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Abstract. Let M be a module over a commutative ring R. In this paper we generalize
some annihilator conditions from rings to modules. Denote by Nil(M) the set of all
nilpotent elements of M. M is said to be weak McCoy if f(z)m(x) = 0, where f(x) =
Zf:o m;xt € R[z]\{0} and m(z) = > =0 ajz? € M[z]\{0}, then sm; € Nil(M), for
every 1 < i < k and for some s € R\{0}. We prove that the class of weak McCoy
modules is closed under direct limit, finite direct product and localization. We show
that if R is a uniform R-module, then the direct sum of weak McCoy R-modules is
again weak McCoy. We prove that over a domain D, the D-module M is weak McCoy
provided that if T'(M) is weak McCoy, where T'(M) is the torsion submodule of M.
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1. Introduction

Throughout this paper all rings are considered to be commutative with a nonzero
identity and all modules are unitary unless otherwise stated. Let R be a ring,
M an R-module and N a submodule of M. We denote by (N :p M) the set
of all r in R such that rM C N. The annihilator of M, denoted by anng(M),
is then (0 :g M). We denote by R|x] the polynomial ring over the ring R and
M |zx] the polynomial module over the module M.

An R-module M is called a multiplication module if every submodule N of
M has the form I'M for some ideal I of R (Barnard, 1981). Note that since
I C(N:g M), then N=IM C (N :g M)M C N. So that N = (N :g M)M.
A submodule N of M is called pure if IN = N NIM for every ideal I of R
(Ribenboim, 1972). It is proved in [2, Theorem 1.1] that every pure submodule
of a multiplication module is again a multiplication module. A submodule N of
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M is prime whenever rm € N for some r € R and m € M, then either m € N
orrM C N.

We recall that an ideal I of R is nilpotent if I¥ = 0 for some positive integer
k and an element r of R is nilpotent if % = 0 for some k& € N. We denote by
Nil(R) the set of all nilpotent elements of R. According to [1], a submodule
N of M is called nilpotent if (N :p M)*N = 0 for some positive integer k.
An element m € M is said to be nilpotent if Rm is a nilpotent submodule of
M. Clearly, the zero submodule of M is nilpotent and hence the zero element
of M is nilpotent. Denote by Nil(M) the set of all nilpotent elements of M.
Nil(M) is not necessarily a submodule of M, but if M is faithful, then Nil(M)
is a submodule of M [1, Theorem 6]. Moreover, if M is a faithful multiplica-
tion R-module, then Nil(M) = Nil(R)M = NP, where P runs over all prime
submodules of M.

By [1, Proposition 4(2)], if I is a nilpotent ideal of R, then I'M is nilpotent
in M and the converse is true if M is faithful. Also if K C N and N is nilpotent
in M, then % is nilpotent in % as an R-module and the converse is true if K
is nilpotent in M and M is faithful. Also, a submodule N of M is idempotent
if N = (N :g M)N (Ali and Smith, 2004). By [1, Theorem 3], if N is a
direct summand of a multiplication module M, then N is multiplication and
idempotent. An R module M is called uniform if any two nonzero submodules

of M have a nonzero intersection (Faith, 1981).

Let R be an associative ring with identity. R is said to be right McCoy
(respectively left McCoy) if for each pair of non-zero polynomials f(z), g(z) €
R[z] with f(z)g(x) = 0, then there exists a non-zero element r € R with f(z)r =
0 (respectively rg(z) = 0). A ring is McCoy if it is both left and right McCoy.
Also, we say that a ring R is right weak McCoy whenever f(x) = ag + ajx +
oot apmz™, g(x) = by + bz + ...+ bya™ € R[x]\ {0} satisfy f(z)g(x) =0, then
a;s € Nil(R) for each i = 0,1, ..., m and for some s € R\ {0}. Left weak McCoy
rings are defined similarly. If a ring R is both left and right weak McCoy, then
we say that R is a weak McCoy ring.

By those definitions, clearly, McCoy rings are weak McCoy. Also, the name
"McCoy” was chosen because McCoy in [7] had noted that every commutative
ring satisfies this condition.

An R-module M is said to be McCoy if f(x)m(z) = 0, where f(x) =
S pairt € Rlz]\{0} and m(z) = Z?:o mjx? € M[z], implies that there exists
a nonzero element r € R such that rm(z) =0 (Cui and Chen, 2011).

In this paper, we generalize the concept of weak McCoy rings defined on
associative rings to modules over commutative rings. Let R be a commutative
ring. An R-module M is called a weak McCoy module if f(x)m(x) = 0, where
f(z) € R[z]\{0} and m(z) = Y1 ;m;z’ € M[z]\{0}, then sm; € Nil(M), for
every 0 < ¢ <n and for some s € R\{0}.
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2. Weak McCoy modules

In this section we study some basic properties of weak McCoy modules and
investigate the relations between weak McCoy rings and weak McCoy modules.

Definition 2.1. Let R be a commutative ring. An R-module M is called weak
McCoy whenever f(x) € R[z]\{0} and m(z) = >_" mx’ € M[z]\{0} satisfy
f(z)ym(xz) = 0, then sm; € Nil(M), for every 0 < i < n and for some s €

R\{0}.

Proposition 2.2. Let R be a ring. Then every McCoy R-module M is weak
McCoy and the converse is true if M has no nilpotent elements.

Proof. It is trivial. O

Corollary 2.3. Let M be a finitely generated faithful multiplication R-module.
Then, the ﬁ(m-module % is McCoy if and only if it is weak McCoy.

Proof. First note that Nil(M) is a submodule of M and Nil(M) = Nil(R)M
by [1, Theorem 6]. So we may form the #(R)—module % By [1, Corollary

7, % has no nilpotent elements. Now the result follows from Propositio;

Proposition 2.4. Let M be an R-module. Then the direct limit of every direct
system of weak McCoy submodules of M is weak McCoy.

Proof. Let I be a directed set and {M;;i € I} a direct system of weak Mc-
Coy submodules of M. Set N = lim@ M;. We know that N = ), ; M; =
Uier Mi, by [8, Example 5.32]. Let m(z) = Z;‘:Omjwj € N[z]\{0} and
flz) = Y yara® € R[z]\{0} with f(z)m(z) = 0. There exists t € I such
that m; € M, for each 0 < j < n. So m(z) € M[z]. Since M; is weak Mc-
Coy, there exists s € R\{0} such that sm; € Nil(M;). Thus, there exists an
l; € N such that (R(sm;) :r M;)%R(sm;) = 0, for each j = 0,1,...,n. But
(R(smj) :r N) C (R(smj) :r M), hence (R(sm;) :r N)YR(sm;) = 0 and
sm; € Nil(N), for each j =0,1,...,n. O

Corollary 2.5. If every finitely generated submodule of an R-module M is weak
McCoy, then M is weak McCoy.

Proof. By, by [8, Example 5.32], every module is the direct limit of it’s finitely
generated submodules. Now the result is trivial by Proposition 2.4. O

Definition 2.6. A ring R is said to be a strongly weak McCoy ring if every
R-module is weak McCoy.

It is clear that if an R-module M is not faithful, then it is McCoy, and so
is weak McCoy. Hence to study the weak McCoy condition on a module, it is
sufficient to consider the faithful case.
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Proposition 2.7. A ring R is strongly weak McCoy if and only if every finitely
generated R-module is weak McCoy.

Proof. =) It is trivial.
<) Let M be a faithful R-module. We know that M is a direct limit of its

finitely generated submodules. Hence by assumption and Proposition 2.4, M is
weak McCoy. O

Let M be an R-module and S a multiplicatively closed subset of R. Then
S~IM has an S~!R-module structure. M is called S-torsion free if sm # 0, for
each0#m e M and s € S.

Lemma 2.8. Let R be a ring, S a multiplicatively closed subset of R and
M a finitely generated R-module. Then m € Nilg(M) if and only if =* €
Nilg-1z(S™IM), for every s € S.

Proof. Let m € M and k € N. Since M is finitely generated, we have
S~Y(Rm :g M)*Rm) = S~Y((Rm :x M)*)S~'(Rm)

(S~Y(Rm :gp M))*S—Y(Rm)

= (S7YRm) :g-15 STIM)ESTH(Rm).

On the other hand, S~!'(Rm) = S™'R(2), for each s € S. So the proof is
complete. 0

Theorem 2.9. Let R be a ring, S a multiplicatively closed subset of R and M a
finitely generated S-torsion free R-module. then M is weak McCoy if and only
if STYM is a weak McCoy S™'R-module.

Proof. First suppose that M is a weak McCoy R-module.
Let f(z) = Yt oz’ € STIR[z]\{0} and m(z) = > i=0 Bjz? € STtM[x]\{0}
with f(z)m(z) = 0.

We can assume that o; = % and 3; = % for some r; € R, mj € M and
u,v € S. Note that if a; = Z—i and §3; = T—jj, then we can assume u = ujus . . . Uy,

and v = vvy ...V,
Therefore f(z)m(z) = 0 implies that 0g-1p = ™00 = romthtme —

Tomﬁ”ﬂl”"’mo = ---. But M is S-torsion free, so 0 = rgmg = romy + rimg =
ToM2 + rimy +romo = - -.

Now, we set fi(z) = Y.I"griz’ and mq(z) = > i=0 mjz’. Clearly fi(z) €
R[z]\{0}, my(z) € M[x]\{0} and fi(x)mi(x) = 0. Since M is weak McCoy,
there exists ¢ € R\{0} such that cm; € Nilr(M), for each 0 < j < n. It is clear
that ¢ € ST'R\{0} and (%) € Nil(S~'M), for each 0 < j < n, by Lemma
2.8. Hence, S™'M is a weak McCoy S~ R-module.

Now assume that S™!M is a weak McCoy S~!R-module. Let g(z) =

{oair’ € Rlz]\{0} and n(z) = >20_;nja? € M[z]\{0} with g(z)n(z) = 0.
But n(z) € S™!M[z]\{0} and g(x) € ST R[z]\{0}. By assumption, there exists
L € S7'R[z]\{0}) such that Z(m;) € Nilg-1x(S™'M), for each 0 < j < p.

s
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Therefore, rm; € Nilg(M), for each 0 < j < p and hence M is a weak McCoy
R-module. O

We recall that R[z, 2z~ !] denotes the Laurent polynomial ring over R. For an
R-module M, let M[z,z71] = {30, mz’sn,k € Z,m; € M}. M[z,z7 '] is an
R[z, z7]-module under the addition operation and the following scaler product
operation. For m(z) = >, m;z’ € M[z,z~!] and f(z) = > ajx’ € Rlz,z™ 1,

then f(z)m(x) =3 (O 4k a;m;)z" (see [6]).

Corollary 2.10. Let R be a ring and M a finitely generated R-module. Then
M[z] is a weak McCoy R[z]-module if and only if M[x,z~] is a weak McCoy
R[z, z~-module.

Proof. Let S = {1,z,22 ..}. It is clear that S is a multiplicatively closed
subset of R[x] and R[x]-module M|z] is S-torsion free. By Theorem 2.9, M[x] is
a weak McCoy R[z]-module if and only if S~!M|x] is a weak McCoy S~!R[z]-
module. But S'R[z] = R[z,z7!] and S~'M|[x] = M[x,z7!]. Now the result
follows from Theorem 2.9. O

Corollary 2.11. Let R be a ring, S a multiplicatively closed subset of R and
every R-module is finitely generated and S-torsion free. Then the localization
STLR is strongly weak McCoy if and only if R is strongly weak McCoy.

Proposition 2.12. Every pure submodule of a weak McCoy multiplication mod-
ule is weak McCoy.

Proof. Let N be a faithful pure submodule of the weak McCoy multiplication
R-module M. It is clear that N is multiplication. Let f(z)m(x) = 0, where
m(z) = S mz’ € N[z]\ {0} and f(z) € R[z]\ {0}. Since m(z) € M|z]
and M is weak McCoy, there exists s € R\{0} such that sm; € Nil(M). By [1,
Proposition 4], (R(sm;) :r M) is a nilpotent ideal of R and hence (R(sm;) :r
M) C Nil(R), for each i = 0,1,...,n. By [1, Theorem 6], Nil(R)M = M and
Nil(R)N = N, since N and M are multiplication. Also, N is a pure submodule
of M and R(sm;) = (R(sm;) :r M)M. So sm; € N N (R(sm;) :r M)M =
(R(sm;) :g M)N C Nil(R)N = Nil(N), for each i = 0,1,...,n. Therefore,
these elements are nilpotent in N and hence N is weak McCoy. O

Proposition 2.13. Let R be a ring, I a directed set and {M;};cr a family of
faithful weak McCoy R-modules. If R is uniform as an R-module, then the direct
sum M = [[,c; M; is a weak McCoy R-module.

Proof. Let f(z) € R[z]\{0} and m(z) = Y }_ompa® € M[z]\{0} satisfy
f(@)m(x) =0, where my = (mjx)icr, for k=0,1,...,n.

Set mi(z) = Y p_omua® € M;[z]. Clearly, f(x)mi(z) = 0. Since M;’s
are weak McCoy, there exists s; € R\{0} such that s;m;; € Nil(M;) for each
i €Iand k = 0,1,...,n. We know that the set I’ = {i € I;m;(z) # 0}
is a finite set. Set U = [;cp Rs;. Since R is a uniform R-module, U # 0.
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Let s € U\{0}. Then s = r;s;, for each i € I’ and for some r; € R. Also
R(smyx) = R(risimi) = (Rri)(Rsimix). But R(s;m;i) is a nilpotent submodule
of M;. Hence R(smyy) is nilpotent in M;, for each i € I’ and k =0,1,...,n, by
[1, Proposition]|. Therefore, (R(sm;x) :r M;) is a nilpotent ideal of R, for each
i € I, since My’s are faithful. But R(smy) C [],c; R(smg) and also we have

(R(smp) : [iey Mi) S (Lier R(smir) :r [ies Mi)
C  (Iier R(smix) :r [;ep Mi)
= Nier(B(smak) :r M;).
Thus, smy, € Nil(M), for each k = 0,1,...,n, since finite intersection of nilpo-
tent ideals is nilpotent. Consequently, M = [],.; M; is weak McCoy. O

Proposition 2.14. Fvery finite direct product of faithful weak McCoy modules
is weak McCoy.

Proof. Let M = [[;_; My, where Mj’s are faithful weak McCoy R-modules.
So M is a faithful R-module. Let m(z) = >_¥_ m;a’ € M[z]\{0} and f(z) €
R[z]\{0} with f(z)m(z) = 0. Since m; € M, for each i, m; = (mj1,..., M),
for some my, € My.

Set my(z) = YF_ miya’ € My[x], for each 1 < k < n. Hence f(z)my(z) =
0, for each 1 < k < n. By assumption, there exists ¢, € R\{0} such that cym €
Nil(My). Therefore, R(cxym;y) is nilpotent in Mj. So the ideal (R(cpmik) :r
M) is nilpotent, for each 1 < k < n and 0 < i < p, by [1, Proposition 4].
Consider ¢ = cjca...c,. Clearly, (R(ecmik) :r My) = (R(cpymix) :r My). Thus
(R(mjg) :r My) is a nilpotent ideal, for each i =0,1,...,pand k =0,1,...,n.

On the other hand,

n

(R(emi) :r M) = (]| Rlemar) & [ M) = () (Rlemix) :r My).
k=1 k=1 k=1

Intersection of finite number of nilpotent ideals is nilpotent. This implies that
(R(em;) :r M) is a nilpotent ideal and therefore cm; € Nil(M), for each i =
0,1,...,p. ]

Proposition 2.15. A ring R is weak McCoy if and only if it is weak McCoy
as an R-module.

Proof. We know R is a multiplication R-module. So by [1, Theorem 6], Nil(R) =
Nil(R)R. Therefore the proof is obvious. O]

Proposition 2.16. Let R be a ring and N a submodule of an R-module M such
that % s a faithful weak McCoy R-module. Then M is weak McCoy.

Proof. Let m(x) = 3[_gmiz’ € M[z]\{0} and f(z) = PR aja’ € Rlz]\{0}
with f()m(z) = 0. Set mi(z) = Y1y e’ = Y0 o(ms + N)a' € (3)[a]\{0}.
Hence f(z)m(x) = 0 = N. By hypothesis, there exists ¢ € R\{0} such that
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cm; € N’il(%), for every 0 < ¢ < n. Since R-module % is faithful, by [1,
Proposition 4], (R(cm;) :g &) is a nilpotent ideal of R, for each 0 < i < n. But
(R(cmy) :r M) C (R(cm;) :p %). Thus (R(cm;) g M) is a nilpotent ideal and
hence em; € Nil(M) for each i. Therefore, M is weak McCoy. O

For a commutative domain R and an R-module M, the torsion submodule
of M is defined by T (M) = {x € M|anng(x) # 0}. In this case, T'(M) is a
submodule of M, called the torsion part of M. An R-module M is called a
torsion module if T(M) = M.

Proposition 2.17. Let D be a domain and M a D-module. If D-module T'(M)
is weak McCoy, then M is also weak McCoy.

Proof. Suppose that T'(M) is weak McCoy. Let f(z) = Y1 ja;z' € D[z]\{0}
and m(z) = Y7 mjz? € Miz] satisfy f(z)m(z) = 0. We have agmy =
agmi + a1mgy = agms + a1mi + asmg = ... = apm, = 0.

Since f(x) # 0, we may assume that ag # 0. Multiplying agmi + a1mg =0
by ag implies that a%ml = 0. Similarly, multiplying agmsz + a1mi + agmg = 0
by ag implies that agmg = 0. Continuing this process, we have aéﬂmj =
0 and so m; € T (M), for j = 0,1,...,n. Hence m(zx) € T(M)[z]. Since
T(M) is a weak McCoy D-module, there exists d € D\{0} such that dm; €
Nil(T'(M)). Therefore, for each 0 < j < n, there exists positive integer k; such
that (D(dm;) :p T(M))* D(dm;) = 0.

But (D(dm]) ‘D M) - (D(dm]) ‘D T(M)) Thus, (D(dm]) ‘D M)ij(dm]‘) =
0, for j = 0,1,...,n. Therefore, dm; € Nil(M), for j = 0,1,...,n and hence
M is a weak McCoy D-module. O

Theorem 2.18. Let R be an integral domain and QQ the quotient field of R. If
M is a weak McCoy Q-module, then M is weak McCoy as an R-module and the
converse is true if M is finitely generated.

Proof. Suppose that M is a weak McCoy Q-module. Let f(z) = Y az’ €
Rz] and m(z) = Y77, mjz) € M[z] satisfy f(z)m(z) = 0. First note that
every element ¢ € @ has the form rs~! for some regular element s € R. Since
M is weak McCoy as an (Q-module, there exists a nonzero element ¢ € () such
that gm; € Nilg(M), for every j = 0,1,...,k. We have ¢ = rs~1. So rmj =
sqmj € Nilg(M), for every j = 0,1,..., k. Moreover, M is a faithful ()-module,
since M # 0. Hence the ideal (Q(rm;) :q M) is a nilpotent ideal of @, for each
0 <j <k, by [l, Theorem 4(1)]. Hence M is a weak McCoy R-module.

For the converse, suppose that M is a finitely generated weak McCoy R-
module. Let f(z) = Y2i" @iz’ € Q[z]\{0} and m(z) = Y77, m;a’ belongs to
the Q[z]-module M[z]. We may assume that a; = als; !, for every 0 < i < n and
for some a] € R and regular element s; € R. Setting s = sos; ... Sp, we have a; =
ajs™t, for every 0 < i < n. Then 0 = f(z)m(z) = Y, Z?:o sLaymjattl =
s~ f(z)m(z). So f'(x)m(x) = 0.
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Since M is weak McCoy as an R-module, there exists » € R\{0}(C Q\{0})
such that rm; € Nil(M). By assumption, M is a faithful R-module. Thus
(R(rmj) :g M) is anilpotent ideal of R, for each j = 0,1,..., k. But Q(R(rm;) :
M) = (Q(rmj) :g M), since M is finitely generated. Hence (Q(rm;) :qg M) is a
nilpotent ideal of @ and so rm; € Nilg(M), for every 0 < j < k. Therefore, M
is a weak McCoy @-module. O
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