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Abstract. In this paper, we consider the following elliptic system

—Auzulupfl—kﬂu%*lv%, €N

B

—Av:,ugvpfl—&-,ﬁu%v , e
u,v>0, z€Q, u=v=0, x €,

where Q C RN(N > 4) is an annulus, py,pe >0, 3>0and 2 < p < 2]<,Vj32. By varia-

tional and rescaling method, we prove that the system has many non-radial solutions.
Keywords: elliptic system, variational method, non-radial solutions.

1. Introduction

In this paper, we study the following elliptic system

— Au = Pt + Bug_lvg, e
(1.1) — Av = ppoP 1t + Bu%v%_l, z €
u,v>0,z€Q, u=v=0, x €I,

where Q = {x € RN : 7% < |z|2 < (r + d)?} is an annulus, N > 4, p1, pg > 0,

6>02<p< 2]@7_732, and d is a fixed positive number.

In [6, 7], Gidas-Ni-Nirenberg studied the scalar equation

(1.2) —Autu=uP, x € Q, u>0,2€Q, u=0, z €N,
where 1 < p < 2* = 1\2,—]_\[2 By moving plane method, they proved that the

positive solutions of equation (1.2) are radially symmetric. After that there are
many results about the symmetric properties of solutions. In fact, if moving
plane method can not be used, then the solutions can be symmetry-breaking.
We point out that if the domain €2 is an annulus, then it is not convex, thus the
moving plane method can not be used. In [9], Y. Li considered the non-radial
solutions of equation (1.2), the author also studied the supercritical case, see
also [11, 15] and the reference therein.
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In recently decades, several researchers have studied the symmetric results
of elliptic systems. In [3], by maximal principle and Morse index, the authors
studied the symmetric and symmetry-breaking results of elliptic system, see
[14, 17, 18] for symmetry-breaking results of system and the references therein.
In particular, for p = 3 of system, the author [12] studied the non-radial solution
of system (1.1), where they proved that the system has at least a non-radial
solution.

Noticing that 2]@[__32 > 2% the exponent p may be super critical exponent. In
this paper, by a compact embedding in [9], we study the multiple solutions of

system (1.1), we have that
Theorem 1.1. Let d be a fized positive number, 2 < p < 2]@7__32 (N>4). Ifr>d

is large enough, then system (1.1) has at least [%} — 1 non-radially symmetric
solutions.

This paper is organized as follows. In section 2, we give several preliminaries
and lemmas; in section 3, by variational and rescaling method, we give the proof
of Theorem 1.1.

2. Some preliminaries and lemmas

Firstly, we define the working space H = H} () x H}() with the norm as

1/2
ol = ([ 1vu 4 1v0Pas)
Q

where HJ(Q) is the standard Sobolev space.
We define the functional of system (1.1) as

1 1 9
fl0) = / Vul? + [Vol*de — / pau + povPdr — 5/ utvdz,
2 Ja pJa p Ja
and the following quotation

(Jo IVul? + |Vo|2dz)"?

J(u,v) = .
(w,v) Jo puP 4+ pgvrdz + 5 [ u2vsde

Now we define
Ao = {(u,v) € H\{(0,0)} : u, v are radial functions}
and
A = {(u,v) € H\{(0,0)} : u(z) = u(|y1],[y2), v(z) = v(|wal, ly2)},

where Y1 = (I‘l,' o ,.’Ek), Yz = (xk-l-l)' o 7.’EN), k= 0717' T [%}
We define the minimum value as

A= inf  J(u,v), k=0,1,---,
& (u,v)EAL ( ) [

N
2

Now we list a inequality, see [9].
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Lemma 2 1 Let Q = {z € RN : v2 < |z?> < (r + d)?} be an annulus, N > 4,

2<p < 2N=2 4nddis a fixed positive number, let

Ap ={u e Hy(Q) : u(z) = u(lyil, lv2])},
where y1 = (z1,- - ,Tk), Y2 = (Tky1, -+ ,xN). Then for r > 10d large enough,
we have

(fQ |VU|2dI)p/2
Jo uPdz

where C' is a positive constant independent of r.

p=2
>Crz,

Remark 2.2. If1 < p < 2%, by Sobolev embedding theorem, we have that Aj, —

_ 2N-—-2
L? is compact, see [8, 20, 22] by prem'ous lemma, we have that Ay, — L' N=3 is
2 we have that A, — LP is compact.

Lemma 2.3. Suppose 2 <k < k < [%], then
Ak N AE C Ay.

Next section we give the proof of the main result.

3. The proof of Theorem 1.1

We divide the proof into two parts. Firstly we have that

Lemma 3.1. There exists a positive constant C' depending on 1, 2, 8,d, such
that

(3.1) Ao > CrV=D(E-D),
Proof. Let (u,v) € Ag, i.e. u(z) = u(|x|), ( ) = v(|z]), then

/ Vul?dr = (69 / 2o dp

> C()rN! / ) Pdp.

T

(3.2)

Similarly we have that

r+d
/Q\Vv2d:c > C(Q)TNl/ ]v;\de.

By Sobolev embedding results, we have that

/upda;— |8Q|/ pNtdp

(3.3) < o9, dyrV / " s

r+d p/2
< C(Q, dyrV (/ ru’p2dp) |
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and

r+d p/2
/ vPdz < C(Q,d)rV 1 </ |v;)2dp) .
Q r

By Hélder and Sobolev inequalities, we have

o 1/2 1/2
/u?zﬂdwﬁ </ upda:) (/ Updx>
Q Q Q
(3.4) r+d b r+d b
<c@a ([ grae) ([ k)

p
Then we obtain that

(3.5)

/Mlup—i-mvp—i-fuw?da: <CorN- 1{ (
Q

D

4

([ ([ w) )

N-1 T 112 rtd 712 !
<C'r luy|dp |+ [v,|“dp
ya Y4
N-1 o 12 ’ o 112 :
<aCr wap) + ([ ) L

where C' is a positive constant depending on p1, po, 5,

<

L]

r+d ) % r+d ) g r+d ) r4d ) g
(/ |u | dp) + </ || dp> < (/ |u | dp+/ A dp> :
Then we have that
P
CrEOD ([t 2dp + [T o) 2dp)
Ao >
(3.6)

¥
ACTN = (f7 up 2dp + 7 [v 2dp)
~ C(:ula H2, ﬁ) d)T(N_l)(g_l)‘

In conclusion, we complete the proof

O
Following the idea of Li [9]. we have that

Lemma 3.2. There exists a constant C > 0 depending on p1, u2, 3, d, such that
(3.7) A < CrN=2E=D ] for ¢ > 10d large enough,

wherek::2,---,[]¥].

2 g r+d ) %
) ([0

175
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Proof. Choose a nonnegative function w(x) € C§°(Bg/10)\{0}, where By C
R2, and let

1 d 1 d
uk($) = Uk(aj) = W(|y1’ - E(T—i_ 5)7 |y2‘ - E(T + 5))7
where y1 = (21, -+, k), Y2 = (Tk+1, -, ¥n). One can prove that (ug(z), v(z)) €

H, see the following figure

|ya| -

4 d

Then we have that

/ |Vug|?dz < C |Vew|2tF LN =+ 1atds
Q r2<t?2+52<(r+d)?

(3.8) <C(r+d)N—2 / |Vw|?dtds

r2<t2+452<(r+d)2
< C(d, Q)rN=?2 / |Vwl|?dtds,

r2<t2+s2<(r+d)?

and

/ |V |?dz < C(d, Q)TN_2/ |Vw|?dtds.
Q r2<t2+452<(r+d)2



EXISTENCE OF MANY NON-RADIAL SOLUTIONS OF AN ELLIPTIC SYSTEM 177

Next we have that

/ updr = |09 upth LN dtds
(3 9) Q r2<t?4+s2<(r+d)?
> CT’NQ/ wPdtds,
r2<t?+s2<(r+d)?
and
3.10 v.dx > Cr™ ™ wPdtds.
Pdr > CrV 2 Pdtd
Q r2<t2+452<(r+d)2
Then
P P
(3.11) /u,zv,gdx:/wpdmZCrN_g/ wPdtds.
Q Q r2<t2+s2<(r+d)?

By the previous inequalities and noticing supp w(t, s) C R?, we have that

[N4S)

CrE D ([o oy aye |V Pdtds)

C(ﬁv M1, ﬂ2) fT2§t2+32§(r+d)2 wPdtds
< Cr3-D(-2),

Ak

IA

where C' > 0 is constant depending on 3, 1, u2. In conclusion, we complete the
proof. O

Next we give the proof of main result.

The Proof of Theorem 1.1. By Lemma 2.1, we have that Ap, k =
0,1,--- ,[%] — 1 is achieved, then by standard rescaling method and critical
theory, we can find (ug,v9) € Ag and (ug,vr) € Ax which are solutions of sys-

tem (1.1). If r > 0 is large enough, by (3.1) and (3.7), it is a contraction, thus

(ug,v) is non-radial, k = 2,--- ,[%] Notice that Lemma 2.3, we prove that
system (1.1) has at least [%] —1 non-radial solutions. In conclusion, we complete
the proof. O

Remark 3.3. If Y1 = (xlu e 7xk) Yo = (xk+17 e 7xN) and gl = (xi17 e 7xik>
Yo = (Tiy,y, ", Tiy), B1,7-- ,in is a permutation of 1,---, N, we call that

u(lyal, [y2]) ~ w71l [g2])-
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