
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 39–2018 (89–96) 89

THE Q-CONJUGACY CHARACTER TABLE OF DIHEDRAL
GROUPS

H. Shabani
A. R. Ashrafi
E. Haghi
Department of Pure Mathematics
Faculty of Mathematical Sciences
University of Kashan
P.O. Box 87317-53153
Kashan I.R.
Iran

M. Ghorbani∗

Department of Pure Mathematics

Faculty of Sciences

Shahid Rajaee Teacher Training University

P.O. Box 16785-136

Tehran I.R.

Iran

mghorbani@srttu.edu

Abstract. In a seminal paper published in 1998, Shinsaku Fujita introduced the
concept of Q-conjugacy character table of a finite group. He applied this notion
to solve some problems in combinatorial chemistry. In this paper, the Q-conjugacy
character table of dihedral groups is computed in general. As a consequence, Q-
conjugacy character table of molecules with point group symmetries D3

∼= C3v
∼= Dih6,

D4
∼= D2d

∼= C4v
∼= Dih8, D5

∼= C5v
∼= Dih10, D3d

∼= D3h
∼= D6

∼= C6v
∼= Dih12,

D2
∼= C2v

∼= Z2 × Z2
∼= Dih2, D4d

∼= Dih16, D5d
∼= D5h

∼= Dih20, D6d
∼= Dih24 are

computed, where Z2 denotes a cyclic group of order 2 and Dihn is the dihedral group
of even order n.
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1. Introduction

A representation of a group G is a homomorphism from G into the group of
invertible operators of a vector space V . In this case, we can interpret each
element of G as an invertible linear transformation V −→ V . If n = dimV
and fix a basis for V then we can construct an isomorphism between the set
of all “invertible linear transformation V −→ V ” and the set of all “invertible
n × n matrices”. For the existence of this isomorphism, we usually use the
term matrix representation as representation. The irreducible representations
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are precisely the ones that cannot be broken up into smaller pieces. Suppose
α is a representation of the group G. Then the function α̂ : G −→ C given by
α̂(g) = tr(α(g)), the sum of all diagonal entries, is called the character afforded
by α. The character of an irreducible representation is called an irreducible
character.

It is well-known that the number of conjugacy classes is the same as the
number of distinct irreducible representations. Also, the group character af-
forded by a representation is constant on a conjugacy class. Hence, the values
of the irreducible characters of a group G can be written as an array in a square
matrix CT (G) known as the character table of G. In this matrix, the rows are
given the irreducible characters and the columns are given the conjugacy classes
of the group G, see [11, 12] for details.

Suppose G is a finite group and ⟨h⟩ is denoted the cyclic subgroup of G
generated by h. The elements g and h are said to be Q−conjugate to each other
if there exist t ∈ G such that t−1⟨g⟩t = ⟨h⟩. The Q−conjugacy is an equiva-
lence relation and generates equivalence classes which is called the Q−conjugacy
classes of G. Suppose that the group G is partitioned into Q−conjugacy classes
as G = K1∪̇K2∪̇ · · · ∪̇Kr. Following Fujita [4], each Q−conjugacy class Ki is
called a dominant class.”

Suppose Γ is an irreducible Q−representation of a finite group G and γ is
the irreducible character afforded by Γ. It is well-known that the Q−character
γ is constant on the Q−conjugacy classes of G. So, if g ∈ Ki then we can write
γ(Ki) as γ(g). The Q−character table of the group G is an r × r invertible
matrix in which the columns and rows are labeled by Q−conjugacy classes and
Q−irreducible characters of G, respectively. Shinsaku Fujita used this table
in a series of papers to solve some problems in combinatorial chemistry. We
encourage the interested readers to consult papers [1−3], [5−10] and references
therein.

The dihedral group Dih2n is a group of order 2n generated by a, b such that
an = 1, b2 = 1, b−1ab = a−1. The elements of this group has form aαbβ, where
1 ≤ α ≤ n and β = 0, 1. The character table of Dih2n is shown in Tables 1 and
2, when n is odd or even, respectively.

Table 1: The character table of Dih2n, n is Odd.

D2n aαbβ

χ1 1
χ2 (−1)β

χj+2 (1− β)(εjα + ε−jα)
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Table 2: The character table of Dih2n, n is Even.

D2n aαbβ

χ1 1
χ2 (−1)β

χ3 (−1)α(−1)β

χ4 (−1)α

χj+4 (1− β)(εjα + ε−jα)

Here, ε denotes the primitive n−th root of unity, i.e. ε = Cos(2πn ) + iSin(2πn ).
Our other notations are standard and can be taken from the standard books on
group theory.

2. Main results

Suppose G is a finite group and T1, T2 are representations of G over a field
K of characteristic 0. The representations T1 and T2 are called equivalent if
there exists a non-singular matrix S with entries in K such that S−1T1(g)S =
T2(g), for each g ∈ G. For simplicity, we use the notion K−representation as
representation over a field K.

Suppose L and K are fields such that K ⊆ L, and U is an L-representation
of a group G. We say that U is realizable in K if there exists a K-representation
T such that U and T are L-equivalent. We now assume that χ is an irreducible
character afforded by an irreducible K∗-representation U of G. The field gener-
ated by K and all of the values χ(g) over all elements of G is denoted by K(χ).
The Schur index of U with respect to K is defined as MK(U) = min(F : K(χ))
in which the minimum is taken over all fields F in which U is realizable. If χ is
the character afforded by an irreducible K−representation U of G and K has
characteristic 0, then mK(χ) denotes the Schur index of χ over K. We use the
notation m(χ), when K = Q is the field of rational numbers, see [13] for details.

It is merit to mention here that we can construct a group G such that
irreducible characters of G are rational values, but the Q-conjugacy character
table are from its character table. The reason is the fact that Schur index of
irreducible rational values characters can be different from 1 and so calculations
given the papers [14, 17] have to be corrected. A counterexample is as follows:

Example 4. Suppose SmallGroup(n, i) denotes the i− th group of order n in
the library of GAP, [15]. Then it is easy to see that SmallGroup(128, 937) is a
group isomorphic to Q8×Q8. Consider the characters χ17, χ18, χ19 and χ20, see
Table 1. Then one can see that these irreducible characters are having Schur
index 2. Thus the Q-conjugacy character table of this group can be constructed
by the character table in which 2χ17, 2χ18, 2χ19 and 2χ20 are substituted by the
corresponding irreducible characters in the parent table.
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Table 3: The character table of G = Q8 ×Q8.

G 1a 2a 4a 4b 4c 4d 2b 2c 8a 8b 4e 4f 4g 4h 4i 8c 4j 4k 4l 4m
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 -1 1 1 1 1 1 1 -1 -1 -1 1 1 1 1 -1 1 1 1 1
χ3 1 1 -1 1 1 1 1 1 -1 1 1 -1 -1 1 1 -1 -1 -1 -1 1
χ4 1 -1 -1 1 1 1 1 1 1 -1 -1 -1 -1 1 1 1 -1 -1 -1 1
χ5 1 1 1 -1 1 1 1 1 1 -1 1 -1 1 -1 1 -1 -1 -1 1 -1
χ6 1 -1 1 -1 1 1 1 1 -1 1 -1 -1 1 -1 1 1 -1 -1 1 -1
χ7 1 1 -1 -1 1 1 1 1 -1 -1 1 1 -1 -1 1 1 1 1 -1 -1
χ8 1 1 -1 -1 1 1 1 1 -1 -1 1 1 -1 -1 1 1 1 1 -1 -1
χ9 1 -1 -1 -1 1 1 1 1 1 1 -1 1 -1 -1 1 -1 1 1 -1 -1
χ10 2 0 0 2 -2 2 2 2 0 0 0 0 0 -2 -2 0 0 0 0 -2
χ11 2 0 0 2 -2 2 2 2 0 0 0 0 0 -2 -2 0 0 0 0 -2
χ12 2 0 -2 0 2 -2 2 2 0 0 0 0 2 0 -2 0 0 0 2 0
χ13 2 0 0 0 -2 -2 2 2 0 0 0 2 0 0 2 0 -2 -2 0 0
χ14 2 0 0 0 -2 -2 2 2 0 0 0 -2 0 0 2 0 2 2 0 0
χ15 4 2 0 0 0 0 -4 4 0 0 -2 0 0 0 0 0 0 0 0 0
χ16 4 -2 0 0 0 0 -4 4 0 0 2 0 0 0 0 0 0 0 0 0
χ17 4 0 0 0 0 0 0 -4 0 0 0 0 2 -2 0 0 2 -2 -2 2
χ18 4 0 0 0 0 0 0 -4 0 0 0 0 -2 -2 0 0 -2 2 2 2
χ19 4 0 0 0 0 0 0 -4 0 0 0 0 2 2 0 0 -2 2 -2 -2
χ20 4 0 0 0 0 0 0 -4 0 0 0 0 -2 2 0 0 2 -2 2 -2

Theorem 1. [16, Example 1]. The Schur index of any irreducible character of
dihedral group Dih2n is equal to 1.

Let G be a finite group, χ be an irreducible complex character of G and
mQ(χ) denote the Schur index of χ over Q. If Γ(χ) denotes the Galois group
Q(χ) over Q then it is well-known that

∑
α∈Γ(χ)m(χ)χα is an irreducible Q-

conjugacy character of G [11]. Thus, by knowing the character table of a group
and its Schur indices one can find the Q−conjugacy character table of the group.

In [6], Fujita computed the Q−conjugacy character table of cyclic groups.
For the sake of completeness, we reprove this result by a new method. To do

this, we define the Ramanujan sum cn(m) as cn(m) =
∑

1≤k≤n,(k,n)=1 e
2πikm

n ,
where m and n are positive integers.

Theorem 2. The Q-conjugacy character table of cyclic groups Zn can be com-
puted by QCT (Zn) = [aij ], where ai,j = cdi(

n
dj
).

In previous result, it is easy to see that

ai,j =
φ(di)µ(

di
(n/dj ,di)

)

φ( di
(di,n/dj)

)
,

where φ is the Euler function and µ is the Möbius function.
Let τ(n) denote the number of divisors of n. Then we can sort all divisors

in a sequence as d1 = 1 < d2 < · · · < dτ(n). In the following theorem we obtain
the Q-conjugacy character table of dihedral group Dih2n.

Theorem 3. The Q-conjugacy character table of Dih2n is recorded in Tables 4
and 5, when n is odd or even, respectively.
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Table 4: The Q-conjugacy character table of Dih2n, n is Odd.

D2n K1 Kj Kτ(n)+1

γ1 1 1 1
γi ϕ(di) cdi(j) 0

γτ(n)+1 1 1 -1

Table 5: The Q-conjugacy character table of Dih2n, n is Even.

D2n K1 Kj Kτ(n)+1 Kτ(n)+2

1 1 1 1 1
γi ϕ(di) cdi(j) 0 0
γτ(n) 1 (−1)j -1 1

γτ(n)+1 1 (−1)j 1 -1

γτ(n)+2 1 1 -1 -1

Proof. Suppose [x] denotes the conjugacy class with x as a representative. Our
main proof consider two cases as follows:

Case 1. n is odd. In this case the dominant classes areK1 = {[idG]}, Kτ(n)+1 =
{[b]} and Kj = {[ar], [an−r] : (r, n) = n

dj
}. Let γ1 = χ1, γτ(n)+1 = χ2 and

ψi = χ2+i. Then γi =
∑

(j,n)= n
di

ψj where,

γi(a
j) =

k=[n/2]∑
k=1

(k,n)= n
di

ψk(a
j)

=

k=[n/2]∑
k=1

(k,n)= n
di

εkj + ε−kj

= e

k=[n/2]∑
k=1

(k,n)= n
di

εkj +

k=[n/2]∑
k=1

(k,n)= n
di

ε−kj

=

k=[n/2]∑
k=1

(k,n)= n
di

εkj +
k=n∑

k=[n/2]+1

(k,n)= n
di

ε−kj

=
k=n∑
k=1

(k,n)= n
di

εkj

=

k=di∑
k=1

(k,di)=1

εkj

= cdi(j).
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Case 2. n is even. In this case, the dominant classes are K1 = {[idG]}, Kj =
{[ar], [an−r] : (r, n) = n

dj
}, Kτ(n)+1 = {[ab]} and Kτ(n)+2 = {[b]}. Let γ1 = χ1,

γτ(n)+2 = χ2, γτ(n)+1 = χ3, γτ(n) = χ4 and ψi = χ2+i. Then γi =
∑

(j,n)= n
di

ψj .�

We now consider the following isomorphisms between dihedral groups and
the point group symmetries of molecules:

• D2
∼= C2v

∼= Z2 × Z2
∼= Dih4,

• D3
∼= C3v

∼= Dih6,

• D4
∼= D2d

∼= C4v
∼= Dih8,

• D5
∼= C5v

∼= Dih10,

• D3d
∼= D3h

∼= D6
∼= C6v

∼= Dih12,

• D4d
∼= Dih16,

• D5d
∼= D5h

∼= Dih20,

• D6d
∼= Dih24.

Using the previous theorem and above isomorphisms, one can calculate the
Q−conjugacy character table of these molecules. In the end of this paper we
compute the Q−conjugacy character table of C5v

∼= Dih10 and D4d
∼= Dih16.

Our calculations are recorded in Tables 6 and 7.

Table 6: The Q-conjugacy character table of C5v
∼= Dih10.

D10 1 a b

γ1 1 1 1
γ2 4 -1 0
γ3 1 1 -1

Table 7: The Q-conjugacy character table of D4d
∼= D16.

D16 1 a a2 a4 ab b

γ1 1 1 1 1 1 1
γ2 2 0 -2 2 0 0
γ3 4 0 0 -4 0 0
γ4 1 -1 1 1 -1 1
γ5 1 -1 1 1 1 -1
γ6 1 1 1 1 -1 -1
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