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1. Introduction

For an infinite-dimensional separable complex Banach space X, B(X) will denote
the algebra of all bounded linear operators on X. For z € X, the orbit of x under
(T)n is the set Orb(T,,x) = {Tn,x : n € Z1}. A sequence (T,), of operators
is called hypercyclic or universal if there is some x whose orbit under (7).
is dense in X. In such a case, = is called a hypercyclic or universal vector for
(Th)n- A sequence (T,), of operators is called topologically transitive if for
every nonempty open subsets U and V of X there is some n > 0 such that
T,(U)NV # (. For some sources on these topics; see [1, 6, 7, 8, 10].

The notion of disjoint hypercyclicity, a strengthening of hypercyclicity, con-
cerning a tuple of linear operators, was introduced independently by Bernal [2]
and by Bes and Peris [4] in 2007.

For any integer N > 2, the tuple (71, T3, ..., Tn) of operators, acting on the
same topological vector space X, is said disjoint hypercyclic, or d-hypercyclic for
short, provided there exists (z,...,2) in X%, such that {(Tz, T3z, ..., TR2) :
n € Z} is dense in X”. Such a vector z is called a d—hypercyclic vector for
the tuple (Tl, TQ, PN ,TN).

We say that the operators 11,Ts,...,Tx in B(X) with N > 2 are d-
topologically transitive if for any non-empty open subsets Vp, Vi, ..., Vy in X,
there exists a positive integer n so that @ # Vo N Iy "(Vi) NIy (Vo) N ... N
TN" (V).
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Definition 1.1 ([4], Definition 2.1). We say that N > 2 sequences of oper-
ators (T1n)o2q, (Ton)olqs- -y (Tnn)oz, in B(X) are d-topologically transitive
(respectively d-mizing) provided for every non-empty open subsets Vo, Vi, ..., Vn
of X there exists a positive integer m so that ) # Vo N Tl_,rln(Vl)ﬁTQ_ﬁl(Vg)ﬂ. .0
TJQin(VN) (respectively so that O # Vo N Tl_ﬂ%(Vl) N T2_J:!:(V2) N...N Tﬁ,ln(VN)}

for every n > m).

Definition 1.2 ([4], Definition 2.2). We say that N > 2 sequences (11,,)52,
(Tom)o sy (Tnm)ey in B(X) are d-universal if {(Tinz,Topnz,....,TNR2) :
n € Zy} is dense in X for some vector z € X. We call vector z a d-universal

for (T n)pqs (Ton)oZys- s (Tnn)nZs-

Recall that S. Shkarin in [9] gave a short proof of existence of disjoint hy-
percyclic tuples of operators of any given length on any separable infinite di-
mensional Fréchet space. Similar argument provides disjoint dual hypercyclic
tuples of operators of any length on any infinite dimensional Banach space with
separable dual. For recent results on disjoint hypercyclicity (see [3]).

Definition 1.3. Let T : X — X be a bounded linear operator on a Banach
space X. For every x € X the sets J(x) = {y € X : there exist a strictly
increasing sequence of positive integers k, and a sequence x, C X such that
T, — x and TFx, — y} J™%(x) = {y € X : there exist a sequence v, C X
such that x,, — x and T"x, — y} will be called the extended limit set of x under
T and the extended mizing limit set of x under T respectively.

The notions of the limit and extended limit sets are well known in the the-
ory of topological dynamics. In [5] G. Costakis and A. Manoussos, defined the
J-sets, examined some basic properties of these sets and investigated the re-
lation between hypercyclicity and J-sets. In particular they showed that T is
hypercyclic if and only if there exists a cyclic vector x € X such that J(z) = X.
Recall that a vector z is cyclic for T if the linear span of the orbit Orb(T,x)
is dense in X. In [12] we localized the notion of M-extended semigroup(resp.
M-extended semigroup mixing) limit set of x under 7 = (7});>0 and we gave
sufficient conditions of being M-hypercyclic for this semigroup. Then by this
result, we proved that (T, ');>o is a M-hypercyclic.

On other hand, let T7,Ts,..., Ty in B(X) with N > 2. For every zp € X
the sets d-Jir, 1, 1y)(®0) = {(21,...,2N) € XN for every neighborhood

Vo, Vi,..., VN of g, x1,...,x N respectively, there exists a positive integer n so
that 0 = Vo N T, "(Vi) N Ty "(Va) N ...NT{" (V) } and d-J0Rr, ey (@0) =
{(z1,...,zn5) € XV : for every neighborhood Vg, Vi,...,Vy of zg,z1,..., 7N

respectively, there exists a positive integer m so that 0 # Vo N T7 " (Vi) N
Ty " (Vo) n...nTN" (V) for every n > m}, will be called the extended limit
set of xg under T1,T5,...,Tx and the extended mixing limit set of x¢ under
Ty,T5,...,Ty respectively. We have introduced this notion in [11], and we
extended some results known for a single operator to a tuple of sequences of
operators.
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In this paper, we characterize the notion of d-universal extended (respec-
tively d-universal extended mixing) limit set and we give a relation between
d-universal (or d-hypercyclic sequences) and d-universal extended limit set.

2. d-universal J-class

Definition 2.1. Let Ty, Top, ..., TNy in B(X) with N > 2. For every xg € X
the sets
d-L"ver (zg) := {(x1,...,zn) € XN : there exists a strictly increasing se-
quence of positive integers ky, such that Ty, xo — x; for all 1 <i < N}
d-Jimiver ~7TN,n)(x0) ={(z1,...,zn) € XV : for every neighborhood Vy, V4,

(Tl,n7T2,na'~

..., VN of xo,x1,...,xN respectively, there exists a positive integer n so that
0 # Vo N T, (Vi) N Ty (Vo) N ... N Ty (Viv)} will be called the d-universal
limit set and d-universal extended limit set of xo under T1 ,,Topn, ..., TNy Te-
spectively.
Remark 2.2. An equivalent definition for the set d'J(uﬁl;Zing,n,...,TN,n)(xo) is the
following;:

d—JﬁﬁfﬁfﬁymwTMn)(xo) = {(21,...,2n) € XV : there exist a strictly increas-

ing sequence of positive integers k;,, and a sequence (z,,) C X such that x,, — x¢
and T, xn — 2; forall 1 <i< N}

Theorem 2.3. Let T ,,,Ton, ..., Ty in B(X) with N > 2. Then the following
conditions are equivalent:

1. For every xg € X, d—J(uﬁizeﬁ T n)(fEO) =X

2. Tin,Top, ..., TNy is d-transitive.
3. The set of d-universal vectors for (T1,,)5°, (Ton)?°s - -+, (Tnn)T° is a dense
Gs.

Proof. We first prove: (1) implies (2). Let Vy, Vi,..., Vy the nonempty open.

Consider z; € V; (0 < i < N). Since d-JZ‘ﬁf:f;zmwTN’n)(mo) = XN, so there

exists n € N such that 0 # V5N ﬂfil Tl-jnl(‘/;). By definition T4 5, T2 s - - - s INm
is d-transitive.

We will show that (2) implies (1). Let z; € V; (0 <i < N) and Vp, Vi,..., VN
be relatively open subsets of X. So there exists n € N such that @ # Vo N

ﬂij\i‘l T;nl(Vl) So (x1,...,zN) € d—JZ‘ﬁl;Zf:’fQ’mm’TN’n)(1:0), and consequently d-
Ty e ) (@0) = X
For (2) < (3) see [4, Proposition 2.3]. O

Proposition 2.4. Let T}, Toy, ..., TNy in B(X) with N > 2. Then

univer _ __ Juniver
d J()\lTl,n7)\2T2,n7--~7>\NTN,n)(0) =d J(Tl,mTz,n,-~~7TN,n)(O)’

for every [Ail] =1 (1 <i<N).
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Proof. Let (z1,...,zN) € d_JEL)\ril;}ile:L7)\2T2,n7~--a)\NTN,n)(0>. Then there exist a strictly

increasing sequence of positive integers k, and a sequence (z,,) C X such that
xn — 0 and N\Tj g, xn — x; for all 1 <4 < N. Since |\;| = 1 then Nz, — 0

and since T i, (N\jz,,) = @; it follows that (z1,...,zN) € d_J(u’It’iZ;:?%Z,na--wTN,n)(0).
Let (z1,...,2N) € d-Jin" )(0). Then there exist a strictly increas-

ing sequence of positive integers k,, and a sequence (z,) C X such that z,, — 0
and Tjp,xn — x; for all 1 <4 < N. Since [N =1 (1 < ¢ < N), with-

out loss of generality we can assume that \; — p; for some |u;| = 1. Hence
)\Zﬂkn(%) — a; for all 1 <4 < N and since 22 — 0 then (z1,...,2n) €
TG T AT ) (0): =

Lemma 2.5. Let T1 n,Top, ..., TNy in B(X) with N > 2 and 2oz, T1p,-
, TNy be the sequences in X such that xo, — xo and x;, — x; for some

zo,x; € X (1 <i < N). If (z1n,-.sTNm) € d-J(“%ll’;Zf%mwTNn)(x07n) for every
n=1,2,.., then (x1,...,zN) € d"]ZLﬁZ,Z%Q,n,..-,TNn)@O)‘

Proof. For n =1 there exists a positive integer k; such that
2ok —zoll < 5 and |lwip, — il <5 (1 <i<N).

Since (T1ky,---> TNk ) €d-J(1y 0 o, Th ) (Tok,) We may find a positive inte-
ger [; and z; € X such that

lz1 = ol < 5 and  [[Tigzr —zip ]| <3 (1< i< N).
Therefore,
Hzl—on <1 and HTlel—JZiH <1 (1§7,§N)

Proceeding inductively we find a strictly increasing sequence of positive integers
l, and a sequence z, in X, such that

|z — mo|| < % and || 15, 2n — @il < % (1<i<N).
This complete the proof. O

Proposition 2.6. Let Ty, Top, ..., TNy in B(X) with N > 2. Ifsup,, || Tin|| <
oo forall 1 <i < N, then d-JZ%I’CiZ;Z?;an-,TN,n)('xo) — d-L*™e (1) For every
xo € X.

Proof. Since sup,, |T;,|| < oo forall 1 <i < N there exists a positive number
M such that ||T; || < M for every positive integer n and 1 < ¢ < N. Let 29 € X.

If d—Jg‘ﬁizegﬂz Ty L)(.’IJ()) = () there is nothing to prove. Therefore assume that

d_‘](uﬁlﬁ%z,n,...,TN,n)($0) £ ().

Since the inclusion d-L“ver (z4) C d—J(“{}l“’Le;2 Ty )(xo) is always true, it
suffices to show that d- E‘ﬁ’;ii’é’mwTMn)(xo) C d-Lmmver (z0). Take (21, ..., 2n) €

univer : : : ; igs
d_‘](TLn,Tz,n,...,TN,n)(xo)‘ There exist a strictly increasing sequence of positive
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integers k, and a sequence (z,) C X such that z,, - o and T g, X — x; for
all 1 <7< N. Then we have

| T k,, w0 — 2| T3 kw0 — T o | + | T o T — 4|

<
< Mllzo — zn|l + | Ti g, zn — il

and letting n goes to infinity to the above inequality, we get that (x1,...,2x) €

d_Lum'ver (1'0) ]
Proposition 2.7. Let Ty, Top, ..., TNy in B(X) with N > 2. Then the set
A={zpe X : d—Jéﬁﬂ";Z%&mm,TMn)(xo) = XN} is closed.

Proof. By Lemma 2.5 A is closed. O

Theorem 2.8. Let Ty, 1oy, ..., TNy in B(X) with N > 2. Then the following
conditions are equivalent:

1. (T10)3°, (T2n)5°, - -, (T n)$° is d-universal or d-hypercyclic sequences.
j _ vN
2. For every xp € X, d-JZ‘ﬁfo}2’n’...’TN’n)(xo) = XN,

3. The set A={xyg € X : d_J&uﬁ’f’Z?;lnwaN,n)(mo) = XN} is dense in XV,
Proof. We first prove that (1) implies (2). Let x; € V; (0 < i < N). Since the
set of d-universal vectors for (T71,)5°, (T2,1)5%, - - -, (Tnn)$° is a dense Gg in XV,
Hence there exist a d-universal (or sequences of hypercyclic) vectors (x,) C X
and a strictly increasing sequence of positive integers k,, such that x,, = zg and

T k,xn — x; for all 1 <i < N. Hence (z1,...,zy) € d- ﬁﬁ"f%ymm,TMn)(xo).

The implication (2) = (3) is trivial. Conversely (3) = (2) By Lemma
2.5. O

3. d-mixing J-class

Definition 3.1. Let T1 ,,Tom, ..., TNy in B(X) with N > 2. For every xg € X

the sets d_‘](uT::j,i;Q,n,---,TN,n)(xo) = {(x1,...,2n) € XV : for every neighborhood

Vo, Vi,..., Vn of xo,x1, ..., xN respectively, there exists a positive integer m so
that ) # Vo N Tfﬁ(Vl) NTy (Vo) N...N Ty (V)} for every n > m} will be

called the d-universal extended mixing limit set of xo under T, Top,. .., T n.
Proposition 3.2. An equivalent definition for the set d-JZET:%’mmTN’n)(:z:g) is
the following:

d—JE‘T_l’:’% TN )(ZL‘o) ={(z1,...,zn) € XV : there exists a sequence (z,,) C

X such that xy, — xo and T; pxn — x; for all 1 <i < N}.
Proof. Let us prove that d-J%. ™ (z0) C {(w1,...,2n) € XV : there

(Tl,n’TQ,nwn:TN,n)
exists a sequence (x,) C X such that z, — x9 and T;,x, — x; for all

1<i<N}.
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Let (z1,...,xN) € d_JELi,?:f;Q,n,myTN,n)(:I;O) and consider the open balls V{ ,, =
B(xo, %),Vm = B(ay, %) centered at zg,z; € X and with radius 1/n for n =
1,2,.... and 1 <7 < N. Then there exists a positive integer m so that () #
Vo N Tl_i(Vln) N Tz_ﬁ(VZn) N...N T&;(VNJL) for every m > m. Hence there
exists x, € Vo, = B(zo, %) such that z, € ﬂfil Tl_nl(VZ'n), this implies that
Tin(zpn) € Viy forall i =1,..., N. Therefore there exists a sequence (z,,) C X
such that =, — x9 and T;,z, — x; for all 1 < ¢ < N. The converse is
obvious. ]

Theorem 3.3. Let Ty 4,15, ..., TNy in B(X) with N > 2. Then the following
conditions are equivalent:

1. For every xg € X, d—JZ‘T:’TZ%W_.’TN,n)(550) =XV,

2. Tvn,Top, ..., TNy is d-mizing.
Proof. The proof goes similarly as in Theorem 2.3. O

Proposition 3.4. Let 11, 1oy, ..., TNy in B(X) with N > 2. Then

U—MAT _ _ qu—maz
d J()\lTl,ny)\QTZn7--~7ANTN,7L)(0)_d J(Tl,n»TZn:mvTN,n)(0)7

for every |\ =1, (1 <i < N).
Proof. The proof goes similarly as in Proposition 2.4. O

Lemma 3.5. Let Ty, Top, ..., TNy in B(X) with N > 2 andzopn, T1ps-- -, ZNp
be the sequences in X such that xo, — xo and x;, — x; for some xg,z; €

X(1<i<N)If ($17n7"'=xNin) ed_‘](uif?b,n,---,TN,n)(xov”) for every n =
1,2,..., then (z1,...,xN) € d-J/ "5 (o).

(T1,n,T2n 5 TNm)
Proof. For n =1 there exists a positive integer k; such that
lzok, — xoll < % and ||z k5, — i < % (1<i<N).

Since (1 k5., TNk ) € d—JZ‘T:ml%2 T )(ﬂﬁo,kl) we may find a positive inte-

ger l; and z, € X such that
20 — o4, || < % and || Tinzn — Tig, || < % (1<i<N).
For every n > [;. Therefore,
llzn — o]l <1 and [|Tinzn — il <1 (1 <i < N).

For every n > [;. Proceeding inductively we find a strictly increasing sequence
of positive integers lo > [; and a sequence w,, C X such that

lwn — ol <5 and | Topwn —aill <4 (1 <i < N),

For every n > ls. Set v, = z, for everyl; < n <y, hence
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lon, — 20l <1 and || Tipv, — @il <1 (1 <i<N).

Proceeding inductively we find a strictly increasing sequence of positive integers
ng and a sequence v, C X such that if n > k then

|vn — x| < % and || T nvn — x| < % (1<i<N).

Take any € > 0. There exists a positive integer kg such that % < e. Hence for
every n > ny, we get

lvn, — 20| < % <e and ||Tipv, — @i < kio <e(1<i<N).
This completes the proof . O

Proposition 3.6. Let Ty, Top, ..., TNy in B(X) with N > 2. Then the set

B={zpe X: d—J:T?Zx (z0) = XN} is closed.

T2,n5- TN m)

Proof. By Lemma 3.5 B is closed. O

Theorem 3.7. Let Ty, Top, ..., TNy in B(X) with N > 2. Then the following
conditions are equivalent:

1. (T1n)3°, (Ton)$°, - -, (T p)S° is d-mizing.

2. For every xg € X, d—JZLT_lT% . )(330) = XN

3. The set B ={xp € X : d-JELT_lT:f%Q’mMTNm)(:co) = XN} is dense in XV

Proof. For (1) implies (2) we use the same argument as in the proof of Theorem
3.3.
The implication (2) = (3) is trivial. Conversely (3) = (2) by Lemma 3.5. O
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