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Abstract. This paper deals with hypergroups, as a generalization of classical groups.
An important tool in the theory of hyperstructures is the fundamental relation, which
brings us into the classical algebra. In this paper for an automorphism « we introduce
and study the construction of a-nilpitent fundamental relation in hypergroups. We will
characterize a-nilpitent groups via strongly regular relations and several results on the
topic are presented.
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1. Introduction and preliminaries

Nilpotent groups in terms of the certain normal series of subgroups are defined
in [2]. This approach demonstrates that there is a connection between nilpo-
tent groups and commutators. In [2] Barzegar and Erfanian introduced the
a-nilpitent group and a-commutator and its preliminary properties. Also the
relative nilpotent groups with respect to a certain automorphism are discussed.

Let G be a group and a € Aut(G), for two elements z,y € G, x and y com-
mutes under the automorphism a whenever yz = xy®. Moreover, ™'y lzy® is
called a- commutator of x,y and denoted by [x,y]q.

It is clear that if « is the identity automorphism, then we have ordinary
commutator. One can define a a-commutator of weight n as follows:

['Tla T2y e wxn]a = [xlv [.’L’Q, ey $n]o¢]a-

Let X; and X5 be two non-empty subsets of a group G. The a-commutator
subgroup of X1 and Xs is defined as follows:

(X1, Xola = ([x1,22]0 : @1 € X1, 22 € X2).

*. Corresponding author
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It is obvious that [X7, Xs], is not equal to [X2, X1], in general. Barzegar and
Erfanian introduced a-center of the group G as follows:

ZG)={yeG:[x,yla=1 for all z e G}.

Let N be a normal subgroup of G and N® = N. Then (zN)® = 2N, where
a:G/N = G/N. 1t is trivial [Z1,Z3,...,Tnla = [T1, T2, ..., Tp]a V.

Definition 1.1. A group G is called «-nilpotent if it has a a-central series,
that is, a normal series {1} = Gp < G; < --- < G, = G, such that Gi+1/G; is
contained in the a-center of G/G; for all i. The length of a shortest a-central
series of G is called relative nilpotency class of GG. If GG is a-nilpotent of class
Ca, then it is nilpotent of class at most c,.

For the group G and a € Aut(G), a lower central a-series is the following
normal series

G=I1G)EerG) ...

where, I'§(G) = ([z,y]al2,y € G) and for n > 1,17 (G) = [G,T(G)]. More-
over, I'%(G/N) =T%(G)N/N, where N = N.

Also an upper a-central series is the following normal series

1C28(G) 9 28(G) 4. .,
where Z§(G) = Z%(G) and for i > 1, % = ZO‘(ZQL(G)). Clearly, Z*(G) <G
i i—1
and in general, these two series will not stop, but if so, we will prove that G is
a-nilpotent and its converse is valid. Thus we find equivalent definitions for a
a-nilpotent group G.

Theorem 1.2 ([2]). Suppose G is a group and o € Aut(G). Then
1) Z5(G) = 22 (G);
2) x € Z%(G) if and only if [g1,- .-, gn,Z]a = 1 for all g1,92,...,9n € G;
3) Z2(G) C Zn(G).

Theorem 1.3 ([2]). For a group G the following is equivalent.
1) G is a- nilpotent;
2) There is an integer s such that Z§(G) = G.

Hyperstructure theory was first initiated by Marty [11] in 1934 when he
defined hypergroups and started to analyze their properties. Since there are
extensive application in many branches of mathematics and applied sciences,
the theory of algebraic hyperstructures has nowadays become a well-established
branch in algebraic theory. Some investigations of the theory hyperstructures
are accessible in the book of Corsini [3], Davvaz and Leoreanu-Fotea [5], Corsini
and Leoreanu [4] and Vougiouklis [12]. A hyperstructure (or hypergroupoid) is
a nonempty set H with a hyperoperation o defined on H, that is, a mapping
of H x H into the family of non-empty subsets of H. If (z,y) € H x H, its
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image under o is denoted by x oy. If A, B are non-empty subsets of H then
Ao B is given by AoB = |J{zoylxr € A,y € B}. z0 A is used for {z} o A
and Ao x for Ao {z}. Generally, the singleton a is identified with its member
a. The structure (H, o) is called a semihypergroup if ao (boc) = (aob) oc for
all a,b,c € H, and a semihypergroup (H, o) is called a hypergroup in the sense
of Marty if

roH=Hox=H\Vx € H,

which is called the reproduction axiom. This axiom means that for any x,y € H
there exist u,v € H such that y € xou and y € vox.

Definition 1.4. A hypergroup (P, o) is said to be a polygroup if the following
are satisfied:

(i) P has an identity element, that is there exists an element e € P, such
that z € eox Nz oe for all x € P,

(ii) every element x € P has inverse, that is there exists =1 € P, such that
ecxox Nzt ox;

(iii) for all z,y,z € P:

waoz@)yExoz’l@zEy*lom.

A function f : (H,o) — (H,x) is called a homomorphism if f(a ob) C
fla) = f(b) for all a,b € H. We say that f is a good homomorphism if for all a
and bin H, f(aob) = f(a)x f(b). Let (H, o) be a hypergroup and p C H x H

be an equivalence relation. For non-empty subsets A and B of H, we define

ApB < apb,Va € A,Vb € B.

The relation p is called strongly reqular on the left (on the right) if

xpy = a o xpa o y(x o apy o a, respectively), for all z,y,a € H.

Moreover, p is called strongly reqular if it is strongly regular on the right
and on the left.

Theorem 1.5 ([3]). If (H,-) is a hypergroup and p is a strongly regular relation
on H, then H/p is a group under the operation:

p(r) @ p(y) = p(2),¥z € x - y.

For all n > 1, we define the relation 3, on a semihypergroup H, as follows:

afpb <= 3I(z1,...,zn) € H" : {a,b} C [}, xi, and B = Up>18,, where
B1 = {(z,z);x € H}, is the diagonal relation on H. This relation was introduced
by Koskas [9]. Suppose that 8* is the transitive closure of 3, the relation 5* is
a strongly regular relation [3]. Also, we have:

Theorem 1.6 ([6]). If H is hypergroup then [ = 5*.
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Freni in [7] introduced a new fundamental relation v = U, >17y, where 77 is
the diagonal relation and for every integer n > 1, ~, is the relation defined as
follows:

n n
Wy <= z1,...,2n) € H",IT €S, 1 x € Hizlzi,y € HizlzT(i)’

where S,, is the symmetric group of order n. Suppose that v* is the transitive
closure of . The relation v* is a strongly regular relation [7].

The relation 8* is the least equivalence relation on a hypergroup H, such
that the quotient H/B* is a group, while v* is the least equivalence relation on
a hypergroup H, such that the quotient H/v* is an Abelian group.

As the fundamental relations play an important role in the study of theory
of algebraic hyperstructures, it has been studied by many authors ( for more
details see [8], [3], [13] and [7]). As it is well known that abelian groups are
contained in a- nilpotent groups. The smallest equivalence relation v* on a
hypergroup H such that the quotient H/~v*, the set of all equivalence classes,
is an Abelian group was introduced in [7]. Now in this paper we introduce and
analyze a new strongly regular relation £* on a hypergroup H such that the
quotient group H/&* is an a-nilpotent group. Also, we study the relationship
between a-nilpotent hypergroups and Abelian hypergroups. In particular, we
will characterize a-nilpotent groups via strongly regular relations and we obtain
several results on the topic.

2. Construct of a-nilpotent groups by a new strongly regular
relation &

Now in this paper we introduce and analyze a new strongly regular relation £*
on a hypergroup H such that the quotient group H/£* is an a-nilpotent group.
Let a € Aut(P) for two elements z,y € P, we define a-commutator of =,y as
follows:

[, y]a = {t|t € zyz"'y }.

Definition 2.1. Let H be a hypergroup and a € Aut(H). We define:
(1) LY (H) = H;
(2) L (H) ={h e HlyzNhx®y # 0,z € L{(H),y € H},Vk > 1.

Theorem 2.2. Let P be a polygroup. Then for all x,y,h in P
{hlyz N ha®y # 0} = {hlh € yoy~ 2™} = [y, 2]a.

Proof. Let h € {h|lyx N hx®y # (}. Then there is z € yx N ha®y, which
implies that h € z(z%y)™! C yry~tz=* Thus h € {h|h € [y,x]a}. Conversly
if h € {h|h € yzy~lz=}, then h € (yz)(x*y)~!. Therefore h € sr for some
s € (yx), r € (z%y)~!. Consequently h € s(x%y)~! implies that s € h(z%y).
Also s € yx. Hence yz N ha%y # . O
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By the above theorem it is obvios that for a polygroup P we have L}, |(P) =
{h € Plh € [y,2]a,y € Pw € LY}

Let n € N and &, = Umzl Em,n, Where &1 5, is the diagonal relation and for
every integer m > 1, and &, 5, is the relation defined as follows:

2emny = 21,0, 2m) € H™;36 €S,y

6(i) =1 if 2z ¢ LY(H) such that x € Hzi,y € Hzé(z’)-
i=1 i=1

Obviously, for every n > 1, the relation &, is reflexive and symmetric. Now
let & be the transitive closure of &,.

Corollary 2.3. For every n € N, we have * C £} C v*.
Theorem 2.4. For every n € N, the relation &, is a strongly reqular relation.

Proof. Let n € N. It is obvious that £ is an equivalence relation. Now we
show that if z&,y, then x.26%y.z and z.x€:z.y. For every z € H, x,y implies
that m € N such that x&,, ,y. So there exist (21,22,...,2m) € H™, 0 € Sy,
with o(i) = i if 2; ¢ L§(H), such that = € [[;2 i,y € [[;2 25(;). Therefore,
for z € P, x.z € [[[Z) 212, y.2 € [[i2) 20()-2 and (i) = i if z; ¢ Ly (H).
Now suppose that z,11 = z. We define the permutation ¢’ € S,,11, with
o'(i) = o(i), for all 1 <4 < m and o’(m + 1) = m + 1. This implies that z.z C
17 22,2 € [T Zgr(s)-2 such that ¢'(i) = i if z; & Ly(P). Therefore,
r.28%y.2. Similarly we have z.2&%2.y. Now, if €}y, then there exists k € N and
(r = ug,u1,...,ux = y) € P* such that = = up&ui&pus . .. Epup_1Enup = ¥.
Hence by the above result we have x.2 = ug.2€uq. 28 ug.2 . .. Exup_1.2E up.2 =
y.z.. and so w.2& y.z. Similarly we can proof that z.x€%z.y and the proof
completes. O

Proposition 2.5. For every n € N, we have &, | C&,.

Proof. Let x&,11y so 3(21,...,2m) € H™;36 € Sy : 0(i) =i if 2 & Ly (H),
such that © € [[;2 2, vy € [[;Z; 254:)- Now let 61 = 4, since L (H) C Ly(H)
so x&ny. O

The next result immediately follows from previous theorem.

*

Corollary 2.6. If P is a commutative hypergroup, then B* =& = ~*.

Theorem 2.7. If H is a hypergroup and ¢ is a strongly reqular relation on H,
then L (H/p)) = {[5,t];t € L3 ((H),s € H}.

Proof. The proof is based on induction. Put G = H/p and T = ¢(z), for all
z € H and @ € Aut(G). If k = 1, then L§(G) = {[5,¢|]a | t € LY(H),s € H}.
Now, put @ = [5,t]g where t € Lj}, | (H),s € H, so there exist x € Lj(H) and
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y € H such that yx Ntx®yt # (. Then ¢ = [y, T]z. By induction hypotheses we
have ¢ € Ly, (G). Hence @ = [3, 1]z € L{,,(G). Conversely, let a € L, ,(G).
Then @ = [7,%]a, where T € L (G) and j € G. So induction hypotheses
implies that T = [0, uls, where w € L{(H) and v € H. Since H is a hypergroup
there exists t € H;vu Ntuv # () such that £ = [0,7ulg =T and t € Ly, | (H),y €
H. Hence, a = [y,Z]a = [, t]a € {[5,t];t € LY ((H),s € H}. O

Theorem 2.8. H/E is a a-nilpotent group.

Proof. Let G = H/¢, and T = & (x), for all z € H. We show that LY, _,(G) C
Z{(G) for all s. Let ¢ = 0 then L% | (G) € Z§(G) = {€}.Then L ,(G) = {e}.

Now let @ € L%, ,_;_(G). we show that a € Z7(G). Sincea € L, ,_;(G),
so [5,ala € Ly, ,_;(G). By hypotheses of induction Lg ,_;(G) € Z*(G). Thus
by theorem 1.2 [5;,...,51,[5,alala = €. Thus @ € Z7(G). Now let i = n so
LY (G) C Z2(G). Therefore G = Z%(G) . Hence G is a- nilpotent as desired. [

Example 2.9. Let H = {e,a,b,c,d, f,g}. Consider the non-commutative hy-
pergroup (H,-), where - is defined on H as follows:

. e a b d f g
el e a b c d | f,gl| f,g
al| a e d | f,g| b c c
bl b | f,g| e d c a a
c| ¢ d | f,g| e a b b
d| d c a b | f,g| e e
flf,gl b c a e d d
gl f,g| b c a e d d

Then H/B* = S3 (for more details see [3]). Since Ss is not a-nilpotent and
H/& C H/B* = (S3). Tt concluded that £ # 5.

3. On a-nilpotent groups derived from finite polygroups

In this section we try to construct a-nilpotent group from a given hypergroup H
and the smallest strongly regular relation on H. Let H be a finite hypergroup.
Then we define the relation £* on H by

&=é&.
n>1

Theorem 3.1. The relation £ is a strongly regular relation on a finite hyper-
group H such that H/* is a a-nilpotent group.

Proof. Since £* is a strongly regular relation on H we have £* = ﬂn21 & . Now,
by Proposition 2.5, there exists k € N such that &, | = ;. Hence £* = £ for
some k € N. This complete the proof. O
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Theorem 3.2. The relation £ is the smallest strongly reqular relation on a
finite hypergroup H such that H/* is a a-nilpotent group.

Proof. Suppose p is a strongly regular relation on H such that K = H/p is a
a-nilpotent group. If €y, then there exists n € N such that x&,y. Therefore,
for some m € N, z&,,,y if and only if there exists (z1,..2,,) € H™ and § € S,
such that §(i) = i if 2; & Ly (H) where 2 € [iZ, 2, y € [[;Z, 25(:)- Therefore,
L2, (H/p) = {[p(t),p(s)] | t € L2(H),s € H} = {p()}. and 50 for every
zi € LY(H) and v € LYH, p(zi)p(v) = p(v)p(z;). This implies that p(x) = p(y)
SO xPY. O

4. Some important properties of ¢*

Definition 4.1. Let X be a non-empty subset of H. Then we say that X is a
&-part of H if for every k € N and (21, ..., z;) € H* and for every o € Sy, such
that O'(Z) =iqif z; & UnzlL%(H), then

k k
HziﬂX;é(Z):Hza(i) c X.
i=1

i=1

Theorem 4.2. Let X be a non-empty subset of a hypergroup H. Then the
following conditions are equivalent:

1) X is a &-part of H,

re X, xly—yecX,

e X, zy—=yecX.

Proof. (1 = 2): if (z,y) € H? is a pair such that 2 € X, 2£y, then there exist
(21, 2k) € HY 2 € T 2inX, y € [T 200y and o(i) = i if 2; & Un>1 LS (H).
Since X is a &-part of H, we have Hle Zo() © X and so y € X.

(2 = 3): Suppose that (x,y) € H? is a part such that € X and x¢*y.
Then there is (zq,...,2;) € HF such that = = 20¢21£...£2, = y. Now by using
(2) k times we obtain y € X.

(3 = 1): Suppose that x € Hle ziNX and o € Sy such that o(i) =i if z; &
Up>1 LS (H) Let y € Hle Zo(s)- Since z8y, by (3) we have y € X. Consequently,
Hle Zo(s) © X and so X is a {-part. O

Theorem 4.3. The following conditions are equivalent:
(1) for every a € H, &(a) is a {-part of H,
(2) & is transitive.

Proof. (1) = (2): Suppose that z¢*y. Then there is (21,...,2x) € H" such
that © = zp€z1€...8z, = y since £(z;) for all 0 < i < k, is a &-part, we have
zi € £(zi—1), for all 1 <1i < k. Thus y € &(x), which means that z{y.

(2) = (1): Suppose that z € H, z € {(x) and z&y. By transitivity of £, we
have y € {(x). Now according to the last theorem, {(z) is a &-part of H. O
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Definition 4.4. The intersection of all {-parts which contain A is called &-
closure of A in H and it will be denoted by K(A).

In what follows, we determine the set W (A), where A is a non-empty subset
of H. We set

1) Wi(A) = A and

2) Woi1(A) = {x € H|3(21,...,2) € H*,x € H?Zl 2(;), 30 € Sy such that
o(i) =1, if z; & U1 L (H) and T[5; 250 Wa(A) # 0}

We denote W (A) =, Wn(A).

Theorem 4.5. For any non-empty subset of H, the following statements hold:
1) W(A) = K(A),
2) K(A) = UgeaK(a).

Proof. 1) It is enough to prove:

(a) W(A) i a &-part,

(b) if A C B and B is a &-part, then W(A) C B.

In order to prove (a), suppose that Hle zi(W(A) # 0 and o € Sy, such
that o(i) = i,if z; & Up>1 LS (H). Therefore, there exist n € N such that
[T, 2 N Wy(A) # 0 where it follows that [[F | 2,4 € Wyy1(4) C W(A).
Now, we prove (b) by induction on n. We have Wi(A) = A C B. Suppose
that Wy,(A) € B. We prove that W,41(A) C B. If z € Wy,41(A), then z €
Hle z; and there exists o € S such that o(i) = i,if z; & Us>1L§(H) and also
Hle 2o, "Wy (A) # 0. Therefore, Hle 2y, N B # () and hence z € Hle z; C B.

2) It is clear that for all @ € A, K(a) C K(A). By part (1), we have
K(A) = Up>1Wp(A) and Wi (A) = A = Ugeaf{a}. It is enough to prove that
Wi(A) = UgeaWp(a), for all n € N. We follow by induction on n. Suppose it
is true for n. We prove that W,,11(A) = UgeaWn1(a). If z € W, 11(A), then
z € Hle z; and there exists o € Sy such that o (i) = ,if z; € Ug>1 LY (H ) and also
Hle Zo (i) FIWWH(A) # (). By the hypothese/s of induction Hle Zo(4) NWi(a') # 0,
for some a € A. Therefore, z € Wy11(a ), and so Wy+1(A) C UgeaWn1(a).
Hence K(A) = UgeaK(a). O

Theorem 4.6. The following relation is equivalence relation on H.
Wy <= x € W(y),

for every (x,y) € H?, where W(y) = W({y})).

Proof. It is easy to see that W is reflexive and transitive. We prove that W is
symmetric. To this end, we check that:

1) for all n > 2 and z € H, W,,(W(z)) = Wyi1(x),

2) x € W,(y) if and only if y € W, (x).

We prove 1) by induction on n. Suppose that z € Wa(Wa(x)). Then 2z €
1%, 2 and there is o € S, such that o(i) = i,if 2z ¢ U1 LY (H) and also
[1i—1 2o N Wa(x) # 0. Thus z € Wa(z). If 2 € Wy (Wa(x)), then z € Hle 2
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and there exist o € Sy, such that o (i) = 4,if z; € Ui>1 LY (H) and also Hle Zo(i)N
W,,(Wa(z)) # 0. By hypotheses of induction, we have Hle Zo(i) VWhyi(z) # 0
and so z € Wy,42(z). Now we prove (2) by induction on n, too. It is clear that
x € Wa(y) if and only if y € Wa(z). Then x € Hle z; and there exists o € Sy
such that o (i) = 4,if z; & Up>1 L§'(H) and also Hle Zo(i) " Wa(y) # 0. Suppose
that b € Hle Zo(i) "W (y). Then we have y € Wy (b). From z € Hle ziNWi(z)
and b € Hle Zo(;) wWe conclude that b € Wa(x). Therefore, y € Wy, (Wa(x)) =
Wn+1($). O

Definition 4.7. Let H be a hypergroup and p : H — H/{ be the canonical
projection. We denote by 1 the identity of the group H/¢, the set p~1(1) is
called the {-part of H and it is denoted by .

Theorem 4.8. o is the smallest subhypergroup of H, which is also a §-part of
H.

Proof. First we show that oy is a subhypergroup of H. If x,y € a¢ and z € x-y,
then £(z) = £(2)(y) = 1, so z € ag. On the other hand, there exists u € H
such that € u.y and so 1 = {(x) = {(u)é(y) = &(u). Therefore, u € ag. This
means that oey = ag, for all y € H. Similarly, yoe = a¢ which follows that o
is a subhypergroup of H. Now we prove that K(z) = p~!(p(x)) = aex = zag,
for every x € H. Indeed we have 2 € p~*(p(z)) if and only if p(z) = p(z) which
means z€x. Therefore, 2 € V(x) = K(z). Hence, K(z) = p~1(p(z)). Tt is
easy to see that p~!(p(z)) = agx = xag. From the above we obtain if € ag,
then K(x) = a¢ which means that ag¢ is a &-part of H. Moreover, if L is a
subhypergroup of H which is also a &-part, then L = K(L) = (J,c; K(a) =
Uger aca = agL. Thus a¢ C L.

0
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