € R, y €
Y, then r2p(y) € E'e, implies that r>y’e € E'e, y'e € Y'e, since F'e
is a nearly semi 2-absorbing in Y’e, then either ry’'e € E'e + J (Y'e)
or r2 € [Ele + J(Y'e) : Y'e] . That is either ¢(ry) € E + J(Y'e) or
r?y'e C E'e + (J (Y'e)). Thus either ¢(ry) € E + J (Y'e)or p(r?y) C
E'e + J(Y'e). It follows that either ry € ¢ 1(E'e) + o 1(J (Y'e)) or
r?y C o Y (E'e) + ¢ 1(J (Y'e)). Hence either ry € o }(E'e) + J(Y)
or 72 € [p Y (E'e) + J(Y) : Y]. Therefore o '(E’e) is a nearly semi
2-absorbing in Y.

Proposition 2.25. Let E be a proper submodule of an R-module Y such that
E is a nearly semi-2-absorbing submodule of Y, then S™'E is a nearly semi-2-
absorbing submodule of S~'R-module S™'Y .

Proof. Assume that(a)*y € S~'E where @ = = € SR andy = = € S-ly,
a € R,yeyY, sy, so € S. Hence %65‘1]5, implies that CLQTZ” € STE,
t =s12s9, then there exists ¢; € S such that a®t1y € E. Since E is a nearly semi-
2-absorbing in Y, then either at;y€E+J(Y) or a®t; € [E+J (Y): Y], it follows
. 2 _ 2 _ :
that either ﬁ € STLE+J (Y)] or ﬁ € STL[E+J (Y) : Y]. Hence either
@7 € STTE+ST (J(Y))or(@)? € [STH(E)+ S (J(Y)):S~1Y], implies
that either (@)’y € S™'E+J (S7'Y) or (@)® € [S7H(E) +J (S7'Y) : S7'Y].
Therefore S~!E is a nearly semi-2-absorbing submodule of S~1Y.

Proposition 2.26. Let Y = Y1 @ Ys be an R-module, where Y1, Yo are R-
modules, and let E and F be a proper submodules of Y1 and Yo respectively,
then

1. FE is a nearly semi-2-absorbing submodule in Yy if and only if E ® Ys is
a nearly semi-2-absorbing in'Y .

2. F is a nearly semi-2-absorbing in Yy if and only if Y1 & F is a nearly
semi-2-absorbing in Y.

Proof. It is easy, we omitted.
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Proposition 2.27. If E and F are nearly semi-2-absorbing submodules in Y1
and Ya, respectively such that[E + J (Y1) : Y1) = [F+ J (Y2) : Ya]. Then K =
E® F s a nearly semi-2-absorbing submodule in R-module Y =Y; & Ya, where
Y1, Yo are R-modules.

Proof. Assume that 72 (y1,42) E E®@ F, a € R, (y1,42) €Y, y1 € Y1, y2 € Ya,
implies that r2y; € E and 2y, € F. Since E and F are nearly semi-2-absorbing,
then either ry; € E+J (Y1) or r2 € [E + J (Y1) : V1] and either ry, € F+J (Y2)
orr? € [F+J(Ya):Ys] = [E+J(Y1):Y1] so ry1 € E+ J(Y7) and ry, €
F+J(Ys)orr? € [E+J (Y1) :Yi]. Thusr (y1,v2) € (E+J (1)) [ (F+J (Y2))
orr? € [E@F+J(Y1+Y2): Y1+ Ys]. It follows that either 7 (y1,y2) € E @
F+JWM+Y)orrr?e[EaF+J(Y1+Ys): Y+ Yol
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