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Abstract. In this paper, we investigate HX equations of autonomous system. The
right-hand side of n-dimensional HX equations theoretically consists of 2" terms. HX
equations seems to be more complicated than the original system. For autonomous
chaotic(hyperchaotic) system with polynomial right-hand side, we obtain its HX equa-
tions by termwise modeling. We find not all coefficients are variable in HX equations.
Even some HX equations are equal to the original chaotic (hyperchaotic) systems. Un-
der some fuzzy partition, HX-type chaotic (hyperchaotic) system is defined if some of
its coefficients is exactly variable. By adjusting fuzzy partition, a family of chaotic
(hyperchaotic) systems can be defined. They are different but qualitatively similar.
Numerical simulations are provided to verify the existence of HX-type chaotic (hyper-
chaotic) system.

Keywords: HX equations, termwise modeling, HX-type chaotic system.

1. Introduction

HX equation is a kind of special differential equation with variable coefficients. It
is constructed on the fuzzy logic system by using interpolation mechanism. This
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kind of modelling method is called modelling method based on fuzzy inference,
proposed by Hongxing Li et al.[1]. Many literatures focus on HX equations, such
as marginal linearization method for solving HX equations[2], HX equations of
time-varying system[3] and some other literatures published[4, 5, 6, 7, 8, 9, 10].

In this paper, we investigate HX equations of continuous autonomous system.
The three-dimensional system is considered as an example to get HX equations.
The study indicates that the right-hand side of each HX equation is polynomial
with eight terms. Similarly, the right-hand side of each HX equation for a four-
dimensional system is polynomial with sixteen terms. For n-dimensional system,
the right-hand side of its HX equation is polynomial with 2" terms. While the
typical chaotic(hyperchaotic) system is of more concise and more simple, such
as the well-known Lorenz system[11], Rossler system[12], etc. We are interested
in the characteristics of HX equations of chaotic(hyperchaotic) system, though
few literatures[5, 6] considered it. For the system with polynomial right-hand
side, we use termwise modeling method. First we divide it into several differen-
tial equations with monomial right-hand side. HX equations of the differential
equations with monomial right-hand side are obtained. Then we add them to-
gether to get HX equations of the original system. The result suggests that
not all coefficients of HX equations are varying. Even some HX equations are
equal to the original system, such as Lorenz system, Rossler system, Rossler
hyperchaotic system[13], etc.

If HX equations of the chaotic (hyperchaotic) system indeed contains variable
coefficients and it is chaotic (hyperchaotic) under some fuzzy partition, we call
it HX-type chaotic(hyperchaotic) system. For HX-type chaotic (hyperchaotic)
system, the change of the fuzzy partition can give rise to the change of HX-type
chaotic (hyperchaotic) system. The study on HX-type chaotic (hyperchaotic)
system is very interesting for the chaotic switch may improve the security of
secret communication.

The rest of the paper is organized as follows. Section 2 investigates HX
equations of the continuous autonomous system. Three-dimensional system
is taken as an example. In Section 3, HX equations of chaotic(hyperchaotic)
system with polynomial right-hand side is cosidered. Some HX equations of
chaotic(hyperchaotic) systems are even equal to the original systems. Section 4
defines HX-type chaotic(hyperchaotic) system. Liu system illustrates the exis-
tence of HX-type chaotic system. Finally, conclusions are drawn in Section 5.

2. HX equations of continuous autonomous system

Without loss of generality, we take three dimensional system as example to
discuss HX equations of autonomous system. The equations is described as
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follows:

1 = fi(z1, z2, x3),
(1) &g = fo(x1, 22, x3),
&3 = f3(x1,22,23),

where 1, 29, 23 are the states of the system, fi, fo, f3 : R® — R? are functions.

Following the fuzzy inference modeling method[1 ] ; suppose the universes
of x1,x9,x3, T1,T9,T3 are respectwely X1,X2,X3,X1,X2,X3 ) where X7 =
[an, Bi], Xo = [, 2], X5 = [as, B3], X1 = [au, Bdl, X = [as, B5), X3 = |as, Bg].

The fuzzy partitions of X]_,XQ,Xg,X]_, X5, X3 are

A= {Ai}(<i<p), B = {Bj}u<j<e) € = {Cr} iz,

D = {Diji}a<ispi<i<qick<r): € = {Eije}1<i<pi<i<qi<ksr), and

F = {Fz’jk}(1<i<p,1<j<q,1<k<r)a respectively.

The peak points of A;, B, Ck, Dyji, Eiji, Fiji are respectively x1;, 22, T3k,
T 14k, T4k, T34k, Which satisfy the conditions a1 < 211 < x12 < -+ < 71, < B4,
ay < T21 < Tz < - < T9q < Po, a3 < 31 < 232 < oo < 73, < P3. Here
T14jk» 24k, T3ijk don’t need satisfy order relation. The fuzzy rule is as follows:

RY* . 1f 2y is A;, 29 is Bj and z3 is Oy,
(2) then C)'L‘l is Dijlm i‘z is Eijk> i‘g is Fijka
where i =1,2,--- ,p,7=1,2,--- ,¢, k=1,2,---,r

The fuzzy logic system based on fuzzy rules (2) can be represented as the
following piecewise interpolation functions:
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A; is taken as “triangle wave ”membership function:
L1 — L1(i-1)
L1i — L1(i—1)
(4) Ai(z1) = ¢ T1— Ti(i+1)
T1i — T1(i41) 7

y Zi-1) < 21 < T,

Tl S T1 < T1(i41)s

0, otherwise,

where: =1,2,--- ,p,and let z19 = 211, Z1(p41) = T1p. The membership function
A; is drawn as Fig.1.

Similarly, the membership functions of B; and Cj, can be given. We can
easily draw the conclusion of theorem 1.
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AH

Figure 1: Triangle wave membership function of A;

Theorem 1. Based on the above assumptions, the fuzzy model (3) of system (1)
can be described as the following ordinary differential equations with variable-
coefficients

iy = Fi(z1, 22, 23)
2 ag(w1, 29, 73) + a1 (1, 12, 23)21 + az(x1, T2, v3)T2
+ az(w1, x2, 23)23 + a12(21, T2, 13)T122 + 013(T1, T2, T3) 173
+ ag3(x1, T2, £3)T223 + a123(21, T2, T3)T1 7273,
= Fy(x1, 72, 73)
5) £ bo(21, v2, ¥3) + b1 (21, T2, T3)21 + b2 (21, T2, T3) T2
+ b3(w1, 22, 23)23 + b12(r1, T2, ¥3) 2172 + b13(71, T2, 23) 2173
+ ba3(z1, T2, v3) 223 + b123(21, T2, T3)T1 273,
i3 = F3(1, 22, 73)
£ co(x1, 2, 03) + c1 (21, T2, T3)21 + C2(21, T2, T3) T2
+ c3(w1, 22, 23)23 + c12(T1, T2, ¥3)T172 + C13(71, T2, T3)T173

+ 623(3717 x2, 373)5521'3 + 0123($1, 2, $3)$1l‘2$3.

Proof. When the state (z1,79,23)7 is on (ijk)th piece, i.e. (x1,z2,73)T €
(15, T1(i+0)] X [T25, Ta(j41)] X [23k; T3(k41)]; from the piecewise interpolation func-
tions (3) and triangle-wave membership function (4), we get

T

P q
= Fi(z1, 29, 13) = ZZZ&, 11) Bj(22)Cr(23)Z145

i=1 j=1 k=1
= Ai(21)Bj(72)Cr(w3) L1351 + Ai(71) Bj(22)Cry1(23)T14j811

+ Ai(21) Bjy1(22) O (23) 2155118 + Ai(21) Bjr1(22) Chr1(23) 14541041

+ Aip1(21)Bj(22) Ok (23) @131 155 + Ai1(21) Bj(22) Crt1(23)T1i4 15041

+ Ait1(21) Bj1(22) Cr(@3) T 15015110 + Ait1(21) Bjt1 (2) Cr1 (23) Z1i 115118001
T T T(i+1) T2 T T2(5+1) T3 T T3(k+1)

= Tlijk
L1 — L1(i41) L2 — L2(5+1) L3k — L3(k+1)
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L1 — L1(i41) L2 — L2(j+1) T3 — T3k

T1ijk41
L1i — L1(i4+1) L2 — L2(j+1) T3(k+1) — L3k

Tl — T1(i+1) T2 — T2j T3 T T3(k+1) .
Tlij+1k

L1 — T1(i4+1) L2(j+1) — T25 L3k — L3(k+1)
L1 — Ti(i+1) T2 — T2j T3 — T3k

L1354 1k+1
L1 — T1(i4+1) L2(5+1) — 25 L3(k+1) — L3k
Ty — T, T2~ T(j+1) L3 — T3(k+1) .
+ T1i4-15k
L1(i41) — L1 25 — L2(j41) L3k — L3(k+1)

Ty — X1, T2 — T(j+1) T3 — T3k

+

T 1jk+1
T1(i4+1) — 15 25 — T2(j+1) L3(k+1) — L3k
Tr1 — 1 T2 — T2 T3~ T3(k+1) .
+ T1i+1j+1k
L1(i4+1) — T1i L2(j+1) — L25 L3k — T3(k+1)
T1 — X114 T2 — XL2j T3 — T3k

+

T1it1j+1k+1
L1+1) — T1i L2(5+1) — L25 L3(k+1) — L3k
= a(()j ) + agj )331 + aéj )ZL'Q + aéj )."L‘g + ag; )xlxg

ijk ijk ijh
+ a§3 )xlazg + a§3 ):z:gazg + a§23 ):z:lazgxg,
where

20 _ 1
0 (210 — 134 1)) (T25 — To(j1)) (T3k — T3(k41))

X (1 (141) T2 (71 (L30T 135 (k1) — T3 (1) L 105%)
+ 21 (41) 225 (T304 1) T 141k — 3K 16(541) (k1))
+ 21%2(j41) (T3(k+1) T1(i+1)jk — T3kT1(i41)j(k+1))

+ 215225 (T3kT1(i41) (G4+1) (k1) — T304+ D)T1(+1) G+ 1)k))
(ijk) _ 1
(10 — @1(i41)) (T2j — T2(j41)) (T3k — T3(k+1)

X (@204 1) T3(k+1) (F1ijk — T1(i41)jk) T T2(+1) T3k (F1(i41)j(k+1) — T1ij(k+1))
+ 225 T3(k41) (T1(41) (4 1)k — T1i(G+1)k)
+ 2253k (L14(j41)(k+1) — T1(i+1) (j+1)(k+1))) 5
(ijk) _ 1
(210 — T1341)) (T25 — Ta(j41)) (T3k — T3(k+1))

X ($1(z‘+1)9€3(k+1)(931ijk - i‘lz’(j+1)k) + $1(i+1)$3k(fbli(j+1)(k+1) - jf1z‘j(k+1))
+ 2123 (k11) (T1(i41) G+ 1)k — T1(41)5%)

+ 213k (1 (4 1)j(k+1) — TLE+1)(G+1)(k+1)))s
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20 _ 1
3 (210 — 134 1)) (T25 — To(j1)) (T3k — T3(ks1))

X (@1(i41)T2(+1) (T1ijk — T1ij(kt1)) + P11 T25 (F1iG+1) (k1) — TLi+1)k)
+ 331z$2(]+1)(961(z+1) j(k+1) — xl(z-i—l)]k:)

+ 21T, ($1(7;+1)(j+1)k - xl(i+1)(j+1)(k+1)))v
aff? = :
(210 — T1341)) (T25 — To(j1)) (T3k — T3(k41))

X (T3(k+1) (T1i(i+1)k — Tlijk T T13i4+1)jk — T134+1)(G+1)k)
+ 236 (T15G4+1) (k1) — rij(h+1) T LU+ (041) — TLUHDGH) (R+1))s
oi%) — 1
3 (710 — T1341)) (T25 — Ta(j+1)) (T3 — T3(k41))

X (T2(j+1) (T13j(k+1) — T1ijk + T1(41)jk — T1(i41)j(k+1))
+ T2 (13 +1)k — T1(+1) (k+1) T T141) G+ 1) (k+1) — L1(i+1)(G+1)k))s
(k) _ 1
2 (210 — 134 1)) (T25 — To(j1)) (T3k — T3(k41))

X (@1(i1) (E1ij (k1) — Lrigr + DrGr 0k — T1iG+1) (k1))
+ 21 (B1(41)k — 1415 (k+1) T L1+1G41)(k+1) — T1i+1)G+1)k))s
gy - :
P (w1 — mygign)) (@25 — agign)) (@K — T3(e11))

X (T16jk — T1ijk+1) — Tri(+1)k T TLG+1) (k1) — T1(i41)jk

+ T1(i11)j (k1) — F141) G0 (k1) T T1E41) G 1R)-

ijk
When (21, 22, 23)" € [215, 1(4-1)) X [T25, Ta(j1)] X [Tk, Z3(k41)] , SUppose aéj =

agijk) = agijk) (”k) = a(lgk) = agzgjk) = agigjk) = ggf) =0, the coefficients can be

defined on the Whole universe X1 x X9 x X3 , so we have

T —a(()”k) + agijk)

(1K) L) (ijk)

1+ ay” "x2+ag” T3 +a2 129

ijk ik ik
+ agg )CleL'g + aég )x2w3 + a523)x1m2x3,

(6)

which is defined on the whole universe.

When i, j, k change we can get (p—1)x(¢g—1)x(r—1) such equatlons Let

a0($1,$27$3)—z Z k_la(()w) ar(x1, v, x3) = Z 2 T 1 wk)?
ag(x1, 2, 3) = Y0 Z 2 alY ag(ay s as) = S0 DI 71;11 3Uk)7
az(wywaw3) = Y05 S0 };i a\J" ag(zy s w3) = X0 Z o aid?,
as3 (w1, T2, w3) = S0} ijl P a9 aras(w1, we, ws)= 300 Z ials).

Then we combine the (p — 1) x (¢ — 1) x (r — 1) equations together and obtaln



HX-TYPE CHAOTIC (HYPERCHAOTIC) SYSTEM ... 79

HX equation of the first equation of system (1), that is

1 =ao(z1,22,23) +ai(r1, 2, x3)x1+az(x1, T2, x3) T2t
(7) as(x1, 2, x3)xs +a12(z1, r2, x3)T1

+a13(x1, 72, ¥3) +az3 (71, T2, ¥3)T273+a123(21, T2, T3)T1T2T3.
Similarly, we can get HX equations of the other two equations. O

From the above analysis, we know that the polynomial right-hand side of
the HX equation consists of eight terms. Similarly, the polynomial right-hand
side of HX equation about four dimension system contains sixteen terms, The
right-hand side of HX equation about n-dimension system is composed by 2"
terms. This seems go against the concise form of the typical autonomous system.
For example, the structure of the HX equations of Lorenz system may be more
complex than the original system.

Fan and Fang [5, 6] investigated the fuzzy inference modeling of chaotic
system, but HX equations of Rossler system given by them is theoretically equal
to Rossler system. The system error is caused by round-off error in the numerical
calculation.

3. HX equations of chaotic (hyperchaotic) system with polynomial
right-hand side

Now we investigate the autonomous chaotic(hyperchaotic) system with poly-
nomial right-hand side by termwise modeling method. Suppose we fully un-
derstand the structure of the chaotic (hyperchaotic) system considered. There
exist a lot of such systems, such as Lorenz system [11], Rossler system[12], hy-
perchaotic Lorenz system[19, 23, 22|, etc. Specifically, f1, fo, f3 in Eq. (1) are
all polynomials . The general form of the equation in system (1) is

(8) W= Z Z Z )‘k1k’2ksx11xl2€2'r3 J

k1=0 k2=0 k3=0

where w denotes &1, &2 or &3, Ak k,k3 is the coefficient of Ak1k2k3xlf1x§2m§3

: k1, .ko k3
Let g, poky = 7' 15°23°,

ni n2 N3
9) w = Z Z Z Ny koks Why ks -

k1=0 ko=0 k3=0

The equation (3) is divided into several differential equations with monomial
right-hand side. From the linear relation, if we get HX equation wf f ks Of each
monomial differential equation g, k,k,, and then add them together, we can get

HX equation of .
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ni N2 ng
cHX c HX
(10) w = Z Z Z )‘klk2k3wk1k2k3'

k1=0 ko=0k3=0

Now our aim is to obtain HX equations w,ﬁ 2(2 ks of W, koks- Following the method
of Li[1], on the piece [x1, Z1(i41)] X [2j, Zo(j+1)] X [Z3k; T3(k+1)], We have

u.)HX(z‘jk) T — Ty T2 — T2j T3 — T3k o e k3
K1kaok 16+1)720G+1) " 3(k+1
et Ti(i41) = L1 Ta(j41) — T2j Ta(hp1) — Tap 0D TRUFDTEH
Tl — T T — Xgj L3 T T3(k+1) Ky ke k3
T i o _ 1(i+1)T2(+1) 73k
1(i41) — L1i L2(j41) — T25 T3k — T3(k+1)
T1— X1 T2 — T>+1) T3 — T3k k1 ko
- L1(i+1)T2j
T1(i+1) — 15 25 — T2(j+1) L3(k+1) — L3k
T1—T1; T2~ LTj4+1) 3~ TY(k+1) g, ka . k3
o — T1(i+1)T25 3k
L1(i+1) — L1 L25 — L2(j+1) L8k — L3(k+1)
L1 — L1(i4+1) T2 — T2j T3 — T3k xklxkg xk‘g
1 P2(+1) Y 3(k+1
T1i — T1(i1) Ta(j41) — T2 Ta(kpr) — Ty 20 THTSERD
TL— T16i+1) T2 — T25 T3~ T3(k+1) Ky ko k3
+ 4 L1 Lo(j+1) T3k
T1i — T1(i4+1) T2(j+1) — L2j T3k — T3(k+1)
L1 — T1(i4+1) L2 — T2(j4+1) T3 — T3k ki1 ko ks
+ ) L1025 T3 (k1)
ZT1i = L1(i+1) L2 — L2(j+1) T3(k+1) — T3k
L1 = L1(6+1) T2 = L2(j+1) L3 — L3(k+1) gy ko k3

+ Ty, TojT3p
L1i = L1(i4+1) L2 — L2(j+1) L3k — L3(k+1) B

T T TG+ gy 1 — T, k1
= ) Ty + “T1(i+1)
L1 — L1(i4+1) L1(i+1) — L1i

(PRI ke T2 T2 gy
T — o2 T (i)
2j 2(j+1) 2(j+1) 2j

T3 — T3(k+1 xr3 — T
><< (1) ks Bk )

_l’_

k3

+ 3(k+1)

X

_l’_

3 3(k+1
T3k — T3(kt1) Ty(ki1) — Tz SFFD
that is,
ki ok ko ki
LHX(igk) [ F1 $1(¢+1)x N Tl i1y — L1 T1(i+1)
kikoks 1
1 Z1i = T1(i+1) T1i = T1(i+1)
k‘g k‘g k2 k2
Loz — Loy - T2iTo7 — Lo -To(j4+1
2 2(j+1 J9(j+1 25°2(j+1)
(11) % J (5+ ).732 + (3+1) J
25 — T2(j+1) 25 — T2(j+1)
ks _ k3 k3 _ k3
L3k — L3(k41) L3kT3(k+1) — L3kT3(k+1)
X 3 +

L3k — L3(k+1) L3k — L3(k4+1)
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It is easy to see that the content in three parenthesis of equation (11) are all of
first degree. We need only to analyze the content of first one. Similar conclusions
can be drawn about the other two.

When k1 = 0, that is to say that wy, x,k, doesn’t contain x;

k’l _ k‘l k kl )
T1i — T1(ir1) 931@1‘1(z+1) L1 T1(i+1)
1+
(12) L1 = L1(i+1) L1i = L1(i+1)
af; — 5'7(1)(1'+1) $1i$(1)(i+1) - x?ﬂl(wl)
= 1+ =0xx+1=1
L1 — T1(i4+1) L1 — T1(i41)

This suggests wlii;(,g %) don’t contain x1. In another word, wgi(]zg k) is irrelevant
to the fuzzy partition of the universe of .

When ki = 1, the degree of x1 is 1 in Wy, gk,

k1 k1 Skl ok )

Ty — x(m)x L%y (441) — L15 T1(#H) Tl T +961z‘331(m)—331ﬂ1(m)
= 1

3311(4?351(z‘+1) L1i —L1(#1) L1 —L1(+1) L1 —L1(+1)

=1xz1+0=u2z.

This suggests the degree of x is still 1 in w,?f(,z] ¥ In another word w,?iz(,g k)

is irrelevant to the fuzzy partition of the universe of x;.

When k1 > 2
k1 k1 k1 Lk )
Ty — Xy L) LTy (141) ~ 15 T1(e1)
L1i—T1(H) L1i = T1(41)

k1—1 k12
k k12—t
(14) Z ‘lem lH_l) r1— 371le(2+1 Zwlz 112+1

Obviously, the conclusion is relevant to the fuzzy partition of the universe of x;.
Similar conclusions can be obtained for the other two expressions with paren-
thesis in (11). So we can get

Theorem 2. If Wy, ks = xlflx§2x§3, HX equation have the following features:

1) If0 < ki < 1, (i = 1,2,3), HX equation w1 }Y = tWkkyky Of Wykyhy =
x]flx§2x§3,

2) If0 < k; < 1 (1 =1,2,3) for some k;, then the coefficients of the HX equation
Of Wi, koks = x]flsc22$§3 is irrelated to the fuzzy partition of the ith universe, and
HX equation’s exponent of the ith variable is still k;;

3) If ki = 2, (i = 1,2,3) for some variable, then in the piece [T1i, T1(i41)] ¥
(725, Ta(j41)] X [¥3k, T3kg1)], HX equation of Wy, ks is Telated to the fuzzy par-
tition of the ith universe;

4) If ki = 2, (i = 1,2,3) for all variables, then in the piece [T1;, T1(i41)] X
(225, Ta(j41)] X [¥3k, T3g1)], HX equation of Wy, gy, is related to the fuzzy par-
tition of every universe.
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Proof. From the equations (12) and (13), we know when 0 < k; < 1, the
coefficient of local HX equation on the (ijk)th piece of wg, ki, is still 1, the
exponent is still k1. In a similar method, when 0 < ko < 1,0 < k3 < 1, the
coefficients of local HX equation on the (ijk)th piece of exponents of wy, ks
is still 1, the exponents is still kg, k3. So on the (ijk)th partition, the local
HX equation wk & (ngk) x]fla:k%ki”. Meanwhile, if 0 < k; < 1 for k;, then the
coefficients of HX equation is irrelated to the fuzzy partition of the ¢th universe.

From equation (14), if k; > 2 HX equation is relevant to the fuzzy partition
of the universe of z. Similarly, if k; > 2 for some k;, on the piece [x1;, Ty +1)] X
(725, Ta(j41)] X [T3k, T3(k41)], HX equation is relevant to the fuzzy partition of
the universe x;. While k; > 2 for all variables, on the piece [3711'71'1(1' +1)] X
(725, Ta(j41)] X [38, T341) )5

k1—1 k1—2
HX(ij 51 lcl 1— 51 E t1 kl 2—t1
W) koks Z a1 1(Z+1 — TLiT1(i+1) L1 1(i+1)

s1=0 t1=0

k?2 1 k?z 2
S92 kz 1— —S82 k?2 2— to

E : 25 %9(j+1) Ty — T2jTo(j11) Z 552] 2(j+1)

s2=0 to=0

k}3 1 k3 2
s3 ks—1— o k3 —2—t3

E Ty k:+1) 323 T3ET3(k+1) Z xgkx 30k11) .
s3=0 t3=0
This suggests HX equation relevant to fuzzy partitions of all variables. OJ

Theorem 2 is not only applicable to three-dimensional differential equation
with monomial right-hand side, but also it is can be used to four-dimensional or
more high dimensional systems. As discussed above, we can combine HX equa-
tions obtained together to get HX equations WX of system . So the following
result can be easily obtained.

Theorem 3. For a chaotic (hyperchaotic) system, if the exponent of some vari-
able is no more than 1, then the exponent of the variable in its HX equations is
unchanged; if the exponent of all variables no more than 1, then HX equations
1s the same as the original one.

Proof. From 1), 2) of theorem 2, combining with (10), the result easily ob-
tained. O

In conclusion, before solving HX equations of chaotic (hyperchaotic) system
with polynomial right-hand side, we analyze the characteristic of the system,
carry on fuzzy inference modelling term by term, make linear additivity, and
get HX equations of the original system.
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4. HX-type chaotic (hyperchaotic) system

From Section 3, we know that HX equations of chaotic (hyperchaotic) system
with exponent of variables less than 2 is identical to the original system. Lorenz
system and Rossler system et al. are such type systems. For the system which
exponent of some variable greater than or equal to 2, some coefficients of HX
equations of the system is exactly variable. There are many such systems,
such as Liu system [14], hyperchaotic Liu system [15], hyperchaotic Fang sys-
tem proposed by Fang [16], chaotic system proposed by Li [17], chaotic system
proposed by Xie[18], which cotain nonlinear terms with exponent 2 of some
variable. Chen proposed four-dimension Lorenz-type hyperchaotic system with
equilibrium curve[20], which contain nonlinear terms with exponent 3 of some
variable.

Definition 1. If some coefficient of HX equations about chaotic (hyperchaotic)
system is variable under some fuzzy partition and the HX equations is chaotic
(hyperchaotic), it is called HX-type chaotic (hyperchaotic) system.

Now we investigate HX equations of Liu system
Example 1. Liu system is described as follows:

71 = a(r2 — 21),
(15) 1:2 = bl‘l - k‘:L'll'g,
T3 = hm% — cx3,
where a = 10,6 = 40,¢ = 2.5,k = 1,h = 1. The Lyapunov exponents are

A1 = 1.6535, Ao = 0, A3 = —14.1446. The phase diagram of Liu system is shown
in Fig.2.

100

X, -50 -40 <

Figure 2: The phase diagram of Liu system

By numerical calculation, we know z; € [—35.5815, 35.2084],
x9 € [—60.9790, 62.7936], x3 € [6.5037,108.6809]. From theorem 2, we know that
the first and second equations of system (15) is exact fuzzy modelling. In the
third equation, only the quadratic component is not exact modelling, that is to
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say, HX equations of Liu system is only related to the fuzzy partition of the
universe of x1. The universe of z; is partitioned by triangular wave membership
function. For convenience, suppose the distances of two peak points are same.
Avoiding the data overflow the universe, we added a redundancy to the universe.
Let —35.5815—35.5815x0.1=211 <x12 < - - <x1p,=35.20844-35.2084x0.1. When
r1 € [T15, T1(31)] » local HX equations is

71 = a(rz — 21),
(16) 1:2 = b.’L‘l - k$1$3,

23 = h(21i + T13i41))T1 — €23 — hT1iT1(3i41)-

Now the system’s divergence is VV = g%+%+g—ig =—a+0—c=-10-25=
—12.5 < 0. This suggests that each local HX equation is dissipative. So HX
equations of Liu system is dissipative. If the largest Lyapunov exponent of
HX equations greater than zero, HX-type chaotic system is achieved. By using
Wolf’s method [24], we calculate the Lyapunov exponents of HX equations, as
shown in Fig.3, where the peak point number is from p = 2 to p = 100, i.e. the
fuzzy set number is from 2 to 100.

-
or %
e} o
= by
g 1
s "7
—Blee il
& C
-~
=)
=
S
§ -10r .
~
e P e bR e e
- 1 5, i
0 20 40 60 80 100
p

Figure 3: The diagram of Lyapunov exponents as p changing from 2 to 100

From Fig.3, in addition to p = 2 and p = 4, HX equations of Liu system is
chaotic, called HX-type Liu system. When the initial value o = (20,2,3)7 |
if the peak point number p = 3, the phase diagram of HX-type Liu system is
shown as Fig. 4, if the peak point number p = 10, the phase diagram of HX-
type Liu system is shown as Fig. 5, if the peak point number p = 20, the phase
diagram of HX-type Liu system is shown as Fig.6, if the peak point number
p = 30, the phase diagram of HX-type Liu system is shown as Fig.7.

From the phase diagram of HX-type Liu system, we know, as the increase
of peak points, the phase diagram of HX-type Liu system is more like the phase
diagram of Liu system.



HX-TYPE CHAOTIC (HYPERCHAOTIC) SYSTEM ...

100 100

20 20

85

Figure 4: The phase portrait of HX- Figure 5: The phase portrait of HX-

Type Liu system as p =3

100 100

Type Liu system as p = 10

Figure 6: The phase portrait of HX- Figure 7: The phase portrait of HX-

Type Liu system as p = 20

Type Liu system as p = 30
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The equilibrium points of the HX equations (16) are obtained by solving the
equations

a(xg —x1) =0,
(17) bxl — kxlxg = O,
h(z1i + 213i41))T1 — cx3 — ha1wy(i41) = 0.

From equations (17), we see that the HX equations (16) has two equilibrium
points

B <O 0 _h$1i$1(i+1)> ’ <bC+ khz1izi(i41) bc+ khx1izyiqn) b)

kh(z1i + 21341)) " kh(z1; + 21341)) " K
as 1 € [T14, T1(i1))-

Remark 1. As we all know, Liu system (15) has three equilibriums:

be be
OOOEQ\/ \/hkz \/ \/hk

while the HX equations has a family of equilibrium points under the fuzzy
partition.

If the fuzzy partition is given, HX-type Liu system is definite. That is to
say an appropriate fuzzy partition defined a HX-type Liu system. In the secret
communication, changing fuzzy partion can give rise to switch chaotic system,
then the security is enhanced.

5. Conclusion

In this paper, we gave HX equations of continuous autonomous system and found
that HX equations of high dimensional system is more complicated than the
original system. For chaotic (hyperchaotic) system with polynomial right-hand
side, we divided it into differential equtions with monomial right-hand side and
obtained HX equation of them. By using linear addition, we got HX equations
of chaotic (hyperchaotic) system. We discovered that not all coefficients in HX
equations are variable. Even HX equations of some chaotic (hyperchatic) system
is equal to the original system. Under some fuzzy partition, if HX equations
with variable coefficient is chaotic (hyperchaotic), we defined it HX-type chaotic
(hyperchaotic) system. The equilibrium points of HX-type chaotic systems were
also analyzed. Numerical simulations verified the existence of HX-type chaotic
(hyperchaotic) system.
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