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Abstract. In this paper, we prove a Reich-type fixed point theorem in modular spaces.
Also, we introduce the concept of h-convex modular spaces and we get the related
Banach-type theorem. Our results generalize several ones in the existing literature.
Moreover, some examples are given supporting theoretical approaches.
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1. Introduction and preliminaries

Two very important kinds of the notions in mathematical analysis are well
known: modular function spaces and modular metric spaces. For details on
modular function spaces, readers can see [22], while for modular metric spaces
see [9].

Both the kinds of modular concept are in fact generalizations of the standard
metric spaces, was introduced by Nakano [27] and was intensively developed
by several authors. Example 2.1 presented by Abdon and Khamsi [1] is an
important motivation for developing the theory of modular metric spaces. Also,
see the introduction section in [3].

Otherwise, modular function spaces, that is, modular metric spaces theory
has many applications for example in physical interpretations of the modular,
the electrorheological fluids, economy, engineering, further in applications to
integral operators, approximation and fixed point results. For more details, see
([L-[7], [9)-[12], [14])-[28]).

Now, we will begin with a brief recollection of basic notions and the facts in
modular (metric) spaces. Let X be a nonempty set and w : (0,00) x X x X —
[0, 0] be a function. For simplicity, it is denoted by

’l,U)\(CC,y) :'U)()\,l',y),
forall A >0 and z,y € X.

Definition 1.1 ([9]). Let X be a nonempty set. Assume that the map w :
(0,00) x X x X — [0, 00] satisfies the following conditions for all x,y,z € X:

(1) wa(z,y) =0 for all A > 0 if and only if x = y;

(2) walz,y) = waly,z) for all A > 0;

(3) wrin(@,2) < wa(w,) +wu(y: ) for all Aja > 0.
In this case, w is a said a (metric) modular on X.

A (metric) modular w is said to be strict if it has the following property:
given z,y € X with = # y, we have w(\, z,y) > 0 for all A > 0.

A (metric) modular w on X is said to be convex [10] if, instead of (3), it
satisfies the stronger inequality:

(L) anile2) < o) + (v, 2)

e
A+ N
for all A\, u > 0.
Let (X, d) be a metric space such that X has at least two elements. Then
we obtain the following examples of a metric modular w.
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Example 1.1 ([3]). Let

w()"x7y) =wa (1:7?/) = d(l’,y),

for all A > 0. This modular is not convex. Indeed, putting z =y and g = A in
(1.1), the result follows.

Example 1.2 ([3]). Let

w()\,x,y) = W) (SU,y) = d(x):y)a

for all A > 0. This modular is convex.
Example 1.3 ([3]). Let

[ oif A< d(z,y),
wx(az,y)—{ 0if A>d(z,y).

This modular w is also convex.

Example 1.4. Let X = R be endowed with the mapping w) : (0,00) x X x X
defined as
|z +lyl ¢
_ y o itz #y

for all x,y € X and A > 0. It is clear that this mapping is a modular.

Definition 1.2 ([9, 11]). Given a modular w on X, the two sets
X = Xy(ro) ={r € X : wr(x,z9) > 0 as A — oo}
and
X5 =X (xo) ={z € X : IX = A(z) > 0 such that wy(z,zo) < 00}
are said to be modular spaces (around xg).

It is not hard to see that X, = X (z0) = {x0} in Examples 1.1 and 1.2,
while X7 = X7 (z0) = X in both cases.

Definition 1.3 ([10]). Let w be a modular on X. A sequence {x,} in X is said
to be w-convergent (or modular convergent) to an element x € X if there exists a
number A > 0, possibly depending on {x,} and x, such that lim, o wx(zn,x) =
0. A sequence {x,} in X is said to be w-Cauchy if there exists A > 0, possibly
depending on the sequence, such that wy(zm,x,) — 0 as m,n — co. X is said
to be w—complete if every w— Cauchy sequence is w— convergent.
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Definition 1.4 ([10]). Let w be a modular on a set X and let X} be a mod-
ular set. A mapping T : X}, — X is said to be modular contractive (or an
w—contraction) if there exist numbers k € (0,1) and Ao > 0 such that

(12) (JJk,\(TCC,Ty) < W)\(xvy)
for all0 < X\ < Ao and for all x,y € X.

Definition 1.5 ([10]). Let w be a modular on a set X and let X7, be a modular
set. A mapping T : X%, — X7 is said to be strongly modular contractive (or a
strongly w-contraction) if there exist k € (0,1) and Ag > 0 such that

(1.3) wipx (Tz, Ty) < kw (z,y)
for all0 < X < Ao and all z,y € X7,.

The following proposition is the key in enough proofs in the context of mod-
ular metric spaces.

Proposition 1.1 ([3], Proposition 2.4). Let w be a modular on the set X.
(a) For every x,y € X, the function \ — w (z,y) is non-increasing;
(b) Let w be a convex modular. For x,y € X, if wy (x,y) is finite for at least
one value of X, then w (z,y) = 0 as A = oo and w (z,y) = o0 as A — 0F;
(¢) If w is a convexr modular, then the function vy (z,y) = %ﬂ"’y) is a

modular on X.

2. Reich-type theorem in modular spaces

Definition 2.1. Let w be a modular on a set X and let X}, be a modular set.
A mapping T : X}, — X} is said to be a Reich w—contraction if there exist
a,b,c € (0,1) with a+b+c <1 and A9 > 0 such that

(21) {.JJ)\(TI‘,Ty) SCUA(ZL‘,Z/)+W%($,T$)+(JJA(Z/,TZJ),
for all 0 < XA < Xy and for all x,y € XJ.

The following theorem is an analog of the fixed point theorem by Reich [29]
in the framework of modular spaces.

Theorem 2.1. Let w be a strict convexr modular on X such that the modular
space X, is w-complete and let T' : X, — X be a Reich w-contractive map such
that for each A > 0, there exists x = x(\) € X, such that wy(zx,Tx) < co. Then
T has a fized point * in X. If the modular w assumes only finite values on
X}, then the condition wy(x,Tz) < oo is redundant, and so the fized point x*
of T is unique and for each xo € X, the sequence of iterates T"xo is modular
convergent to x*.
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Proof. Let o € X} and z,, = T"x9,n = 0,1,2,... Putting x = z,, and y =
Zp—1 in inequality (2.1), we obtain

(22) W/\(anrla xn) <wa (l‘ny xnfl) + W% (xn, $n+1) + wa (-’Enfla .In)
Next, we have

w&(l'nv xn—l) = W>\+>\1?Ta($n7 xn—l)
a

l—a

AT, Tno1) + —5Wyiza (T2, w0 1)

IN

a a
aw (Tp, Tp_1).

So,

(2.3) w%(:nn,mn,l) < aw(Tpny Tp—1)-
Similarly,

(2.4) wx (Tny Tnt1) < bw(Tp, Tpi1)
and

(2.5) w%(:cn,xn_l) < cwr(Tpn, Tn-1)-

Using (2.2), (2.3), (2.4) and (2.5), we obtain that

a—+c
1-0

(26) w,\(:z:n+1,xn) < w)\(xnaxn—l)-

From (2.6), by induction we have

a+c\"
(2.7) wx(Tpt1,2n) < (1 — b) wx(z1, o).

If we put = x,;,—1 and y = z,,—1 in the inequality (2.1), we get that
(2.8) WA(@m Tn) < WA (-1, Tn1) + W2 (Tm—1, Tm) + WA (Tn-1, Tn).

On the other hand, we have

W%(xmflal'nfl) = Wala Ao (Tm—1,Tn—1)
1—a
< 2 wk(lzfa) (xm—la xm) + CL(,U)\(.Tm, xn)
a
1—a

Wi(l-a) (xna :Enfl)-
2a
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Using (2.8), we get

1—a

Wi(l-a) (xm—ly mm)

2a

(1= a)wr(@m, 2n) < wa(Tm-1,7m) +

1—a
+ w

(Tn—1,7n) + Wia—a) (Tn, Tn-1)-

2a

o>

Now, by (2.7), we conclude that {z,} is a Cauchy sequence. Since w is strict,
the modular limit X* of the sequence {x,} is determined uniquely. Let us show
that z* is a fixed point of 7. We have the following

%(x Tz*) = w@Jr/\(x*,Tx*)
< (1- c)w@(:n*,xnﬂ) + cwy(Tpy1, Tx™)
= (1- c)wm;c) (2", xpt1) + cwon(Tzy, Tx™)
< (1= a0 ) + el (o0,
+ W%($n,$n+1) +w»(w Tz")].

If we let n — oo in the last inequality, we get

wa(x*, Ta") < cwa(a*, Tx™),

n\y
n\y

so, Tx* = z*.
Uniqueness. Let «* and y* be two fixed points. Then we have

wr(z*, y")

wx(Tz*, Ty*)
x*y") + w%(:p*, Tz")

IN
€

IN +
&
I Qﬁ*
%
~
<
N

so, ¥ = y*. O

Corollary 2.1. If in the condition (2.1), b and c tend to 07, then we obtain
the Banach contraction principle in the context of strict convexr modular metric
spaces.

Corollary 2.2. If in the condition (2.1), a tends to 0T, then we obtain the
Kannan-type contraction result in the context of strict convex modular metric
spaces.

Now, we give an example supporting Theorem 2.1.
Example 2.1. Let X, = [0, 1] be endowed with the modular metric

z+y if
= z#y
wy (x,y) =
A (@) {0, ifr=y
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for all z,y € X, and A > 0. Clearly, (X, w)) is a w—complete modular metric

space. Define the self-mapping T : X, — X, by Tz = Jandputa =b=c= %.
It is easy to check that all the conditions of Theorem 2.1 hold and 7T has a fixed

point, which is z = 0.

Definition 2.2. Let w be a modular on a set X and let X}, be a modular set. A
mapping T : X}, — X7, is said to be a Hardy-Rogers ([28], (18)) w— contraction
if there exist a,b,c,d,e € (0,1) witha+b+c+d+e <1 and \g > 0 such that
(2.9)

’LU)\(T.'L‘,Ty) S<wa (x7y)+w% (l’,T.fL')—{—’LUA (yaTy)+w (ZL',Ty)‘F’lUA (y7T$)a

A
d

for all0 < X < Ao and all z,y € X3,.

Now, we present the following open question (Hardy-Rogers w— contraction):
Prove or disprove the following statement:

e Let w be a strict convex modular on X such that the modular space X7, is
w-complete and let T': X — X, be a Hardy-Rogers w-contractive map such
that for each A > 0, there exists z = x (\) € X7}, such that wy (z,Tz) < oo.
Then T has a fixed point z* in X7,. If the modular w assumes only finite values
on X7, then the condition w ) (z,Tx) < oo is redundant, and so the fixed point
x* of T' is unique and for each xg € X7, the sequence of iterates 7"z is modular
convergent to x*.

3. Contractions on h-convex modular spaces

We introduce the concept of C'—type functions.

Definition 3.1. A function h : (0,1) — [0,00) is said to be C—type if it has
the following properties:

(C1) there exists Cp, > 0 such that h(x)h(y) < Cph(zy) for all z,y € (0,1);

(Co) Jim h(t) = 0.

Definition 3.2. Let X be a nonempty set and h be a C—type function. A
map w : (0,00) Xx X x X — [0,00] is said to be a h-convex modular if for all
x,y,z € X, the following conditions are satisfied:

(1n) wa(z,y) =0 for all A > 0 if and only if x = y;

(2h) (J.))\(l',y) = U-))\(y, l’) fOT’ all X > 0;

(3n) wrtpulz,2) <h (ﬁ) wx(z,y) +h (ﬁ) wu(y, z) for all X\, pp > 0.
A triplet (X,w, h) is called a h-convexr modular space.

Note that, if h(z) = z, then we obtain a convex modular. A convex modular
is also a h-convex modular, but the converse is not true in general.
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Example 3.1. 1. Let h; : (0,1) — [0,00) be a function defined by hi(z) = x*
with s € (0,1]. Then h; is a C—type with C, = 1 and we obtain

s < (15 ) e+ (25 anton2)

for all A\, > 0.
2. Similarly, let hg : (0,1) — [0,00) be a function defined by ho(x) = sz
with s > 1. Then hy is a C'—type with C}, = s and we obtain

A(xv y) + Lw,u(y: Z):|

<
cren(e2) <5 | —

A+uw
for all A, > 0.

Lemma 3.1. Let w be an h—convexr modular. If for z,y € X, wy(z,y) is finite
for at least one value of A, then wq(z,y) — 0 as a — oc.

Proof. If we set z = y in condition (3,), then

A
Witp(z,y) < h (M) wx(z,y).

Now, from condition (C3), it follows the assertion (by taking @ = A + p and
U — 00). O

The following theorem is the analogue of Banach contraction principle in
h-convex modular spaces.

Theorem 3.1. Let w be a strict h-conver modular on X such that the modular
space X is w-complete and let T : X — X, be a w-contractive map such that
for each X\ > 0, there exists x = x(\) € X, such that wy(xz,Tx) < co. Then
T has a fized point z* in X. If the modular w assumes only finite values on
X, then the condition wy(x,Tx) < oo is redundant, and so the fized point x*
of T' is unique and for each xo € X the sequence of iterates T"xq is modular
convergent to x*.

Proof. From the condition lim h(t) = 0, we obtain that there exists np € N

t—0+
such that

(3.1) h(k") < min{l,él}.
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Further, let A1, A2 > 0 be such that Ay + Ao + k"X = A. Since w is h—convex
modular, we obtain that

AL+ k"N

A
)\ M
72)0% (T™y,y)
MARA g
A A1+ k™o
k™o )\

()\1 + kno)
A
+ A

w>\1+k"0/\+/\2($>y) < h( )w)\1+k”0)\w(xaTnoy)

+ h(

IN

h(

wy, (z, T™x)
Ywgnox(T™0x, T™0y)]

72)0% (T"y,y)
A1

< —

< Chplh( 3

Jwrn, (T, y).

t)wx, (2, T™x) + h(k™ )wgnox (T x, T™y)]

A2
h(Z2
+ h( 3
The condition (1.2) yields that
wkn())\(TnO{L‘, Tnoy) S QJ)\(IE, y))
so we obtain

(3.2) ir(zny) < RN (2, = ;i}j( :ng; Jons(T"3,9)

For xg € X, let z, = T™zo. By (3.2), we obtain

w (.73 T ) Chh( )wh (xm? xm-&-”o) =+ h(TQ)w)\z (xn-&-noa wn)
< Crh(A )wg—mx, (0, Tng) + (/\T)Wirnxg (Zng, T0)
- 1 — Cph(kno)

— 0 as m,n — oo,

that is, {x,} is Cauchy. Let lim,_,~ z, = 2*. Then we have

kA A
* * < *
W(kJrl))\(Tx , L ) S h((k+1))\> ka(T.CU ,xn)+h<(k+1))\>

k 1
< _ * _ *
< h<k+1>wz\(x7$n 1)+h<k+1>WA($m$)

— 0asn— oo.

wx(Tn, %)

By the strictness of w, T'z* = z*. Suppose z*,y* € X, are such that T'z* = z*
and Ty* = y*. Then we have
wa(z®y") < h(E")wgnox(z%,y7) + h(1 = E")wa_gron(¥*, ¥7)
= h(E")wgmor (", y")
= h(E")wgnox(T™02", T™y")
< R(E™)wa (2", y").

>
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Since wy(z*, y*) is finite, by inequality (3.1), we obtain x* = y*. O

Remark 3.1. For some details on so-called h-convexity, see [31].
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