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Abstract. In this paper, we consider the following elliptic system
−∆u = µ1u

p−1 + βu
p
2−1v

p
2 , x ∈ Ω

−∆v = µ2v
p−1 + βu

p
2 v

p
2−1, x ∈ Ω

u, v > 0, x ∈ Ω, u = v = 0, x ∈ ∂Ω,

where Ω ⊂ RN (N > 4) is an annulus, µ1, µ2 > 0, β > 0 and 2 < p < 2N−2
N−3 . By varia-

tional and rescaling method, we prove that the system has many non-radial solutions.
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1. Introduction

In this paper, we study the following elliptic system

(1.1)


−∆u = µ1u

p−1 + βu
p
2
−1v

p
2 , x ∈ Ω

−∆v = µ2v
p−1 + βu

p
2 v

p
2
−1, x ∈ Ω

u, v > 0, x ∈ Ω, u = v = 0, x ∈ ∂Ω,

where Ω = {x ∈ RN : r2 < |x|2 < (r + d)2} is an annulus, N > 4, µ1, µ2 > 0,
β > 0, 2 < p < 2N−2

N−3 , and d is a fixed positive number.
In [6, 7], Gidas-Ni-Nirenberg studied the scalar equation

(1.2) −∆u+ u = up, x ∈ Ω, u > 0, x ∈ Ω, u = 0, x ∈ ∂Ω,

where 1 < p < 2∗ = 2N
N−2 . By moving plane method, they proved that the

positive solutions of equation (1.2) are radially symmetric. After that there are
many results about the symmetric properties of solutions. In fact, if moving
plane method can not be used, then the solutions can be symmetry-breaking.
We point out that if the domain Ω is an annulus, then it is not convex, thus the
moving plane method can not be used. In [9], Y. Li considered the non-radial
solutions of equation (1.2), the author also studied the supercritical case, see
also [11, 15] and the reference therein.
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In recently decades, several researchers have studied the symmetric results
of elliptic systems. In [3], by maximal principle and Morse index, the authors
studied the symmetric and symmetry-breaking results of elliptic system, see
[14, 17, 18] for symmetry-breaking results of system and the references therein.
In particular, for p = 3 of system, the author [12] studied the non-radial solution
of system (1.1), where they proved that the system has at least a non-radial
solution.

Noticing that 2N−2
N−3 > 2∗, the exponent p may be super critical exponent. In

this paper, by a compact embedding in [9], we study the multiple solutions of
system (1.1), we have that

Theorem 1.1. Let d be a fixed positive number, 2 < p < 2N−2
N−3 (N > 4). If r > d

is large enough, then system (1.1) has at least [N2 ] − 1 non-radially symmetric
solutions.

This paper is organized as follows. In section 2, we give several preliminaries
and lemmas; in section 3, by variational and rescaling method, we give the proof
of Theorem 1.1.

2. Some preliminaries and lemmas

Firstly, we define the working space H = H1
0 (Ω)×H1

0 (Ω) with the norm as

∥(u, v)∥ =

(∫
Ω
|∇u|2 + |∇v|2dx

)1/2

,

where H1
0 (Ω) is the standard Sobolev space.

We define the functional of system (1.1) as

I(u, v) =
1

2

∫
Ω
|∇u|2 + |∇v|2dx− 1

p

∫
Ω
µ1u

p + µ2v
pdx− 2

p
β

∫
Ω
u

p
2 v

p
2 dx,

and the following quotation

J(u, v) =

(∫
Ω |∇u|2 + |∇v|2dx

)p/2∫
Ω µ1up + µ2vpdx+ p

2

∫
Ω u

p
2 v

p
2 dx

.

Now we define

Λ0 = {(u, v) ∈ H\{(0, 0)} : u, v are radial functions} ,

and

Λk = {(u, v) ∈ H\{(0, 0)} : u(x) = u(|y1|, |y2|), v(x) = v(|y1|, |y2|)} ,

where y1 = (x1, · · · , xk), y2 = (xk+1, · · · , xN ), k = 0, 1, · · · , [N2 ].
We define the minimum value as

λk = inf
(u,v)∈Λk

J(u, v), k = 0, 1, · · · , [N
2
].

Now we list a inequality, see [9].
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Lemma 2.1. Let Ω = {x ∈ RN : r2 < |x|2 < (r + d)2} be an annulus, N > 4,
2 < p < 2N−2

N−3 and d is a fixed positive number, let

Λ̄k = {u ∈ H1
0 (Ω) : u(x) = u(|y1|, |y2|)},

where y1 = (x1, · · · , xk), y2 = (xk+1, · · · , xN ). Then for r > 10d large enough,
we have (∫

Ω |∇u|2dx
)p/2∫

Ω updx
≥ Cr

p−2
2 ,

where C is a positive constant independent of r.

Remark 2.2. If 1 < p < 2∗, by Sobolev embedding theorem, we have that Λ̄k ↪→
Lp is compact, see [8, 20, 22], by previous lemma, we have that Λ̄k ↪→ L

2N−2
N−3 is

continuous, thus for 2 < p < 2N−2
N−3 , we have that Λ̄k ↪→ Lp is compact.

Lemma 2.3. Suppose 2 ≤ k < k̄ ≤ [N2 ], then

Λ̄k ∩ Λ̄k̄ ⊂ Λ̄0.

Next section we give the proof of the main result.

3. The proof of Theorem 1.1

We divide the proof into two parts. Firstly we have that

Lemma 3.1. There exists a positive constant C depending on µ1, µ2, β, d, such
that

(3.1) λ0 ≥ Cr(N−1)( p
2
−1).

Proof. Let (u, v) ∈ Λ0, i.e. u(x) = u(|x|), v(x) = v(|x|), then

(3.2)

∫
Ω
|∇u|2dx = |∂Ω|

∫ r+d

r
|u′ρ|2ρN−1dρ

≥ C(Ω)rN−1

∫ r+d

r
|u′ρ|2dρ.

Similarly we have that∫
Ω
|∇v|2dx ≥ C(Ω)rN−1

∫ r+d

r
|v′ρ|2dρ.

By Sobolev embedding results, we have that

(3.3)

∫
Ω
updx = |∂Ω|

∫ r+d

r
up(ρ)ρN−1dρ

≤ C(Ω, d)rN−1

∫ r+d

r
updρ

≤ C(Ω, d)rN−1

(∫ r+d

r
|u′ρ|2dρ

)p/2

,
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and ∫
Ω
vpdx ≤ C(Ω, d)rN−1

(∫ r+d

r
|v′ρ|2dρ

)p/2

.

By Hölder and Sobolev inequalities, we have

(3.4)

∫
Ω
u

p
2 v

p
2 dx ≤

(∫
Ω
updx

)1/2(∫
Ω
vpdx

)1/2

≤ C(Ω, d)rN−1

(∫ r+d

r
|u′ρ|2dρ

) p
4
(∫ r+d

r
|v′ρ|2dρ

) p
4

.

Then we obtain that
(3.5)∫

Ω
µ1u

p + µ2v
p+

pβ

2
u

p
2 v

p
2 dx ≤ CrN−1

{(∫ r+d

r
|u′ρ|2dρ

) p
2

+

(∫ r+d

r
|v′ρ|2dρ

) p
2

+ 2

(∫ r+d

r
|u′ρ|2dρ

) p
4
(∫ r+d

r
|v′ρ|2dρ

) p
4
}

≤CrN−1

{(∫ r+d

r
|u′ρ|2dρ

) p
4

+

(∫ r+d

r
|v′ρ|2dρ

) p
4

}2

≤4CrN−1

{(∫ r+d

r
|u′ρ|2dρ

) p
2

+

(∫ r+d

r
|v′ρ|2dρ

) p
2

}
,

where C is a positive constant depending on µ1, µ2, β, d.
Noticing that 2 < p < 2N−2

N−3 , then we obtain that(∫ r+d

r
|u′ρ|2dρ

) p
2

+

(∫ r+d

r
|u′ρ|2dρ

) p
2

≤
(∫ r+d

r
|u′ρ|2dρ+

∫ r+d

r
|v′ρ|2dρ

) p
2

.

Then we have that

(3.6)
λ0 ≥

Cr
p
2
(N−1)

(∫ r+d
r |u′ρ|2dρ+

∫ r+d
r |v′ρ|2dρ

) p
2

4CrN−1
(∫ r+d

r |u′ρ|2dρ+
∫ r+d
r |v′ρ|2dρ

) p
2

∼ C(µ1, µ2, β, d)r
(N−1)( p

2
−1).

In conclusion, we complete the proof.

Following the idea of Li [9]. we have that

Lemma 3.2. There exists a constant C > 0 depending on µ1, µ2, β, d, such that

(3.7) λk ≤ Cr(N−2)( p
2
−1), for r > 10d large enough,

where k = 2, · · · , [N2 ].
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Proof. Choose a nonnegative function ω(x) ∈ C∞
0 (Bd/10)\{0}, where Bd/10 ⊂

R2, and let

uk(x) = vk(x) = ω(|y1| −
1√
2
(r +

d

2
), |y2| −

1√
2
(r +

d

2
)),

where y1 = (x1, · · · , xk), y2 = (xk+1, · · · , xN ). One can prove that (uk(x), vk(x)) ∈
H, see the following figure

Then we have that

(3.8)

∫
Ω
|∇uk|2dx ≤ C

∫
r2≤t2+s2≤(r+d)2

|∇ω|2tk−1sN−k−1dtds

≤ C(r + d)N−2

∫
r2≤t2+s2≤(r+d)2

|∇ω|2dtds

≤ C(d,Ω)rN−2

∫
r2≤t2+s2≤(r+d)2

|∇ω|2dtds,

and ∫
Ω
|∇vk|2dx ≤ C(d,Ω)rN−2

∫
r2≤t2+s2≤(r+d)2

|∇ω|2dtds.
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Next we have that

(3.9)

∫
Ω
upkdx = |∂Ω|

∫
r2≤t2+s2≤(r+d)2

upkt
k−1sN−k−1dtds

≥ CrN−2

∫
r2≤t2+s2≤(r+d)2

ωpdtds,

and

(3.10)

∫
Ω
vpkdx ≥ CrN−2

∫
r2≤t2+s2≤(r+d)2

ωpdtds.

Then

(3.11)

∫
Ω
u

p
2
k v

p
2
k dx =

∫
Ω
ωpdx ≥ CrN−2

∫
r2≤t2+s2≤(r+d)2

ωpdtds.

By the previous inequalities and noticing supp ω(t, s) ⊂ R2, we have that

λk ≤
Cr

p
2
(N−2)

(∫
r2≤t2+s2≤(r+d)2 |∇ω|2dtds

) p
2

C(β, µ1, µ2)
∫
r2≤t2+s2≤(r+d)2 ω

pdtds

≤ Cr(
p
2
−1)(N−2),

where C > 0 is constant depending on β, µ1, µ2. In conclusion, we complete the
proof.

Next we give the proof of main result.

The Proof of Theorem 1.1. By Lemma 2.1, we have that λk, k =
0, 1, · · · , [N2 ] − 1 is achieved, then by standard rescaling method and critical
theory, we can find (u0, v0) ∈ Λ0 and (uk, vk) ∈ Λk which are solutions of sys-
tem (1.1). If r > 0 is large enough, by (3.1) and (3.7), it is a contraction, thus
(uk, vk) is non-radial, k = 2, · · · , [N2 ]. Notice that Lemma 2.3, we prove that
system (1.1) has at least [N2 ]−1 non-radial solutions. In conclusion, we complete
the proof. �

Remark 3.3. If y1 = (x1, · · · , xk) y2 = (xk+1, · · · , xN ) and ȳ1 = (xi1 , · · · , xik)
ȳ2 = (xik+1

, · · · , xiN ), i1, · · · , iN is a permutation of 1, · · · , N , we call that
u(|y1|, |y2|) ∼ u(|ȳ1|, |ȳ2|).
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