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1. Introduction

In daily life, the problems in many fields deal with uncertain data and are not
successfully modelled in classical mathematics. There are two types of mathe-
matical tools to deal with uncertainties namely fuzzy set theory introduced by
Zadeh [15] and the theory of soft sets initiated by Molodstov [9], which helps to
solve problems in all areas. Maji et al. [8], introduced several operations in soft
sets and has also coined fuzzy soft sets. In [12], Beaula and Gunaseelib were
introduced a definition of the fuzzy soft metric space.

The concept of fuzzy soft topology firstly introduced by Tanay and Kan-
demir [11], they defined the concept of fuzzy soft topology as a topology over
the given fuzzy soft set fa. So a fuzzy soft topology in the sense of Tanay and
Kandemir [11], is the collection 7 of fuzzy soft subsets of f4 closed under ar-
bitrary supremum and finite infimum. It also contains gg and E. But Roy and
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Samanta [10], redefined the concept of fuzzy soft topology. The most significant
reason for such a change is to make sure that the DeMorgan Laws hold in the
new definition of fuzzy soft topology. Here we recall the definition of fuzzy soft
topology as introduced in [10].

The aim of this paper is to examine some important properties of fuzzy soft
metric spaces. Fuzzy soft continuous mappings are introduced and some their
properties are investigated. Finally, we prove some fixed point theorems of fuzzy
soft contractive mappings in fuzzy soft metric spaces.

2. Preliminaries

In this section we present some basic definitions of fuzzy soft set and fuzzy soft
metric space.

Throughout our discussion, X refers to an initial universe, £ the set of all
parameters for X, P(X) denotes the power set of X and [0, 1] = I.

Definition 2.1 ([15]). A fuzzy set A in a non-empty set X is characterized by
a membership function pg : X — I whose value p(x) represents the “degree of
membership” of x in A for every x € X. Let I* denotes the family of all fuzzy
sets on X.

A member A in IX is contained in a member B of IX, denoted A < B if
and only if pa(x) < pp(x) for every x € X (see [15]).
Let A, B € I, we have the following properties on fuzzy sets (see [15]).

(1) A= B if and only if pus(z) = pp(z)vVe € X. (Equality),

(2) C = ANAB e IX by uc(x) = min{ua(z), pp(z)}ve € X. (Intersction),
(3) D=AV B c I* by uc(z) = mar{pa(z), pp(x)}ve € X.(Union),

(4) E=A° € I* by pp(r) =1 — pa(x)vVe € X. (Complement).

Definition 2.2 ([15]). An empty fuzzy set denoted by 0 is a function which
maps each © € X to 0. That is, 0(z) = 0 for all x € X. A universal fuzzy set
denoted by 1 is a function which maps each x € X to 1. That is, 1(x) = 1 for
allx € X.

Definition 2.3 ([9]). Let A C E. A pair (F, A) is called a soft set over X if F
is a mapping F: A — P(X).

In other words, a soft set over X is a parameterized family of subsets of the
universe X. For ¢ € A, F(e) may be considered as the set of e-approximate
elements of the soft set (F, A), or as the set of e-approximate elements of the
soft set.
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Definition 2.4 ([7]). A pair (f, A), denoted by fa, is called a fuzzy soft set over
X, where f is a mapping given by f : A — I defined by fa(e) = 15, where

. 0, ifed A;
Hia = otherwise, ifec A.

P

(X, E) denotes the class of all fuzzy soft sets over (X, F) and is called a
fuzzy soft universe ([8]).

Definition 2.5 ([2]). A fuzzy soft set Fq over X is said to be:

(a) NULL fuzzy soft set, denoted by ¢, if for all e € A, fa(e) = 0.

1.

(b) absolute fuzzy soft set, denoted by E, if for all e € A, fa(e)

Definition 2.6 ([10]). The complement of a fuzzy soft set fa, denoted by f¢,
where f§ : B — IX is a mapping given by Mj"i =1- uch, for all e € E and
where 1(z) = 1, for all x € X. Clearly ()¢ = fa.

Definition 2.7 ([10]). Let fa,gp € (X, E). fa is fuzzy soft subset of gp,
denoted by falgp, if AC B and 1, < gy foralle € A, i.e. p§, (x) < pg, (z)
for all x € X and for all e € A.

P

Definition 2.8 ([10]). Let fa,gp € (X, E). The union of fa and gp is the
fuzzy soft set he, where~C = AUB and for alle € C,hc(e) = pj,, = p§, V iy, -
Here we write ho = faUgp.

—_—

Definition 2.9 ([10]). Let fa,95 € (X, E). The intersection of fa and gp is the
fuzzy soft set dc, where~C' = ANB and for alle € C,dc(e) = pg, = pnG, N g,
Here we write do = faNgp.

—_~—

Definition 2.10 ([6]). The fuzzy soft set fa € (X, E) is called fuzzy soft point
if there exist x € X and e € E such that p§,(z) = (0 < a < 1) and p$,(y) =0
for each y € X —{z}, and this fuzzy soft point is denoted by x&, or fe.

Definition 2.11 ([6]). The fuzzy soft point x& is said to be belonging to the
fuzzy soft set ga, denoted by x¢,Ega, if for the element e € A, a < tg , ().

Definition 2.12 ([12]). Let fa be fuzzy soft set over X. The two fuzzy soft
points fe,, fe, € fa are said to be equal if iy, (x) = py,, (z) for allz € X. Thus
Jor # fe f and only y, (2) # piy,, (@) for all @ € X.

Proposition 2.13 ([12]). The union of any collection of fuzzy soft points can
be considered as a fuzzy soft set and every fuzzy soft set can be expressed as the
union of all fuzzy soft points.

fA = {OfcéfAfe e e E}
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Proposition 2.14 ([12]). Let fa, fp be two fuzzy soft sets then faCfp if and
only if fe€fa implies fo€fr and hence fa = fg if and only if fe€fa if and only
Zf feéfB~

Definition 2.15 ([4]). Let R be the set of real numbers and B(R) be the collec-
tion of all non-empty bounded subsets of R and E be taken as a set of parameters,
A CE. Then a mapping f : A — B(R) is called a soft real set. If a soft real set
is a singleton soft set, it will be called a soft real number and denoted by 7,5, t

etc. 0 and 1 are the soft real numbers where 0(e) = 0,1(e) = 1 for alle € E
respectively.

The set of all soft real numbers is denoted by R(A) and the set of all non-
negative soft real numbers by R(A)*

Definition 2.16 ([3]). A (non negative) fuzzy soft real number is a fuzzy set
on the set of all (non negative) soft real numbers R(A), that is, a mapping

A R(A) = [0,1], associating with each (non negative) soft real number t, its
grade of membership S\(f) satisfying the following conditions:

(1) X is convex that is, 5\(5) > min (5\(5), 5\(77)) forsCtCr,
(14) X s normal that is, there exists tg € R(A)* such that i(fg) =1,
(vi1) g is upper semi continuous provided for all t € R(A) and o € [0, 1],
AD) < a, there is a 6 > 0 such that ||5 —t|| < & implies that \(3) < ov.

Definition 2.17 ([10]). A fuzzy soft topology T on X is a family of fuzzy soft
sets over X satisfying the following properties:

(i) o, E €,
(i1) if fa,gB € T, then faNgp € T.
(tit) if fa, €7 for all € A an index set, then anAan er.

Definition 2.18 ([10]). If 7 is a fuzzy soft topology on X, then the triple
(X, E,7) is said to be a fuzzy soft topological space. Also each member of T
is called a fuzzy soft open set in (X, E,T).

The complement of a fuzzy soft open set is a fuzzy soft closed set.

Definition 2.19 ([11]). Let (X, E,T) be a fuzzy soft topological space. Let fa be
a fuzzy soft set over X. The fuzzy soft closure of fa is defined as the intersection
of all fuzzy soft closed sets which contained fa and is denoted by fa or cl(fa)
we write

cl(fa) = m{gg : g 1s fuzzy soft closed and faCfg}.
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Definition 2.20 ([11]). Let (X, E,T) be a fuzzy soft topological space. Let fa
be a fuzzy soft set over X. The fuzzy soft interior of fa denoted by f4 is the
union of all fuzzy soft open subsets of fa. Clearly, f4 is the largest fuzzy soft
open set over X which contained in fa.

Definition 2.21 ([5]). Let (X, E,T) be a fuzzy soft topological space. Let fa be
a fuzzy soft set over X. The fuzzy soft boundary of fa denoted by Ofa is defined

as Ofa = fanfly.
Definition 2.22 ([6]). A fuzzy soft topological space (X, E,T)) is said to be a

fuzzy soft mormal space if for every pair of disjoint fuzzy soft closed sets ha and
ka, 3 disjoint fuzzy soft open sets gi1,, g2, such that haTgi, and kaCga,.

Definition 2.23 ( [1] ). Let (3(_,\—]5) and (?_,\E/’) be classes of fuzzy soft sets over
X and Y with attributes (the set of all parameters) from E and E' respectively.
Let Let ¢ X — ¥ Y and ¢ : E — E’ be two mappmgs Then Yy = (p,0) :

(X E) — (Y E') is called a fuzzy soft mapping from (X E) to (Y, E’)

If ¢ and 1) is injective then the fuzzy soft mapping vy = (@,) is said to be
mjective.

If ¢ and ) is surjective then the fuzzy soft mapping @y = (p,1) is said to
be surjective.

If ¢ and 1) is constant then the fuzzy soft mapping oy = (p,) is said to be
constant.

Definition 2.24 ([14]). Let (X, E, 1) and (X, E, 12) be two fuzzy soft topological
spaces.

(i) A fuzzy soft mapping ¢ = (,¢) : (X, E, 1) — (XTE?'Q) is called fuzzy
soft continuous if py-1(gp) € 71, for all gp € To.

(i1) A fuzzy soft mapping oy = (¢, ) : (X, E,11) — (X, E, 72) is called fuzzy
soft open if oy €T, for all fa € T1.

Let A C E. The collection of all fuzzy soft points of a fuzzy soft set f4 over
X be denoted by F'SC(fa).

Let R(A)* be the set of all non negative fuzzy soft real numbers. The fuzzy
soft metric using fuzzy soft points is defined as follows:

Definition 2.25 ([12]). Let A C E and E be the absolute fuzzy soft set.
mappmg d: FSC(E) x FSC(E) — R(A)* is said to be a fuzzy soft metric on
E ifd satisfies the following conditions:
(FSMl) (felafez)é(ijOT all f817f62éEf N
(FSMz) : d(fey, fe,) = 0 if and only if fe, = fe, for al fe,, fe,€F,
(F'SMs) : (f617f62)—d(f627f61) fOT all fe17fe2€E

(FSMy) : d(fey, foy)SA(feys for) + A(fess fe) for all fo, fes, fes €E).
The fuzzy soft set E with the fuzzy soft metric d is called the fuzzy soft metric

space and is denoted by (E,d).
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Definition 2.26 ([13]). Let (E, CZ) be a fuzzy soft metric space and Fbea fuzzy
soft real number and € € (0,1). A fuzzy soft open ball centered at the fuzzy

point feeE and radius t is a collection of all fuzzy soft points g. of E such that
d(ge, fo)<t. It is denoted by B(fe,t €) where B(fe,1,é) = {ge€E|d(ge,f6)<t}
with | pg, (z) — pf (z) | <€ for alla € E,z € X .
The fuzzy soft closed ball is denoted by B[fe,t:, € = {geéEW(ge,fe)ét:} with
| pg, () — pf (x) | <€ for alla € E,z € X.

Definition 2.27 ([13]). A sequence {fc,} in a fuzzy soft metric space (E,d)
is said to converge to feo if d(f6 fe) = 0 as n — oo Jor every €S0 there
exists 6>0 and a positive integer N = N(€) such that d(fe,, fo)<6 implies
| u§, (@)= ,ufe/( x) |< € whenevern > N,a € E and x € X. It is usually denoted

as lim n~>oofen = fer.

Definition 2.28 ([13]). A sequence {f.,} in a fuzzy soft metric space (E,d)
is said to be a Cauchy sequence if to every e>0 there exists 6>0 and a positive
integer N = N(€) such that d(fe,, fe, <6 implies | 1 (x) —pf (x) [< € for

alln,m> N,a € E and x € X that is d(fe,, fe,)) = 0 as n,m — oo .

Definition 2.29 ([13]). A fuzzy soft metric space (E d) is said to be complete
if every cauchy sequence in E converges to some fuzzy soft point of E.

Definition 2.30 ([13]). A fuzzy soft set fa in a fuzzy soft metric space (E,d)
is said to be fuzzy soft open if for each fuzzy soft point fe of fa there exist a
fuzzy soft open ball B(fe,t,&)Cfa.

Lemma 2.31 ([13]). Let (E, J) be a fuzzy soft metric space then the fuzzy soft
open ball B(f.,1,€) is a fuzzy soft open set.

Theorem 2.32 ([13]). Given a fuzzy soft metric space (E,d). Let S denote the
set of all fuzzy soft open sets in E. Then S has the following properties:

(7) b, EeS
(i

(@) if 3 €S for all o € A an index set, then Usen f§, €S

if fa,9B € then faNgp € S

)
)
S is called the topology determined by the fuzzy soft metric d.

3. Fuzzy soft topology generated by fuzzy soft metric

In this section, we study some important results of fuzzy soft metric spaces.

Let E be the absolute fuzzy soft set over X and E be a parameter set and E,
be a family of fuzzy soft points i.e. E, = {f. = (e,1) : 1(z) = 1,Vz € X,e € E}.
Then there exists a bijective mapping between the fuzzy soft set E and the set
X.If e # é € E, then E.NE; = ¢, and FSC(E) = UeepE..
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Let (E,d) be a fuzzy soft metric space. It is clear that (E.,d,) is a fuzzy
soft metric space for e € E. Then by using the fuzzy soft metric d,, we define a
metric on X as de(x,y) = de(fe, ge), for all z,y € X and f., g.EFe.

Note that e # é € E, then d, and dg on X are generally different metrics.

Proposition 3.1. Every fuzzy soft metric space is a family of parameterized
melric spaces.

Proof. It is obvious from above. O

The converse of Proposition 3.1 may not be true in general. This is shown
by the following example.

Example 3.2. Let £ = R be a parameter set and (X, d) be a metric space.
We define the function d : FSC(E) x FSC(E) — R by

A(for g¢) = d(x, ) W5 @05, W,

for all f.,gs € FSC(E). Then for all e € E, d, is a metric on X.
If d(f.,g¢) =0, then this does not always mean that fe = g¢ , so d is not a
fuzzy soft metric on E.

Proposition 3.3. Let (E, d~) be a fuzzy soft metric space and 75 be a fuzzy soft

topology generated by the fuzzy soft metric d. Then for every e € E, the topology
(15)e on X is the topology 74, generated by the metric d. on X.

Proof. It is obvious. O

Lemma 3.4. Let (E, d) be a fuzzy soft metric space. Then the following expres-
sions are true:

(i) fe€fa < d(fe, fa) =0;
(i) fe€f§ & d(fe, 15)>0;
(iii) fe€Dfa < d(fe, fa) = d(fe, £5) =0.
Proof. It is clear. ]

Note that if fa is a fuzzy soft closed set in the fuzzy soft metric space
(~E~, d) and f.¢(f4), then there exists a fuzzy soft open ball B(f.,t,¢) such that

B(fo, t,6)0fa = ¢

Theorem 3.5. Fvery fuzzy soft metric space is a fuzzy soft normal space.
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Proof. Let hy and kp be two disjoint fuzzy soft closed sets in the fuzzy soft
metric space (E d) For every fuzzy soft points f.€h4 and g¢€kp, we choose

fuzzy soft open balls B(f.,,¢) and B(fs,7,¢) such that B(f.,?,é) ks = ¢ and
B(Qé) 727 g)ﬁhA = q; B _ B

Thus, we have hAQUB(fg,f, €/3) = uy and kpC|JB(ge, 7 €/3) = vg. We
want to show that uqaNvg = 9.

Assume that uafvg # ¢. Then there exists a fuzzy soft point w; such
that w;EuaNvp. Therefore, there exist fuzzy soft open balls B( fe,t,e/ 3) and
B(ge,r €/3) such that w; GB(fe,t €/3) and w; EB(ge,r é/3).

Here, we have d(f.,w wy)<e/3 and d(ge, w wy)<é/3. If we get max {€/3, é/3} =
€/3, then we have

A(fer 96)ZA(forwy) + d(w;, ge) e /3 + ¢/3e

and so géé~B ( fe,;, €) and which contradicts with our assumption. Therefore,
usNvg = o. O

4. Fuzzy soft contractive mappings

In this section we shall prove some fixed point theorems of fuzzy contractive
mappings.

Definition 4.1. Let (E,d) and (E’, p) be two fuzzy soft metric spaces. The

mapping py = (¢, 1) : (E, Cz) — (E',p) is a fuzzy soft mapping, if ¢ : E— F
and ¢ : E — E’ are two mappings.

Proposition 4.2. For each fuzzy soft point f.EFSC(E), oy (fe) is a fuzzy soft
point in E'.
Proof. Let feéFSC(E) be a fuzzy soft point.

Then ‘Pw(fe)( ) Ueew (fe( )) = (‘P(fe))w(e)- O

Definition 4.3. Let (E,d) and (E',p) be two fuzzy soft metric spaces and

v (E,d) = (E',p) is a fuzzy soft continuous mappmg at the fuzzy soft point
f.EFSC(E) if for every fuzzy soft open ball B((pw(fe) t,é) of(E’ ~) there exists
a fuzzy soft open ball B(fe.,t,€) of (d, E) such that p(B(fe,1, e))QB(@w(fe), F,€).

It @y (fe) is a fuzzy soft continuous mapping at every fuzzy soft point fe of
(E,d), then it is said to be fuzzy soft continuous mapping on (E,d).
Now, this definition can be expressed using & — § as follows:

Definition 4.4. The mapping ¢y : (E,d) — (E', p) is said to be a fuzzy soft
continuous mapping at the fuzzy soft point f.EFSC(E ) if for every >0 there
exists a 6>0 such that d(f., ge)<d implies that p(oy(fe), vy (ge))<E.
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Theorem 4.5. Let ¢y : (E,d) — (E',p) be a fuzzy soft mapping. Then the
following conditions are equivalent:

(1) ¢y : (E,d) — (E',p) is a fuzzy soft continuous mapping,

(2) For each fuzzy soft open set gp in (E/, ), (py) " t(gB) is a fuzzy soft open
set in (E,d),

(3) For each fuzzy soft closed set hc in (E', ), (p) Hhe) is a fuzzy soft
closed set in (E,d),

(4) For each fuzzy soft set fa in (E,d), u(fa)Cloy(fa)) is a fuzzy soft closed
set in (E', p),

(5) For each fuzzy soft set gp in (E',p), ((py)~1(gB))C(py) t(gB) ,

M

(6) For each fuzzy soft set gp in (E’,ﬁ), (o) H9%)C((9p) HgB))°.

Proof. (1) = (2) Let ¢y be a fuzzy soft continuous mapping and gp be a
fuzzy soft open set in (E’,p). Consider the fuzzy soft set (py) '(gp). If
(¢y)""(gB) = &, then the proof is completed. Let (gpd,)*l(gB) + ¢. In this
case there exists at least one fuzzy soft point f.€(py) '(9p). Then we have
4,%( fe)egB Since gp is a fuzzy soft open set, there exists a fuzzy soft open ball

B(py(fe),t,€) such that B(cp¢(fe),t,e)CCgB holds. Also since ¢y, is a fuzzy

soft continuous mapping, there exists a fuzzy soft open ball B (fe, r, g) such that
©p(B(fe, 7, €))CB(py(fe), 1, €) . Thus,

B(fer 7 O (09) "M p0) (B(fer 7, 0)C (00) " (Bl (£o), 1, ) (00) " (g3)-

Consequently, (o) 1 (gp) is a fuzzy soft open set.

(2) = (3) Let hc be any fuzzy soft set in (E’,5) Then h¢, is a fuzzy soft
open set. From (2), we have () ' (he) is a fuzzy soft open set in (E, d). Thus
(0p) " Hhe) is a fuzzy soft closed set.

(3) = (4) Let fa be a fuzzy soft set in (F,d). Since faC(py) "¢y (fa) and
¢u(f4)C(py(fa)).we have faC(py) ' ou(fa)C(pp) ™" ((py(fa))). By part (3),
since (py) " ((py(fa))) is a fuzzy soft closed set in (E,d), faC(wy) " ((pu(fa)))-

Thus @y (f4)Cey((wy) " ((py(fa)))) is obtained.

(4) = (5) Let gp be a fuzzy soft set in (E’,p) and (¢y) '(98) = fa. B
part (4), we have oy(fa) = u(((2y) " (98)))C (04 (y) " (98))Cg. Then

((pp)~g)) = FaCloy) " (wu(fa))Cpy) ' (gB)-
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(5) = (6) Let gp be a fuzzy soft set in (E’, 5). Substituting g% for condition
n (5). Then ((py)1(95))C(py) " (95)- Since g% = (95)°, then we have

(6) = (1) Let gg be a fuzzy soft open set in (E’, ).
Then since ((¢y) ™' (98))°Cley) " 98 = (vy) " (95)C((y) " (9B))°,

((py)"1(9B))° = (py) '(gp) is obtained. This implies that (¢,)"'(gp) is a
fuzzy soft open set. O

Definition 4.6. The fuzzy soft mapping oy : (E, a?) — (E’,ﬁ) is said to be
fuzzy soft sequentially continuous at the fuzzy soft point f.€FSC( ~) iff for
every sequence of fuzzy soft points {fe,} converging to the fuzzy soft point fe in
the fuzzy soft metric space (E,d), the sequence oy({fe,}) in (E',p) converges
to a fuzzy soft point y(f.)EFSC(E').

Theorem 4.7. Fuzzy soft continuity is equivalent to fuzzy soft sequential con-
tinuity in fuzzy soft metric spaces.

Proof. Let ¢y : (E,d) — (E',p) be a fuzzy soft continuous mapping and
{fe,,} be any sequence of fuzzy soft points converging to the fuzzy soft point

f.€EFSC(E). Let B((p¢(fe) t: ¢) be a fuzzy soft open ball in (E',p). By fuzzy
soft contlnulty of Py choose a fuzzy soft open ball B (fes 7, 6) containing f, such
that ¢y (B(fe, 7, e))CB(g%(fe) t e) Since {f.,} converges to f. there exists
no € N such that { feD}GB fesT F, eN) for all » > ng. Therefore for all n > ng we

have oy ({fe, })éSﬁ/J(B(fe: T, é))éB(QOw(fe)a t, €), as rgqu}red. ~

Conversely, assume for contradiction that ¢y, : (E,d) — (E’, p) is fuzzy soft
sequential continuous but not fuzzy soft continuous mapping. Since ¢y, is not
fuzzy soft continuous at the fuzzy soft point f., there exists such that £>0 for
all §>0 there exists gs€ F.SC(E) such that d(fe, g¢) <0 and p(y(fe), vy (9¢)) >
. For n > 1(n € N), define 0n = 1/n . For n > 1 we may choose {g.; } in (E,d)
such that d(fe,, gen)<0n and p(py(fe), vy (g¢))>éo-

Therefore, by definition the sequence {g.; }(n > 1) converges to f.. However,
by definition the sequence {yy(ge;, )}(n > 1) does not converge to ¢y (fe). That
is, @y is not fuzzy soft sequentially continuous at f.. O

Definition 4.8. Let (E J) be a fuzzy soft metric space. A function @y :
(E,d) — (E, d) is called a fuzzy soft contraction mapping if there exists a soft
real number & with 0<&<1 such that for every fuzzy soft points fe, geEFSC(F)

we have d(cpw(fe),g0¢(ge))§& d(fe, ge)-
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Proposition 4.9. Every fuzzy soft contraction mapping is a fuzzy soft contin-
UOUS MaAPPINg.

Proof. Let feéFSC( E) be any fuzzy soft point and é>0 be arbitrary.

If we choose d( fes ge)<5 <€, then since (y;, is a fuzzy soft contraction mapping,
we have
d(py(fe), 0u(ge)) <d(fe, ge) <@ -0 <& and so @y 1s a soft continuous mapping. [

Theorem 4.10. Let (E, J) be a complete fuzzy soft metric space. If the mapping

v (E,J) — (E, J) is a fuzzy soft contraction mapping on a complete fuzzy
soft metric space, then there exists a unique fuzzy soft point feéFSC(E') such
that Sow(fe) = fe’

Proof. Let f0 be any fuzzy soft point in F.SC( E).
Set fo, = u(fe) = ()i, &, = eu(fe) = P2y FETL =

@y (1) = (@" L)) ynr1(e)s --or
‘We have

(fz—:lp n)_d(ww(fen> 90111( €n— 1))é0:4 ( 67;_11)
<& -d(frt )< <an d(fel,fe())

So for n > m

d(fe, fon)Zd(fe,, fE7) + A0 fo5) + e+ d(fE L S
<@ AT AT (S 1)
> &m 3¢ £1 0
Si_& d( €e1? 60)'

We get d( fmy< a" -d( L, f2). This implies d( nofm) —0as (n,m—

Hence {f2 } is a fuzzy soft Cauchy sequence, by the completeness of (E,d),
there is a fuzzy soft point fOEFSC(E) such that [ — f2 as (n — c0).
Since

Aoy (£2), £)Zd(pu(£2), 0u(F0)) + d(ou(£2), £2)
<G (d(fr L £O) +d(frit 19y,
d(py(fO), £ (a-d(fl, £2) +d(f2h, £29)) = 0.

Hence, J(g%( £9), f9) — 0. This implies ¢, (f2) = £2. So the fuzzy soft point f?
is a fixed fuzzy soft point of the mapping ¢,,. Now, if gO is another fixed fuzzy
soft point of ¢, then d(f2 e d((pw(fo) g%(g N<a - d( 9.99) .

Hence, for 5[§I,d(fe,ge) =0=f0)= 2.

Therefore, the fixed fuzzy soft point of ¢, is unique. O
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) be a complete fuzzy soft metric space. Suppose the

Theorem 4.11. Let (E NON.
fuzzy soft mapping py : (E,d) — (E, d)satzsﬁes the fuzzy soft contractive condi-

tion:
d(y(fe)s u(ge))<a - [y (fe), fo) + d(wy(ge), 96,

for all fe,gééFSC(E', where &é[(), %) is a fuzzy soft constant. Then @y has a
unique fixed fuzzy soft point in FSC(E)
Proof. Choose f0 be any fuzzy soft point in FSC(FE). Set

o =00 (f) = (@(fM)we)s F2r = Lu(fo) = (@ (FD)p2(e)s -+
fn+1 = ( :n) :( n+1(f£))¢"+1(e)7"“

€n+1

‘We have
n—1

d(fefl f0) = dley(£2,), 0u (F273))
<& [dlpy(fe), f2) +dlep(f20), F20)]
=& [d(fef fe) + AL faT))

n+17

S

a2 S ey = d(pr ),

entiJen) ST T2
where ;L = ii:“&. For n >m
d(fe,, f0)<d(f2,, fE7) +d(fE fE75) + +d(f77ni11, o)
i(ﬁ”—1+fz”‘2+...+lzzm)- d( el,fo)ilhm d(fi. ).

We get d(f2, fem)< b -d(fL, f9). This implies d(f2 , f) — 0 as (n,m — 00).
Hence {f' } is a fuzzy soft Cauchy sequence, by the completeness of (E, d),
there is a fuzzy soft point f*EFSC(E) such that fo — fZ as (n— 00).
Since

d(py (), F)<

(pu(fe)s e (f0)) + dlpu(fe, ), £2)
. i

d
Ad(oy(£2,), f2) + dlep(f2), )]+ d(f215 12,

L& dlufm ), 1) + AU 1),

—

Qu Qun

[

[
—
=

(@ Ao fo) + e fOl =

€n41’

sz

d(py(f2), [2)<a -

Qn

1—

Hence, d(y (), f2) = 0.
This implies @y (fy) = fo. So the fuzzy soft point fJ is a fixed fuzzy soft

point of the mapping ¢y. Now, if~gfé is another fixed fuzzy soft point 9f Do
then d(fZ, g7) = d(ey(f2), py(92))<a - [dley(f2), f2) + d(ey(g?), 92)] = 0.
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Hence, for a<1,d(f,g5) = 0= ff = gi.
Therefore, the fixed fuzzy soft point of ¢, is unique. O

Theorem 4.12. Let ( ) be a complete fuzzy soft metric space. Suppose the

,d
fuzzy soft mapping @y, : (E d) — (E,ci)satz’sﬁes the fuzzy soft contractive condi-
tion:

d(py(fe), 0u(96) S [dlpy(fe), 9¢) + d(py(ge), fe)),

for all fe,gééFSC(E’, where &é[(), %) is a fuzzy soft constant. Then @y has a
unique fized fuzzy soft point in FSC(E)

Proof. Choose f be any fuzzy soft point in FSC(E). Set
o =00 (fO) = (U)o F2 = wu(fe) = (@ (FD)p2(e)s -+
foth = eu(f8) = (@D yns1(e)s -
We have
d(fe 1) = dey (L), eu(fEANSa - [dleu(fi ), f20) + dlpy (F220), 2,)]
=a- (ol fe) +d(fe,, 2‘,;11)]-

So d(frtt, fr)<<8s - d(fr, faTt) = hed(f2, f27Y), where b = <2<, For

€En

n>m

d(f2, f)Sd(fE ) + AU 72 4 d )
hm

(ilnfl LR+ ilm) ) J(felﬂfeo)é

AN

(£l f2).

=

We get d(fen fem)< hm (fel,fe) This implies J(fgn, fm) — 0as (n,m — 00).

Hence {fl' } is a fuzzy soft Cauchy sequence, by the completeness of (F, J),
there is a fuzzy soft point fF€FSC(E) such that f' — f& as (n — 00).
Since

Ay (£2), F)<d(@p(f1) 0u (1) + dley (f2), £2)
[d(oy (£2), £2) + dlu(F2), FOl + d(f250 1)
[ )

Ay (f2), £2) +d(f2, £2) + d(fer ol +d(feth £
(G- (U2 f2) + dUEts s £2) + AU, 12

i
1—

[\
on

[AC A
on

1
—a

d(py(f2), f2)<a-

[\
=

[ (d(f2,, J2)) +d(fER T

on

Hence, d(py(f7), f2) = 0.
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This implies @y (f2) = f&. So the fuzzy soft point f is a fixed fuzzy soft
point of the mapping ¢y.

Now, if g*¢é is another fixed fuzzy soft point of ¢y, then ci(:fe’i, g:) = J(goq/, (f:),
eylg2))=ar[d(ey(fe), g7) +d(py(gf), f&)] = 0. Hence, for a<1,d(f,g7) =0 =
fe=g

Therefore, the fixed fuzzy soft point of ¢, is unique. O
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