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Abstract. We present here a new dissipative hyperbolic systems to image restoration.
The existence of global dissipative solutions of this system under the Dirichlet boundary
conditions and initial condition is shown. To this end, an experimental results are
provided to show the efficiency of this kind of model.
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1. Introduction

In this paper, we consider the following dissipative hyperbolic systems

0%u  Ou )
(1.1) w—i—a — div(g(|VG, * u|)Vu) = 0,
2
(1.2) %+% — Adiv(Vo) — (1= \)(|Vau| — v) =0,
subject to the initial condition and Dirichlet boundary conditions
ou v
(13) U(ZU’O) = UO(x)v U(ZL‘,O) = ’U(](l'), a(xvo) =0, a(xvo) =0 z€Q

ou ov
14) ——lpa=0, —lpa=0 0<t<T,
(1.4) 8n\89 8n!69
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where (2 is a bounded domain of R" with appropriately smooth boundary, n is
the unit outer normal to €2, "> 0 and A > 0. The nonlinear term g(s),

1 -1

(1.5) g(s) = 1T ()2 or g(s) = |s|

with K > 0.
Here u = u(t,z) denotes the original image describing a real scene, ug(z)
denotes the observed image, G,(z) is the Gaussian kernel

1 —|x|?
Gp(z) = ———re ¥,
(47p) 2
and
M
oG 1
VG, *ul = [;((%j s u)?]2

Partial differential equations based image restoration is a powful method
to deal with the trade-off between noise removal and edge preservation. This
method is now a well researched area within the image processing community.
One of powerful models is the following nonlinear parabolic model with variable
coefficient

ng —div(e(z, y)Vu) = 0,

where the degree of denoising and preservation of singularities can be deter-
mined by changing c(x,y). There exist other type parabolic equation, such
as anisotropic diffusion models [1, 18], complex diffusion models [13], fourth
order equation models [7, 20], total variation models [9, 14, 24]. In Perona-
Malik [18] the denoising capabilities of the linear diffusion can be better, let
c(x,y) = g(|Vu|) and initial data u(0) = ug. Here the diffusion smooth func-
tion g : [0,00) — [0,00) is important in controlling the smoothing and even
enhancement of edges. They mainly considered the following two diffusion func-
tions

- = — (%) wi
s) = , or g(s)=e ‘k’ with K > 0.
9(s) =17 7 9(s)
Catte et al. [3] first introduced a new modification and proved its wellposedness
to make the gradient computation robust outliers and provide a smooth edge
map for the diffusion operator. This makes the Perona-Malik type PDE better.
ou

5 div(g(|Gs * Vul))Vu) =0,

where

||

Gy(x) = (2mo)te™ 20
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is the Gaussian kernel and the operation means convolution.
A coupled parabolic equations was introduced to create better edge maps
(see [5, 6]), which has the following form:

ou .

i div(g(v)Vu) =0,
ov

E — A'U = 0.

In order to localizing denoising effects in the diffusion process based scheme,
Nitzberg and Shiota [17] introduced the following relaxation model:

ou )

5 div(g(v)Vu) =0,

v _ AGy % |Vul? — Av =0,
ot

where A > 0 is the relaxation parameter.
Surya Prasath and Vorotnikov [19] improved the above model and provided
some new modifications. One of them has caught our attention, as follows:

% —div(g(v)Vu) =0
ov _
i Adiv(Vo) — (1 = N)(|Vu| —v) =0,
where g(s) = @ (Perona-Malik type diffusion function) or g(s) = |s|7!

(total variation diffusion function). 0 < A < 1 is a balancing parameter. The
first equation is usually used in the Perona-Malik type PDEs. In their discussion,
above model is in favor of preservation of edges. However, when the noise is
very large, the preservation of edges will be unstable, which is similar to that of
the Perona-Malik model.
Another of powerful models is the following nonlinear hyperbolic model with
variable coefficient
82
8—;; —div(¢(z,y)Vu) =0,
where the degree of denoising and preservation of singularities can be determined
by changing ¢(z,y). Ratner and Zeevi [21] introduced a new telegraph-diffusion
model
0u ou

— + A

52 5 div(e(z,y)Vu) =0

to discribe the contraction and fluctuation of the image create denoising and
edge preserving effect. This model is based on viewing the image as an elastic
sheet.
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Inspired by the work of [19, 21], we consider a coupled hyperbolic systems
(1.1)-(1.2) as a method based on viewing the image as an elastic sheet to improve
the quality of the detected edges. As we known, most of these schemes use the
absolute value of the gradient image as a guiding road map in the diffusion
process to restore noisy images. One can see [2, 3, 4, 8, 12, 16, 23] for more
details.

This paper is organized as follows. In section 2 we study the existence and
uniqueness of solutions of the problem (1.1)-(1.5). In section 3 we give some
numerical experiments.

2. Existence of dissipative solutions and weak solutions

In this section, we establish the existence, uniqueness, regularity of dissipative
solutions to the problem (1.1)-(1.5) following the arguments in [19]. Recall
that the standard notations used throughout the paper. Let LP(Q), W (2)
and H™(Q) for the Lebesgue and Sobolev spaces. We will keep the function
space symbol and omit 2. The Euclidean norm in finite-dimensional spaces is
denoted by | -|. The symbol || - || will stand for the Euclidean norm in L?(Q).
The corresponding scalar products is denoted by a - and parentheses (-,-). Let
H&(Q) be the closure of the smooth set, and it is compactly supported in €2 .
By virtue of Friedrichs inequality, the Euclidean norm || - ||; corresponding to
the scalar product (u,v); = (Vu, Vv) is a norm in H}. Then there are standard
Sobolev inequality
The usual Sobolev inequality

[ull < CQ)lull2, Yu e Vs,
and the Ladyzhenskaya inequality
1l < V2[ull[[Vull, Vue Hp.

Let V;. be the closure of V5 in W;! with 1 < r < 2, where V5 = H}(Q)NH?(Q)
is a Hilbert space with the scalar product

(u,v)2 = (u,v); + Z (D%u, D*v).
|ar|=2

We will consider our problem in the following space
Wy =W (Q,T) ={u € Ls(0,T; V3), u' € La(0,T;V5)}
with the norm
lullwy = llull Ly0,7:v5) + HUIHLQ(O,T;VQ*)a
and

Wy = Wa(Q,T) = {u € Ly(0,T; HY), v/ € Ly(0,T; H 1)}
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with the norm
[ullw, = HUHLQ(O,T;Hol) + H“/HLQ(O,T;H%)-
We also need the following class of pairs of functions

R = Lyoc(0,00; V2) N Loo(0,00; Wa,) N Wy 100(0,00; La) X Lo oc(0, 005 Vo)
MLoo(0,00; Loo) N Wy 00(0, 005 La).

Define
0? 0 )
Eq(u,v,v) = _Wg - 8—1: — vdiv(g(|VG, x u|)Vu),
0*v v
Es(u,v,v) = 52 " Bt + Adiv(Vo) + v(1 — N)(|Vu| —v) + (1 = §)(Vv, V),

Ei(u,v) = Ey(u,v,1),
Es(u,v) = Es(u,v,1),

where v is a positive constant and V(u,v) € R.

Definition 2.1. A pair of functions (u,v) € Cy([0,00); La) is called a dissi-
pative solutions of the problem (1.1)-(1.2), if ¥ test functions (¢, ) € R, one
has

&

O () — p(0)]12 + e (2) — &/ @) + () — SO + 1 (1) — & )]
< 241012 {4(0) — (0|2 + ' (0) — &/ ()2 + [[(0) — 6(0)]

[ 0) = S O)]? + /O 25| (By (1, 6)(s), u(s) — 16(5))

T (B, 8)(s), v(s) — (s},

where u'(t) = 24, /(1) = 2 ug,vg,v) € La(RQ) and v > 1 is a certain function

of Q, g, A\, ¥ and ¢.

Definition 2.2. A pair of functions (u,v) € W1 x Wy is called a weak solutions
of the problem (1.1)-(1.2), if ¥ test functions (¢, ¢) € Va x H{,

(2.1) %(u’, ') + %(u, V) + €e(u,¥)2 +v(g(|VG, * u|)Vu, Vip) =0,
900, + L (0.0) + NV, V6) + 1(V0,60)
(2.2) —v(1 = N)(|Vu|] —v,90) =0

holds almot everywhere in (0,T).

Now we state our main result.
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Theorem 2.3. The problem (1.1)-(1.2) with conditions (1.3)-(1.4) admits a
dissipative solution (u,v) € H(0,00; H}) x H*(0,00; H}) with the initial data
ug, ug, Vo,V € Lo and 0 < € < % Moreover, if there exists a strong solution
(up,vr) of problem (1.1)-(1.2), then the restriction of any dissipative solution
0 (0,T) coincides with (up,vr) (T > 0). Every strong solution (u,v) € R is a
unique dissipative solution.

To prove our main result, we introduce the following auxiliary problem

*u  Ou .
v v
(2.4) o2 + = T —Adiv(Vo) = v(1 = A)(|Vu| —v) + (1 = 6)(Vu, V),

with the condition

u(x,0) = vug(z), u'(x,0) =rvuy(z) v(z,0) = vv(z),

(2.5) V' (2,0) = vvj(z), 2 € Q,

ou v
2.6 — =0, — =0, O0<t<T.
( ) 87’1,‘89 ) an|89 5 <t <

Lemma 2.4. Let (ug,vo,u,,v,) € Ly X Ly and T be positive constant. Then
the problem (2.3)-(2.4) admits a weak solution with v = 1.

Proof. We define the operators A and B from W; x Wy to L2(0,T;Vy) x
H'Y(0,T; H™') x Ly x Ly x Ly by

d d

(A(w.0), (6,9)) (0,6 + 2 (0,9)

(00 0) + 5 (0, 9) + el )
+ (AVv, Vo), uli=0, v]t=0,V'|1=0),

(=(9(IVG, x ul)Vu, Vi), —(c(x) Vv, pV A)
+ (1 =N (| Vu| — v, ¢), uo, vo),

(B(u,v), (¢, ¢))

where (1, ¢) € H} x H} is a pair of test function.
Then we can rewrite the problem (2.3)-(2.4) as weak statement

(2.7) A(u,v) = vB(u,v).

Note that B is continuous and compact, Wi C L, (0, T} Wpl) is compact for some
p>2and Wy C L,(0,T; L}) (see [22]). If

(U, V) — (up,vo), weakly in Wy x Wa,
then we have

(ttn, vn) — (g, vo), strongly in H'(0,T; Ly) x H'(0,T; Lo).
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By Krasnoselskii’s theorem ([15]), we have
g(vn) — g(vo), in L,(0,T;Ly) Vg < +o0.
So there holds
9(|IVGp xup|)Vu, — g(|VG, * ug|)Vug, in L,(0,T; Lo).

Since the linear operator A is continuous and invertible (see [19]), we can rewrite

(2.7) as
(2.8) (u,v) = VAT B(u,v) in Wy x Wh.
Now we derive the following estimate.

A ) = ()]1* + o (8) = &/ ()]
+v(t) - ()||2+||v() ¢ ()|

"y / lu(s) — %(s)]3ds + Ao / lo(s) — é(s)|I3ds]

(29) <2l {luu(0) — (O] + v (0) — ¥ (0)]?
T [w0(0) — SO + 12/ (0) — (0)?
4 / 2| (E1 (0, 6, v)(5), u(s) — 1(s))
(o), 6,1)(5), v(s) — 6(5)) — e(t(5), u(s) — 1(s))slds},

where v > 1 is a certain function of Q, g, A, u, ¥ and ¢.

To prove above estimate, we need to carry out energy estimate. Let ¢(t) =
u(t) and ¢(t) = v(t) in (2.1)-(2.2), respectively, and we have

d 1d
(2.10) a(u', u') + §$(u, u) + €(u,u)2 +v(g(|VG, * u|)Vu, Vu) = 0,
1
%(v/, v') + 5%(1}, v) + A(Vv, Vo) +v(Vo,vVr)
(2.11) —v(l = X)(|Vu| —v,v) =0.

Summing up (2.12)-(2.13) and integrating over (0,t), we get
1 2 12 2 "2 '
o Ul + 1™ ol + ol )+/0 v(g(IVG, * u|)Vu, Vu)ds

t
+ / AV, Vo) +v(Vo,oVr) —v(l — N (|Vu| —v,v)ds
0

(2.12) (luoll* + llugll® + llooll* + [[v6]1%).

l\ﬁ\t
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On the other hand, V(n, #) test function in H} x H}, we have

d d
%W, n')+ 2 +v(g(IV Gy x u|)Vu, V)

(2.13) + (B1(¥, ¢, v),m) + (¥, n)2 = (¥, m),
%(d, 0') + %(@ 0) + (AV®,0) +v(Vp,0VN)
(2.14) — (1= N)(|VY| = ,0) + (E2(t, 6, 1), 0) = 0.

75

Let n = u— 1 and 6 = v — ¢. Summing up (2.13)-(2.14) and noticing (2.12)-

(2.13), we get

LA m) +(6,0) + (1) + (01,8)) + v(g(IV G, * 0])Vin, Vi)

2 dt
= —v(lg(IVG, *v]) = g(IVG,  ¢])]VO, V)
+u(1 = N(|Vul — V0], 6) — v(V6,0V )
(2.15) + (B, 0,v),m) + (E2(¥, 6, A), 0) — €(n, 0)2.

It is easy to derive that

—v([g(IVG, xv]) = g(IVG, x 9)IVO, V) +v(1 = A)([Vul = [V6],0)
< O, g)v(lv =9, [Vnl)
< [l vg(IVGy o)) Vall* + C(, 6, 9)[10]]*

(2.16) +C (1, 9)(0%,\/vg(IVG, * v]) [ Vul),
and

A
(2.17) —v(V6,6VX) < 6]+ C 611

Thus, applying (2.16)-(2.17) to (2.15), we derive

() + G+ (6,6) + (¢,0) + el )2 + 250w 017
< C(0,0, A, 9)(0%, 1+ \Jvg(IVG, * v])|Vul)

(2.18) + (E1(¥,0,v),n) + (B2, 8, A),0) — €(n, 0)2.

Denote ®(t) = |1 + \/vg([VG, * v[)|Vul||. Then it follows from (2.18) that

1d _
5 g M+ 101+ 110°1%) + 2elmll3 + dop™ I VO]

< C(0,0, ), 9)D20]> + 2(Er (¥, ¢, v),m) + 2(Ea(1h, 6, \), 0)

(2.19) —2¢(n, 0)2.
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By (2.13), we have
t
(2.20) t|Q| < / ®2(s)ds < 2| + v||uol* — [Ju(t)|*.
0

Hence, using (2.19)-(2.20) and a Growall-type inequality, we obtain (2.9).
Let n =60 = 0. It is easy to see that

2.21)  lullzoor:Lo) + 14 | oo,y + 1V Lac0.7:L0) + 110l oo,y < C

_1
(2.22) ullpworz) + 10 Loy < Ce 2,

where C' is a constant independent of ¢ and v.
It follows from (1.5) that

9)(1 + [s]).

(2.23)

1 1 1 1
— C
7o) = ee e T e =

So by (2.23) and (2.15), we have

-1
IVull 0.1, S vI(IVGp * v))Vull Ly 0,7:00) 1 9(IVGp % v]) [ Loo0.1:00) <C-

By Sobolev embedding H& C L, for any p < oo and Holder inequality, we derive
IVullpy0,120) + VUl L0130, + ||VUHL%(O,T;L_€+%) <C.

Furthermore, by (2.13)-(2.14) and (2.15), for 1 <7 <2 and 0 < € < %, we have
the following estimates

IVull Lo,y + 10l o0, m-2) < C(1+ V),

1
wll o1y < C(+ —=),

NG
1
|l 10,71y < C(1+ \ﬁ)’

where C' is a constant independent of ¢ and v.
Hence the above estimates imply that

lullw, + e T, + ollwe + 10w, < C,

where C' depends on € but not v.
Applying Schaeffer’s theorem (see [11], p. 539), we know that there exists a
fixed point of (2.8),which is a solution of (2.7). This completes the proof. [

The following convergence Proposition is tanken from [19].
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Proposition 2.5. Let G be a measurable set in a finite dimensional space,
Yn : G —> R be a sequence of functions and X : R — R be a continuous
function. Assume that {y,} is uniformly bounded in Loo(G) and ym — yo in
Ly(G) with ¢ > 1. Then

X (yn) — X(yo)

in L,(G) for any p < cc.

Now we are ready to prove Theorem 2.1. The proof is similar to that of
theorem 1 in [19]. For completeness of our paper, we sketch the proof. Based
on Lemma 2.1, we can proceed with the sketch of the proof of Theorem 2.1. We
refer to [19] for the details of the technique, and mainly focus on the new issues.
The existence of dissipative solutions, one passes the limit in (2.9) with v = 1
as € = ¢, — 0 on every interval (0,7) with T" > 0. Let (uy,v,) be the weak
solution to problem (2.5)-(2.6) with €, in Lemma 2.1. Using Sobolev embedding
W1 C Lo, we derive

Uy — u i HY(0,T; L),
U —> v i HY(0,T; Ly).

Then (2.21) and Proposition 2.1,

@1y SO G L0(0,7),

lun(t) = (O* — llut) =9 @)|* in La(0,T),
[, (8) = ' ()17 — [l () = &' ()] in L2(0,T),
lon(t) = s[> — [lv(t) = ¢(B)|* in L2(0,T),
[o,(8) = &' () > — IV (8) = &' (®)|* in La(0,T).

So we have

IO (g (£) = (1) [P+ ury ()= (D]P+ [0 () =SB ||* + [l (8) — &' (D))
= A OF () = w@IP + [/ (8) = ¢ (O + o) = OI + 10'(t) = ' ©)]1%)

in L1(0,7). Thus, we can pass to the limit in the right-hand side of (2.9) as well
and the last summand (the one with €) goes to zero. Therefore, we conclude
that Theorem 2.1 holds.

3. Numerical experiments

In this section we present some experimental results on pictures in the two di-
mensions case by using an explicit numerical scheme based on Rothe’s method
in time discretization and finite difference method in spatial discretization. To
proceed with the discrete numerical algorithm, we subdivide the time inter-

val (0,T) by points t, = nr with 7 = %, n = 0,1,2,...,N, where N is
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a positive integer. Assume that the image (u(t),v(t)) is defined in the lat-
tice {1h,2h, ..., Mh} x {1h,2h,...,Lh}, where h is the space stepsize. Denote

(uj;,v};) an approximation of (u(n,ih, jh),v(nt,ih, jh)).

/[:7].
crete approximation

” — .
Uit1,; — U

We define the dis-

n —yn.
Vit1,5 — Yiy

Vi, = Wyt =
T g h ’ T Y1,] b )
n —qyn. no_h.
Vo = mhi TNy g Yimly T Yy
x Za] - h ’ x Zv] - h )
n — . — .
v+un — ul7]+]~ ulm] v+,vn — UZ,]+1 UZ?]
Yy g h ’ Y 71, b )
n n n n
ur. —ur. [T — it
_ 7,7—1 i, — 4,7—1 7,
Vyu?j: J J’ vyv;"bj:g’
’ h ’ h
L un._l n _ gn-l
n __ 1,] 2,J n __ ,J 2,
5Ui,j = ) 5Ui,j =
T T
no_ Sunt Som. — gyl
62 n __ 1,] 1,] 52 n __ 1,] 1,]
Ui = - » OV = T
M
e VG, s uly| = [>(6G, <l
9ij = 7y VG uij| = p* uj)] 2
L+ () i=1

Then the discrete explicit scheme of the problem (1.1)-(1.2) can be obtained

1
2 n+l n+1 n n + n YT
0 Uy + 5ui7j o 72[(91'—5-1,3' + gi,j) Va UZLJ + (g?—l,j + gi,j) x Wi,

g+ 90 Viuiy + (91 + 9ig)Vy uiy] = 0,

1
2, n+1 n+1 n n +,.n n n —,n
) (Y (51)1-7]. - = 1,; T ¢ VIl + (cl-_Lj + cm-)Vl, Vi

(e + )Vl + (g + )V vp]

—(1L=N(Viul| + Vo ul;l —vf) = 0,
with the condition
u?,] = uO(iaj)7 5“?,] = 5UO(Z7]) ,U'?,j = UO(iaj)v
v =ovo(i,j) 1<i<M, 1<j<L,
u&j = U?,gv U?\L/[,j = u?\L/[H,jy U?,o = UZla UZL = “2L+1v

n — n n _ n n __ n n _ n
Vo,j = V1,55 VUM, = YM+1,5 Yio = Vi1 YL = Vi L+1-

We show numerical results which are obtained by applying the above scheme to
two artificial heavily noised images. In order to stabilize the numerical scheme,
we rescale the images so that the theoretical results obtained in the previous
section can be applied. Our experiments depend on three parameters: the
“scale” of diffusion A, the diffusive coefficient c¢(z) and the threshold K. In
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general, we measure the amount of noise by its standard deviation. The better
quality image will have a higher SNR. Define the signal noise ratio (SNR) as

Sqluiy; —a)?
Ya(nij)?

where % denotes the mean of the signal u; ; and n; ; is the noise.
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