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Abstract. Distance-balanced graphs are graphs in which for every edge e = uv the
number of vertices closer to u than to v is equal to the number of vertices closer to
v than to u. The graph is strongly distance-balanced if the relation holds for every
distance of ¢ which 0 < i < diam(G). In this paper, we study some local properties of
them and also under some graph operations.

Keywords: distance-balanced graph, strongly distance-balanced graph, graph invari-
ant, graph operation.

1. Introduction and preliminaries

Let G be a simple undirected graph. The distance dg(u,v) between vertices
u,v € V(G) is the length of a shortest path between v and v in G. For a pair of
adjacent vertices a,b € V(G) let Wy, denote the set of all vertices of G closer to
a than to b and let W} denote the set of all vertices of G that are at the same
distance to a and b. For each ¢ > 0 let Wéb and ,WW3* be the subsets of W, and
oW respectively, of all the vertices at distance ¢ to a. Therefore

Wap = {z € V(G)|d(a,z) < d(b,x)},a Wy = {z € V(G)|d(a,z) = d(b,z)},

(ib = {x € Wab|d(avm) = i}va Wbi = {‘T €a Wb‘d(aa .T) = Z}
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Distance-balanced graphs were introduced as graphs that |Wy,| = |W),| for
every pair of adjacent vertices a,b € V(G). A graph G is strongly distance-
balanced if W/, = W}, holds for every pair of adjacent vertices a,b € V(G)
and every ¢ > 0. For more information, we recommend the readers to look
at [4, 1, 2, 5]. Note that every strongly distance-balanced graph is distance-
balanced. Throughout this article, graphs are supposed to be simple and con-
nected. Moreover, we denote the neighbours of v by N (v).

2. Local properties

Let G be a regular graph with v vertices and degree k. G is said to be strongly
regular with (v, k, u, A) if there are also integers A and p such that:

1. Every two adjacent vertices have p common neighbours.
2. Every two non-adjacent vertices have A common neighbours.

Theorem 2.1. Let G is a strongly reqular graph with (v,k,p,\), then G is
strongly distance-balanced and hence distance-balanced.

Proof. Let A = 0, then every v € V(G) is connected to the neighbours of N(v),
therefore GG is a complete graph and strongly distance-balanced. On the other
hand, if A # 0, then for every uwv € E(G), |W),| = [W},| = k — p and since
dim(G) < 2 then |[W2)| = [W2,| = |[V(G)| — (k — ) — [,W?2|. Therefore G is
strongly distance-balanced and hence distance-balanced.

Let u € V(G). We define d(u, G) and d;(u, G) by

d(u,G) = Y d(u,0v)
veV(Q)

and

di(u,G) = Z d(u,v) ,

veV(Q),d(u,v)=1

respectively, which 1 < i < diam(G). Moreover, diam(G) is the length of the
longest shortest path between any two graph vertices of G.

Theorem 2.2. G is strongly distance-balanced if and only if d;(u, G) = d;(v, G)
for each 1 <i < diam(G) and for each u,v € V(G).

Proof. Suppose d;(u,G) = d;(v,G) for each 1 < i < diam(G) and for each
u,v € V(G). Tt is clear that if di(u, G) = d1 (v, G) then |W},| = [W},|. Now By
induction, suppose the statement holds for ¢ < k:

di(u,G) = d;i(v,G) — |W¢,| = [Wi |,1<i<k.
Let dit1(u, G) = di41(v, G), then

i1 (1, G) = diey1 (u, WE) + (di (v, WE) + [WE ) + diy1 (u,, W) =



100 H. FARAMARZI, F. RAHBARNIA AND M. TAVAKOLI

dei1(v, G) = diy1 (v, WE) + (dip(u, W) + (Wi |) + dye1 (v,0 WM

Therefore
korl(u? Wzlf;rl) = dk+1(vv W1]1€u+1%
which implies that
W | = W5

For sufficiency, let G be a strongly distance-balanced graph, which means that
for each 1 < i < diam(G) and wv € E(G), |Wi,| = |WZ,|- Therefore

[Wawl X 04+ [Wi < (i = 1) + [u W] x i =

(Waal X i+ Wit x (i = 1) + [, W[ x4,

which shows that
di(“? G) = di(va G)

Let G be a graph and e € E(G), then by G.e we mean contraction of e that
is the operation which removes the edge from the graph while simultaneously
merging the two vertices that it previously joined. By G.[e1,- - ,ey], we mean

(((G.e1).e2). -+ .ep).
Theorem 2.3. If G is reqular, then G is distance-balanced if and only if

W (G [Upi]uv;éupieE(G)) = Wvu(G [UQj]vu;évquE(G))

for each u,v € V(G), which [up;]yvrup,cpc) and [Vqjlouzoger(a) are all edges
connected to u and v respectively, except for uv and vu.

Proof. Since
|Wuv‘ = |W1}v| + |Wp1u‘ +eee |anU| — Cuv,

where p;(1 < i < n) are vertices connected to u that p; # v and Cy, consists of
members x such that

1. if x € Wy, but € Wy, or x €, W,
2. x € W,y for more than one 1.

Since members of Cy, and Wp,,(p; € N(u)\v) are not related to neighbours of
u and v, therefore

Woo (G- [upiluvzupicr@) = (Waol — [Waol) + [uWo
Hence

Waw| = [Woul,

Wkl 4+ [Wapy | + - + [Wap, | = [Cu| + [ W

= Wl + [Wog| + -+ + [Wag,| — [Cou| + |sWa|

W (G-[upilwwrtupie (@) = WoulG-[0G5]lvurvgcE(G))-
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Graph G is a chordal graph if all its cycles of four or more vertices have a
chord, which is an edge that is not part of the cycle but connects two vertices
of the cycle.

Theorem 2.4. Let G be a chordal graph. G is complete if G is distance-
balanced.

Proof. If G be a chordal graph on 3 vertices and distance-balanced, then G is
complete. By induction, suppose G is a chordal graph on n > 3 vertices and
distance-balanced, then G is complete. Now let G be a graph on n + 1 vertices,
T be the left corner triangle in G, w € V(T) and z,y be other vertices of T
If there is no other vertex connected to u, therefore G is not distance-balanced
(|Wuz| # |[Waul|). Since the graph is chordal, suppose p; be a vertex such that
upy,xp1 € E(G). If there is no vertex connected to pi, then G is not distance-
balanced (|Wp,u| # |Wuyp,|). By chordal property, let ps be a vertex on such
that p1pe, upe € E(G). By continuing this method, u is connected to all vertices
of G. By removing u from G, G — {u} is again chordal and distance-balanced.
Therefore, G — {u} is complete which implies that the statement holds for each
graph with n > 3 vertices.

Let G be a graph, u € V(G), N(u) = {p1,p2, -+ ,pn}and 1 <i < j <n. We
denote the set {Wp, N+ N Wp, s N Wap, s NN W OWop oy NN W,
by Su(pi,p;)-

Lemma 2.5. Let G be a distance-balanced graph which diam(G) > 1. Then G
is triangle-free if and only if for each uwv,uw € E(G), |Sy(v,w) N Wy Ny Wy| =
|Su (v, w) N Wy Ny Wyl

Proof. Let uwv,uw € E(G), then by the property of triangle-free, we have
WV O W 1 Su,0) = {z € Sy (o, w)|d(w, 2) = d(o,z) + 1},
uWy N Wy NSy (v, w) = {z € Sy(v,w)|d(pk, z) = d(v,z) — 1}.
Now, we define the function

fow Wy N Wy NSy (v, w) =y Wy N Wy, NSy (v, w),

r—Yy (yep(va"' 73/,33)),

where p(v,--- ,y,x) is the shortest path between v and x. Since w is not con-
nected to v (triangle-free), the function is well-defined and bijective. Therefore

[ W Ny Wy 0 Sy (v, w)| = Wiy Ny Wy N Sy (v, w)].

For the sufficiency, suppose N (u) = {v,w, p1,p2,- -+ ,pn} and for each uv, uw €
E(G), |Su(v,w) N Wy Ny Wy| = |Su(v,w) N Wy Ny Wy|. By contrary, if
vw € E(G), then |S,(v,pi) N Wy Ny Wy| = 0 for each 1 < ¢ < n. There-
fore vp; € E(G) for each 1 <i < n, and consequently neighbours of any vertex
are connected together and by theorem 2.4, the graph is complete.



102 H. FARAMARZI, F. RAHBARNIA AND M. TAVAKOLI

Theorem 2.6. Let G be a distance-balanced graph which diam(G) > 1. Then
for each wv,ab € E(G), |Wyy| = |Wa| if and only if G is triangle-free and for
each v € V(G) and uwv,uw € E(Q), |Sy(v,w) N Wyy| = |Su(v, w) N Wi

Proof. Let G be a distance-balanced graph which diam/(G) > 1, uv,uw € E(G)
and for each uv,ab € E(G), [Wyy| = |[Wyp|. Then

|WUU| = deg(u) + |WUUG'[upi]uv7éupiEE(G)| - |UWU|7

’Wuw| = deg(u) + ‘WuwG-[upi]uw;équEE(Gﬂ - ‘uWw‘
Therefore we have

|Wuv‘ + ’uWU‘ = deg(u) + ‘Wqu~[upi]uv7éup¢€E(G)‘7

(W] + [uWa| = deg(u) + |WuwG'[upi]uw76upi€E(G)|

and
|V(G)‘ - ’WUU| = deg(u) + ‘WUUG'[upi]uU#upiEE(G)‘a

|V(G)| - ‘W’uw| = deg(u) + |WuwG'[up’i]uw7éupi€E(G)| >
which implies that
|WUUG'[upi]uv7éupi€E(G)| = |WuwG'[up’i]uw7$up,EE(G)"

Therefore

|(Wp1u u.--u anu U qu) N (Wuv Uu Wv)|
|(Wpiw U= U Wy U W) N (W Uy W)l
which shows that

|(Wap Uy Wo)| — |(Wup1 NN Wyp, N Waw)| =

‘(Wuw Uy Ww)‘ - ’(Wum n---N Wupn N Wuv)|

Therefore we have
|(Wup1 M---N Wuzan N Wuw)| =

‘(Wum A---N Wuan N Wuv)‘ )
which implies that

|(Wapy N+ N W, N Wy N Wy, )| =

|(Wup1 n--- qupn quv mqu)’ 5

and finally
|(Sw(v,w) N Wiy N Wiy,)

|
|(Su(v,w) N Wiy N W)
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On the other hand,
’qu| — |qu My Wv| + |qu N Wuv’ + |qu N Wvu|
‘Wvu’ = |Wvu mu Ww’ + ’Wvu N Wuw‘ + ‘Wvu N qu|

Therefore
|Su(v, w) N Wipy| — [Su(v,w) 0 Wy Ny Wyl =

| Sy (v, w) N Wy — |Su(v, w) N Wy Ny Wyl
Since (Sy (v, w) N Wy Ny Wey) € (Sy (v, w) NWay,,) and (Sy, (v, w) VW, Ny W) C
(Syu(v,w) N W), we have
|Sw (v, w) N Wy Ny Wi | = [Su(v, w) N Wiy, My, Wiyl
and
|Su(v, w) N Wipy| = |Syu(v,w) N Wiyl

Therefore by lemma 2.5, the graph is triangle-free and |S, (v, w) N Wyy| =
|Su (v, w) MWy, | for each u € V(G) and v, w € N(u). The sufficiency is straight-
forward with regard to the reverse of the proof and lemma 2.5.

Corollary 2.7. Let G be a k-reqular distance-balanced and triangle-free graph
with diam(G) = 2. Then |Wy| = k for each ab € E(G).

Lemma 2.8. Let G be a connected graph with at least one leaf and n > 2
vertices. Then G is not distance-balanced.

Proof. Let uv € E(G) which v be a leaf of G. Then |W,,| = 0 which implies
that [Wyy| < [Wae!.

Lemma 2.9. If G is a connected distance-balanced graph, then k(G) > 2.

Proof. By contrary, suppose that x(G) = 1 and u € V(G) be the cut-vertex,
and C1,Ca,--- ,Cy, be components of G — {u}. Let C), be the component such
that

V(G < [V(Cy)| (1 <i<n).

Then by selecting e = uv such that v € V(C)), we have |[Wy,| > |[Wyy|.

Theorem 2.10. Let G be a connected distance-balanced graph. Then for each
u,v € V(Q), there exists a cycle containing u and v.

Proof. The proof is clear up to lemma 2.8 and lemma 2.9.
Wiener index W is a graph index defined for a graph on n vertices by

W= 1/22n:zn:dij,
i=1 j=1

where d;; is the graph distance matrix. In [7], it has been conjectured that C,,
has the most wiener value among distance-balanced graphs.
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Theorem 2.11. Let G be a connected distance-balanced graph with n > 2 ver-
tices. Then

W(G) < W(Cp).

Proof. Since W(G + e) < W(G), then suppose G does not contain C,, as its
subgraph. Moreover, since W(G) = M, and the fact that between every

u,v € V(Q), there exists a cycle in G containing u and v, thus
d(u,G) < d(z,Ch),
where x € V(C,,) and therefore

W(G) <W(Cy).

3. Strongly distance-balanced graphs under product graphs

All of the graph products constructed from two graphs G and H have vertex
set V(G) x V(H). Let (a,u) and (b,v) be two vertices in V(G) x V(H). They
are adjacent in the Cartesian product GLH if they are equal in one coordinate
and adjacent in the other and are adjacent in the direct product G x H if they
are adjacent in both coordinates. The edge set of the strong product G X H is
E(G x H)U E(GOH). These vertices are adjacent in the lexicographic product
GoH ifab € E(G) or if a = b and uv € E(H). The edge set of disjunction
G V H of graphs G and H is such that (u1,v1) is adjacent to (ug,v2) whenever
uiug € E(G) or vive € E(H), see [3]. Moreover, the edge corona of two graphs
G and H is denoted by G ¢ H is obtained by taking a copy of G and |E(G)|
copies of H and joining each end vertices of i-th edge of G to every vertex in
the i-th copy of H. We have denoted ab € E(G ¢ H) if both a and b belong to
G and (ab,z) € E(Go H) if x € V(H) is connected to a,b € V(G) (ab € E(G))
in G o H. For more information, refer to [3].

By G; and Hj, we mean i-th copy and j-th copy of G' and H, respectively.
Moreover, |Wala, |«Wple and |,Wpt|g denotes [Wyp| and |,W| in graph G.

Theorem 3.1. GV H is strongly distance-balanced if and only if G and H are
strongly distance-balanced.

Proof. Let G, H be strongly distance-balanced graphs on n and m vertices,
respectively. Then

W myow| = Waslar + - IWaplan, + [Waylay + - Wy |,
— deg(a)deg(z) — |(a,:Jc)W(1b,y)’
Wy = Waaler + -+ [Waalan, + [Wyalm + -+ Wy,
— deg(b)deg(y) — \(a,z)W(lb,y)L
and consequently,

|W(2a,x)(b,y)| = |V(G)| x |[V(H)| - |W(1a,a:)(b,y)| - ‘(a,w)W(Qb,y)|'
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Therefore,
W 26, |=m(deg (@) =Wy |6)+n(deg (@)~ oWy | ) —deg(a)deg ()= a2 Wi

Wy 0.y |=m(deg(b)—a Wy |6)+n(deg(y) — oWy | 1) —deg (b)deg (y) | (a0 W o |-

Hence G V H is strongly distance—balanced Now, suppose GV H be a strongly
distance-balanced. Since |[W, (a (b \ |W

all ab € E(G), we have:

(b,y)( am)‘ then by summing up over

> mldeg(a) — deg(b)) + n(deg(z) — deg(y))

abeE(Q)
= Y (deg(b)deg(y) — deg(a)deg(z))
ab€E(G)
mn PN 4 g a) — degw)
ZnKZG)'deg(y) o2 g)’deg(w)
|E(G

n®(deg(z) — deg(y)) =

O deg(y) ~ deg(a)).

Since |E(G)| < 2n?, therefore deg(y) = deg(x), deg(b) = deg(a) and G, H are
strongly distance-balanced.

Theorem 3.2. Go H is strongly distance-balanced and hence distance-balanced
if and only if G = P> and H is complete.

Proof. Let G = P, and H be a complete graph, ab € E(G) and zy € E(H).
Then

’W(lab,x)(aby | ‘ yEH‘
’W(%zba: )(ab,y) | = |Wab y)(abay)‘ =0.

Therefore [W(ap z)(aby)| = |W(abx (aby) | = degp(z) — \nyl|H = Wiaby)(aba)| =
|W(1ab7y)(ab,z)’ degr (y) — W, | Moreover

Watabay| = (dega(a) = 1) + (dega(a) = 1|V (H)],

(Waaba)| = (IV(G)[=2)+(E(G) | =DV (H)[+(|V (H)|-degr (2)=1) = [aW(ap,)l,
|W(ab,m)a| = 0.

Then
|Wa(ab,x)| = |W(ab,:c)a| =0

and finally

(Wablgor = [Wan|c + > [V (H)|,
¢, deEWgp in G,edeE(G)
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which implies that
\Waplgorr = |[Whalgor = 0.
On the other hand, suppose that G ¢ H is (strongly) distance-balanced graph.
Then
Wb o) (abay| = degn (@) = oWy | = Wiap, ) ab.ay| = degn () — 1=Wy |a,

which implies that H is regular and (degg(a) — 1) + (degg(a) — 1)|V(H)| =0
shows that degg(a) = 1 for each a € V(G). Moreover, W 1) = 0 implies
that degy(x) = |V(H)| — 1 for each x € V(H).

4. Minimum edges for distance-balanced

Let G be a graph and let b(G) be the smallest number of edges that can be
added to G such that the obtained graph is distance-balanced.

Lemma 4.1. Let G, H be graphs. Then
1. (GOH) =b(G) x |V(H)|+ b(H) x |V(Q)|.
2. b(Go H)=0b(G) x |V(H)|+r(H) x |V(G)]|.

where r(H) = degm”(HH;)X(V(H)_I) + 1 if degmar(H) and V(H) — 1 are odd
(H) — degmaac(H);(v(H)_l)

and r
Proof.

1. Since GUIH is distance-balanced if and only if G and H are distance-
balanced, the proof is clear.

, otherwise.

2. Since G o H is distance-balanced if and only if G is distance-balanced and
H is regular, the proof is clear.

Theorem 4.2. Let G is a graph on n vertices with diam(G) = 2. then
1/2 ) |deg(u) — deg(v)| < b(G) < |E(K,)| - E(G).
uweE(G)

Proof. Let uv € E(G), then for G to be distanced-balanced, we should have
d(u,G) = d(v,G). Therefore,

d(u,G) = deg(u) + 2 x (|[V(G)| — deg(u) — 1),
d(v,G) =deg(v) +2 x (|[V(G)| — deg(v) — 1),

b(G) = Y 1/2|(deg(u) +2 x (V(G) - deg(u) — 1))
weE(G)

— (deg(v) +2 x (|V(G)| = deg(v) = 1))|
—1/2 S |deg(u) - deg(v)].
weE(G)
On the other hand, it is clear that b(G) < |E(K,)| — |E(G)].
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