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1. Introduction

Let B (H) denote the C*—algebra of all bounded linear operators on a com-
plex Hilbert space H with inner product (.,.). For A € B(H), let w(A) =
sup {|(Az,z)| :x € H, ||z| =1}, ||A|| = sup{||Az||: z € H, ||z|| =1}, where
|z)|? = (z,2), r (A) = sup {|A\| : A € 0 (4)}, where o (A) is the spectrum of A,
and |A|= (A*A)% denote the numerical radius of A, the usual operator norm of
A, the spectral radius of A, and the absolute value of A, respectively.

It is well — known that w (.) is a norm on B (H), which is equivalent to the
usual operator norm ||.||. In fact, for every A € B (H), we have

(1) S 4l < w(4) < 4]

These inequalities are sharp. The first inequality becomes an equality if A% = 0,
and the second inequality becomes an equality if A is normal.

The inequalities in (1.1) have been improved considerably by Kittaneh in
[10] and [11]. It has been shown in [10] and [11], respectively, that if A € (H),
then

1 | 1
(1:2) w(A) < S 1141+ 14711 < 5 (114l + [14%]7)
and
1 1
(1.3) 7 ATA+ AL <0 (4) < A" A + 447

An important property of the numerical radius norm is its weak unitary invari-
ance, that is , for A € B (H),

(1.4) w(UAU*) = w (A),
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for every unitary U € B (H).
Several numerical radius inequalities improving the inequalities in (1.1) have
been recently given in [4], [10], [11], and [12].

n
Let H, Ho, ..., H, be complex Hilbert spaces, and consider H= & H; with
i=1
respect to this decomposition, every an n xn operator matrix representation A =

[A;;], with entries A;; € B (Hj, H;), the space of all bounded linear operators
from H; to H;. Operator matrices provide a useful tool for studying Hilbert
space operators, which have been extensively studied in the literature (see, e.g.,
[5]). In [8], Hou and Du established useful estimates for the spectral radius,
the numerical radius, and the usual operator norm of an n X n operator matrix
A = [A;;]. In particular, they proved that

(1.5) r(A) < r ([l 43511,
(16) w () < w (451D,
and

(L.7) AN < [ITlI-Az 11l -

Recent numerical radius equalities and inequalities for operator matrices can be
found in [1, 2], and [6].

In this paper, we give new generalized numerical radius inequalities for 2 x 2
operator matrices. In section 2, we establish generalized upper bounds for the
numerical radii of the off-diagonal parts of 2 x 2 operator matrices, i.e., operator

0 B
cC 0
for the numerical radii of other 2 x 2 operator matrices.

matrices of the form . Also we establish generalized upper bounds

2. Main results

The aim of this section is to give generalized upper bounds for the numerical

radius of the off- diagonal part of a 2 x 2 operator matrix { é f) ] defined

on Hy ® Hs. In order to state our results, we need the following well-known
lemmas.

The first lemma is a generalization of the mixed Schwarz inequality which
has been proved by kittaneh [9].

Lemma 1. Let T' be an operator in B(H) and let f and g be nonnegative
functions on [0, oo) which are continuous and satisfying the relation f (t) g (t) =
t for allt € [0, co). Then |(Tx, y)| < ||f(T|) x| |lg (|T*|) yl|, for all z, y € H.

The second lemma contains two parts. Part (a) is well known and can be
found in [3, p. 10]. Part (b) is also known (see, e.g., [1]).
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Lemma 2. LetX YeB H. Then
@a (|7 v |)=maxiwm). w0,

)
(b) w ([ D max {w (X +Y), w(X —Y)}.
2 5])-ue0

The third lemma is very useful in computing the numerical radius for ma-
trices (see [7]).

In particular, w <

Lemma 3. If A = [a;j] € M, (C), then

w(A) < w (llagl]) = 57 ({lai] + lail]) -

1
2
Our first result is a generalization of the first inequality in (1.2).

0 B
C 0
and let f and g be nonnegative functions on [0, co) which are continuous and
satisfying the relation f (t)g(t) =t for allt € [0, oo). Then

Theorem 1. Let S = [ ] be a 2 x 2 operator matriz in B (Hy & Hs),

21 w®)< %maX{HF (1 +g* (BNl 12BN +g* (C*DII} -

Proof. Let z = [ il ] € (Hy @ Ha), with ||z]| = 1. Then we have
2

[N

(S, )| < (£2(|S]) Yo, ) (g (|1S*]) = i> byLemmal)
({5 D= (D))
2 5 * 5
<[f ‘02 (\)B|>}”“”$> <[ Of : : <\Oc*>] >
S;m“f ('JC| fQ(TB)]$’$>+<[g o D g?(\oc*n]x’m»
y the arithmetic — geometric mean inequality)
iq e +g o fQ(IBI)EQQ(\C*!) ]”C f”>
Thus,

w(S) =sup{|(Sz,z)| : x € (H1 ® Ha), |z|]| =1}
< %maX{Hfz(ch+92(|B*|)H7 [F2(B) +g* (1CD|}



34 WATHEQ BANI-DOMI

as required.
Inequality (2.1) includes several numerical radius inequalities for operator
matrices. Samples of inequalities are demonstrated in the following remarks.

Remark 1. For f (t) = t* and g (t) = t!=*, x€ (0, 1), in inequality (2.1), we
get the following inequality

w(9) < %maX{H‘CF‘X + |B*|2(1—0<)

’ H|B‘2(X + |C*|2(1—o<)H} )
Remark 2. In Remark 1, if x= % , then we get

1 * *
w(8) = gmax {[|C]+[B7Il, MBI+ IC]}-

Remark 3. By letting H; = Hs and B = C in Remark 2, and by using Lemma
2(b) it is easy to see that the inequality in Remark 2 generalizes the inequality
(1.2), i.e.,

w(9) =w(B) < % I1B]+ 1B

In the next theorem, we employ the inequalities in (1.3) to generalize and
improve the inequalities in (1.1).

0 B

Theorem 2. Let S = [C 0

Then

] be a 2 x 2 operator matriz in B (H; & Ha).

guas{esy<o(| g g |) < Jmces).

1 1
2 2

where a = H|C|2 1B ?|? and 5= H]B|2 +|C*?
In the following results, we establish generalized upper bounds for the nu-
merical radii of a general 2 x 2 operator matrices.

A B
C D
and let f and g be nonnegative functions on [0, oo) which are continuous and
satisfying the relation f (t)g(t) =t, for allt € [0, co). Then

Theorem 3. Let T = [ } be a 2 x 2 operator matriz in B (Hy © Ha),

w(T) < 5 max{lal, o]},
where,
@ = P (A + g (A +7*(C1) + 6 (1B))

and

b= f*(ID]) +¢* (ID*]) + f* (IB]) + g* (IC*]) -
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Proof. Let z = [ 1 ] € (H1 @ Ha), with [|z|| = 1. Then we have

(2 8= (2 8= (3 1=+

i
Hg f)?] )x,:r> (by Lemma 1)

|
(e 2] 1
(%" ]>> @ D>
5 D) T 2D
B <[ oY (o) ]> <[ o (D) ]>
+<[ "8 e gm ]”> <[ TE o ]”>
<[f2(c’)A) fQ((\)DI)}x’I> <{g2(’54*‘) g?<|0D*>]”“”’x>

1 +
2 f2qen o } > <{ 9° (1B*)) 0 } >
+ T,r )+ * €T, T
<[ 0 (B 0 g (Ic*))
(by the arithmetic- geometric mean inequality)
1 a 0
“2\|o v |/
Thus,
1
w(T) = sup{[(Tw,z)| sz € (H1® Hy), || =1} < 5 max{[lall, [[b]},
as required.

Remark 4. If f (t) = t* and g (t) = t1=*, o€ (0, 1), in Theorem 3, then we
get the following inequality

w(|:A B:|) 1 {A2O(—|—A* loc+|0|2o<+‘B*| (1—x)
-2

< —max

Remark 5. From Remark 4 with oc= 1 and Lemma 2(b), If A= B = C = D,
then we get the following inequality

A A 1 . .
“’({A AD = 2w (4) < 5 I214] + 214l = 4] + |4°]]
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and so,

1 *
w(A) = S [I1A]+ AT

Remark 6. From Remark 4 with oc= 1 and the first inequality in (1.1), If
A=C =D =0, then we get the following equality

1 1 0 B 0 B 1 1
s181=3] [0 & ][ <« ([5 §])=3mextuzinnzm =51

“([o v ])==([5 o) =21

In the following theorem, we present an improvement of the inequality (1.6)
when n = 2.

Hence,

A B
C D
and let f and g be nonnegative functions on [0, co) which are continuous and
satisfying the relation f (t)g(t) =t for allt € [0, oo). Then

Theorem 4. Let T = [ } be a 2 X 2 operator matrixz in B (Hy ® Hs),

o (4) 1FUBDI g (B
@) <w ([ 1FACD I g (DI o (D) D |

Proof. Let z = [ ;1 ] € (H1 & Ha), with ||z]| = 1. Then we have
2

[Tz, x)| = [(Ax1, 1) + (Bxe, x1) + (Cx1, z2) + (Dx2, 2)|
< [(Azy, z1)| + [(Bxa, x1)| + [(Cr1, 32)| + [(Dx2, 32)
<w(A) |z ]* + 1 (IB) 2l llg (|1B7]) 1
+f (C) 1 llg (IC7)) 22|l +w (D) |22
(by definition ofw (.) and Lemma 1.1)
<w (A llz* + £ IBDI g (B | ||
+ £ ACDIHlg (C DNl 2]l +w (D) [|22]|?

~(Luraciiioaen V2 L] L))

Now, the result follows by taking the supremum over all unit vectors in
(Hl D HQ)

Here, a weaker version of Theorem 4 has been also given in [2] when n = 2.
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Remark 7. From Theorem 4, if f (t) = v/t = g (t), then we get the following
inequality

w([A BD ) w(a) B i

¢ D etz iz w(D)

’ <[ cL|)|(of|1|) u@) D
(R

Now, from Remark 7 and Lemma 3 we get the inequality

IN

IN

‘”([é ﬁ}) fi(“““ww)#(wm)w<D>>2+<HB||+||0|>2),

which is a generalized for the second inequality in (1.1) when we take A = B =
C = D and use Lemma 2(a). Also this inequality can be employed to give new
bounds for the zeros of polynomials (see, e.g., [2, 10], and references therein).

Based on Lemma 2(a), the inequality (2.1) and the property w (X +Y) <
w(X)+w(Y), we can prove the following corollary.

A B
C D
and let f and g be nonnegative functions on [0, 0o) which are continuous and
satisfying the relation f (t) g (t) =t for allt € [0, oo). Then

Corollary 1. Let T = [ } be a 2 x 2 operator matriz in B (Hy ® Hj),

w(T) <max{w(A), w(D)}

+gmax {|£2 (¢ + g (BD] £ 1B+ (CD]}

Remark 8. From Corollary 1 and Lemma 2(b), if f(t) = v/t = g (¢) and if
A =B =C(C = D, then we get the following inequality

(|4 4]) =2 @=e@sgnaan.

and so,

1 .
w (A) < 1AL+ 147

Remark 9. From Remark 4, Lemma 2(b), &x = § and If A= D, B = C, then
we get the following

1
max{w(A—B), w(A+ B)} < 3 I|A] + |A*| + |B| + | B -



38

WATHEQ BANI-DOMI

Acknowledgments

The author would like to thank the Yarmouk University for their financial sup-
ports of this paper.

References

1]

[11]

[12]

W. Bani-Domi, F. Kittaneh, Norm equalities and inequalities for operator
matrices, Linear Algebra Appl., 429 (2008), 57-67.

W. Bani-Domi, F. Kittaneh, Numerical radius inequalities for operator
matrices, Linear and Multilinear Algebra, 57 (2009), 421-427.

R. Bhatia, Matriz Analysis, Springer, New York (1997).

M. El-Haddad, F. Kittaneh, Numerical radius inequalities for Hilbert space
operators 11, Studia Math., 182 (2007), 133-140.

P.R. Halmos, A Hilbert Space Problem Book, 2" ed., Springer-Verlag, New
York, 1982.

O. Hirzallah, F. Kittaneh, K. Shebrawi, Numerical radius inequalities for
commutators of Hilbert space operators, Numer. Funct. Anal. Optim. 32
(2011), 739-749.

R.A. Horn, C.R. Johnson, Topics in Matrixz Analysis, Cambridge, 1991.

J.C. Hou, H.K. Du, Norm inequalities of positive operator matrices, Inte-
gral Equations Operator Theory, 22 (1995), 281-294.

F. Kittaneh, Notes on some inequalities for Hilbert space operators, Res.
Inst. Math. Sci., 24 (1988), 283-293.

F. Kittaneh, A numerical radius inequality and an estimate for the numer-
ical radius of the Frobenius companion matriz, Studia Math., 158 (2003),
11-17.

F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Stu-
dia Math., 168 (2005), 73-80.

T. Yamazaki, On upper and lower bounds of the numerical radius and an
equality condition, Studia Math., 178 (2007), 83-89.

Accepted: 1.03.2016



