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Abstract. The current article is associated with impact of noise and harvesting of
a three species eco system which consists of prey—predator—top predator with Holling
classification III. The stability of the given system is checked at the interior steady
state and bionomial steady states are also evaluated. Model formulation of the optimal
harvesting policy is given and its solution is derived at interior steady state by using Pon-
tryagins Maximum principle. We also examined the population intensities of variations
at the positive steady state due to environmental attribute, we have also highlighted
the diffusive steadiness of the structure along with some numerical simulations.
Keywords: bionomic harvesting,optimal harvesting,prey,predator, stability, stochas-
ticity white noise, diffusion.

1. Introduction

The prey-predator structure is a very affective model which has received exten-
sive attention [1-5]. But, all these works not completely supported the effect of
harvesting of species along with functional response. However in the real world
almost all species have the age structure of prey, predator and top predator.
Liu and Chen [6] surveyed the progression stage structured population dynam-
ics. There are several debates on ratio dependent predation have drawn the
attention of technologist is on Holling classification. Since this classification is
necessary and essential for prey-predator interaction. It is also important for the
dynamics of food web models, Bio pest controlling [7]. The choosing of the form
of functional response gives a very interesting dynamics and surprising effects
on statistical prediction.

Freedmen [8] discussed about the food chain model consisting of these species,
food chain systems are very complex and interesting and are dependent in the en-
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vironment. Insignificant modifications in the characteristics of such type of food
web system give the drastic consequences. Many food chain models have been
thoroughly explored, many other authors discovered and examining models have
three or four traffic levels [8]-[9] and they presented that the food chain models
are rich in dynamics. In many field situation like tea plant-pest-top predator
food chain have becomes extremely important and predator may determine the
fitness of the plant and destroying pest[10]. In view of social necessities the uti-
lization of organic assets and harvesting populace are usually practiced in yield
life controlling, fishery and forestry etc. There is a wide range of interest use of
bionomic modelling to gain insight in the technological utilization of well known
fields like forestry, fisheries [11-13].In [13] Xiao et.al, presented the following
model

rn T cxy ron fz
x(t)-mc(l—%>—my+x, y<t>_y<_D_my+m)'

Our article is associated with the prey which is of profitable important. The
predator and top predator are constantly participated in harvesting with an
agency. This process do not disturb the prey populace directly. This article
mainly concentrates on analysis of the changing aspects of tri-tropic food web
constitutes of victim, hunter and chief hunter, and which is having ratio depen-
dent three type functional response, along with harvesting efforts. Jostet al.,
[14] discussed and studied the underlying forces of a two species model with
Holling classification. The main aim of the current article is to study the dy-
namics properties of the model system defined above, the effects of noise and
diffusion on the above said structure are also analysed. Inspired by [15] and
[16] we consider the tri tropic prey-predator-top predator system incorporating
harvesting.

The organization of this article consists of several subdivisions. Subdivision
2 defines the elementary scientific model. Section 3 consists of boundedness of
the structure and investigation of fixed points, whereas steadiness is analysed in
section 4. Section 5 includes bionomic equilibrium analysis. Section 6 includes
optimal harvesting approach. The consequences of noise of the given food web
model termed as stochastic model is described in section 7. We also have given
the spatiotemporal analysis in section 8. In section 9, numerical simulations are
given. Finally concluding remarks are in section 10.

2. Mathematical model

We consider a computational mathematical model with harvesting, includes 3
species say a prey Ni, a predator N, and a top predator N3. In this construction,
we assume that top predator preys on predator only and predator, preys on
prey species only. Also we assume that the nutrient recycling is not considered.
In view of both biological and methodical point of view, this supposition is a
remarkable and a real-world one. It is also assumed that a ratio dependent
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type-111 Holling classification for both N1 <+ Ny and Ny <+ Nj interfaces. From
the above technological discussion the framed system is as follows

N1 81N2N2

2.1 N(T)=rN (1-— |- ——1= — — ¢ ENy,
21) i) =n 1( k1> (N2 + NZ)e, M

s1NZNy s2N5 N3
2.2 NyT)= — 12 g Ng— ——= 2" _ oy No,
(2:2) 2(T) (b1 N3 + N}) (baNZ + N3)ca

s9N2N.
(2.3) N3(T) = BELE s R S moN3 — q3E3N3,

~ (b2NZ + N2)

where
N1(0) > 0, N2(0) > 0, N3(0) > 0.

Here N;,© = 1,2,3 represents bio mass densities of prey, predator and super
predator species, ¢;,i = 1,2,3 represents catchability coefficients of species
respectively. F;,i = 1,2,3 represents efforts of applied to harvest to prey,
predator and super predators respectively, r; represents intrinsic growth rate
of prey species, s;,7 = 1, 2 represents maximal predator growth of predator and
top predator, m;,i = 1,2 represents natural death rate of predator and top
predator, b;,7 = 1,2 represents half saturation constants of predator and top
predator, ¢;,i = 1,2 represents yield constants of prey and predator. The term
(N2N3)/(by N3 + N?)represents ratio dependent type III functional response for
prey and predator and (N3 N3)/(by N2+ N3) represents ratio dependent type I11
functional response for predator and super predator. Here, throughout our anal-
ysis we are assuming that r —q1E1 > 0, po —q4 —q3E3 > 0, p1 —q5 — q2FE2 > 0.
We make an observable supposition that all the attributes are positive. Since
the densities of the population cannot be negative, the state space of system
(2.1)-(2.3) is given by R3 . To make a methodical analysis easy, we reduce
(2.1)-(2.3) into a non-dimensionalized one by using

Ny _ Nov/by N3+/b1b2

-—,N2 = ng =
ki’ k7 k1

Then the system (2.1)-(2.3) takes the form

t= 7“1T, ny =

2
lininy @ E1m

2.4 ny(t) =n1 (1l —nq) — —
( ) 1( ) 1( 1) n% I n% I~ )
2 2
pining langng  qalang
2.5 nh(t) = 515 — gsng — — ,
( ) 2() n%—l—n% 572 n§+n% 71
2
DP2ansn3 q3E3n3
2.6 na(t) = %2 — qung —
( ) 3() n§+n§ qans 7"1 )
where

ni (0) > 0,’/12(0) > O,ng(O) > 0,
S1 ! S9 51 mi ma 52
= s 12 = yP1= —Qq5 = —,4q4 = —,P2 = —.
017"1\/5 CoT1V bg T1 T1 ™ T
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3. Analysis of steady states
3.1 Steady states

It is obvious that the interior equilibrium point E*(n},nj3,n3) of system (2.1)-
(2.3) exist in the interior point of the first octant if there is a positive solution
of the algebraic equations

lin?ng gk

ni 1— niy) — =0
( ) n? 4+ n3 =l ’
2 2
pining langng  qeEang 0
2 o B2 e e T =Y
ny +nj n3 + n; 1
2
pansn3 qg3Esng
—y g T ans — =0.
n3 +nj 71

Then, by solving these equations, we get,

o p1pari(r1 — qrEr) — liriy/L(pipar? — L)
! plpzTi”

n* — ppoT% - L n*
2 L 1>
. _ (P2 +aqu)r1 —qzE3 )
ng = no,
qam1 + q3E3

L =page — lar1v/(p2 — ¢2 — ¢3F3)(qa + 43 E3) — p2qa Eo.

9

where

For positiveness of these values, we must have,

pipar: > L, (p2 + q1)r1 > g3 Es.

4. Stability analysis
4.1 Local stability analysis

Now to investigate the confined steadiness of inner steady state E*(nj,ns, nj).

Next we have to construct a matrix M (E*)

bi1 b2 b3
M(E*)= | ba1 by bo3
b31 b3z b33

Where

20nin E 2nt
b11:<1—2n1— 21 2 52—(11 1>7b12=<—21122>7
(ni"+n3)” 7 (ni” +n5’)
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2p1n*3n*
b3 =0,b21 = *272*212 ;
(ni” +n3)

B 2p1n?[3 2n§5n§ g2
bog = T2 2o —q5 — 2 2 2 | T ’
(ni” +n3) (n3 +n3) 1
2n*4lg 2panans
baz = — ﬁ ab31:0ab32:<*2*§2 )
(ny +n3) (n3 +n3)
2 2 2
ban — pans (n3” —n3’) q3Es3
33 — ) ¥2\2 —q4 — .
(nf +n3) r1

The analogous specific equation is

(4.1.1) N4 AN 4 A+ A3 = 0.

Where
Ay = —(b11 + bz + bs3)

< 2p1nT3 )
W3 2 .2
<1 _ 2n1 _ 2l1n2 ni _ q1E'1) + (nl +n2 )2

2
Ay = (ni*4ns”)" "

—q5 — (n’2‘2+n§2)2
2, .2 2
pans (ny —ni )\ _ qu — g3 b3
2 2
(ng +n§ )2 T1

Ay = (b11baa + b11b33 + baabssz — bagbsa — b21b12)

3
2[1’&5 ni _ q1E1
2 2\2
(i +n3)" M
2p n*3 2n*3n*
<(n’f2+n§2)2> a5 2 (n3? +n§2)2>
2

_ q2Es + pans (n3 —nj )
m (ny"+n3")2

2p1n’1‘3 2n§3n§ q2F»
il U el Bk CRal ) e ammerctoll '
(ni” +n3) (n3 +n3) 1
P2n§2 (nf - n§2) q3kE3
(n3" +n3") 1

_ _ g3E3
q4 "

3
%@@>@@
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+

2n§4l2 ( 2pamaoni >+ B 2l1n’1‘4 2p1n§3n{
(n3" +n3)? ) \(n5" +n3")? (2 +n3")? ) \ (" +n3")?
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As = [b11b23b33 — b11ba3bza — b12b21b33]

2lnk ny g1 B
Ag = 1-— 2TL1 — 5 2 N — .
(ni"+n3y)” M

1 G W G € WA B 10
(ni" +ny’)? (ny’ +n3)2)

2 2 2
' (p2n§ (ny —nj )) - a3 E3

(n3" +ny’)?

_ 1— 27’11 B 2l1n§3n1 B Q1E1 _ 271;412 ( 2p2n2n§ >
(7’L>{2 —|—’)’L§2)2 1 (n§2 +n§2)2 (n§2 +n§2)2

- B 21171’{4 2p1n§3nf P2n§2 (n§2 — nf) g q3E3
o) ) \\ o 42 z

clearly, the proposed system is locally asymptotically stable by Routh-Hurwitz
criteria.

4.2 Global steadiness

Theorem. The positive steady state (n},n3,n3) of the above proposed sys-
tem is globally asymptotically stable if

i (3) ()
nq n
* * n3
()

l1 >0,1lp >0and P < min(Q, R), where

P=a« (llcgmgn; + l2p2m4n§) —+ ﬂ (clmln’{ —+ llplmgnz) ,
Q = 2l1 (Bpiman] + acomszny),
R = 2alopomyy™ +  (2a+ crmay™) .

Proof. To check the global steadiness of inner equilibrium point, construct
a Lyapunov function V (¢) as

V(t) = (nl — "T> ni(t) + 1y <n2 — "2> na(t) + Iy <"3 — n3) n3(t)

ni no ns

caning  qr B
V') =(ng —nd) |1 —ng — —
( ) ( 1 2) |: 1 n% +n% r :|
2
ping conang  qokbo
+ 11 (ng —n3 —q5 — —
o) [P - - B



IMPACT OF HARVESTING, NOISE AND DIFFUSION ON THE DYNAMICS .. 275

2
pany q3E3
+l(ny —n3) | 55 —qs — )
2(3 3)[71%—1—7% q4 r }
At the equilibrium point (n}, n3, nj%), we have
V() = (ny — %) |1 —ny — M2 g e CIMANS
N P2 nl g2 4ong?
2 *2 * 0k
pin CoN2Nn3 pin CaNoN
+ll(n2_n§)[2 12_ 2 2 7 %2 1*2 *223*2}
ni+mn; n;+nz n°+ng Ny~ + ng
2 *2
p2ny p2ny
+ 1y (ng — nj —
2 (s 3)L%+n§ n¥+n¥]

Therefore, we have

cny

V/(t) = = (m —n3)? — = (ngns — man}) (1 — n}) (n2 — n3)

ciny
- TQ (nanb — mn}) (ng —ni)?

4 B2 (s i) (=) (m = ) — P2 (1 £ mina) (s — )
+ 220 (g ) (g — ) (ma = 3) = 2 (ran — man) = 3
+ lQp;n;’ (n2n3 4+ n3n3) (n2 — n3y) (n3 — n3)
_M?%m@+@mﬂm—@ﬂ

where

a=(nf+n) (n? +n3?) .8 = (n§+n3) (ns2 +n5?),
clmm*{ C1m1n§ l1p1m2”§}
- +
20 Q 2

V'(t) < (ny —n})? [—1 +

comany  Lipimons  lLipiman]  licoman}
2a + 2c B « + 2/
_licomgn}y l2p2m4n§]

B 2p

= n)? |

heomgny | lapamang l2p2m4n§}
)

*\2
+(n3—n3) I: % % 3

where my = nanj — niny > 0,ma = nind + njy, ms = nanj — nons > 0,my =
nons + niyng. The derivative of Lyapunov function becomes negative, if

a(licomani+lopamyny)+L(cimin]+lipimans) < 2alepamans+23(a+ciming).

Hence proved.
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5. Bionomic steadiness

The aim of this section is to capture the changing aspects of several live tools and
data using inexpensive models. Let c3 be the harvesting cost per unit effort for
prey species. Let ¢4 be the harvesting cost per unit effort for predator species.
Let ¢35 be the harvesting cost per unit effort for super species. Let p3 be the
price for unit biomass for prey species. Let py be the price for unit biomass for
predator species. Let ps be the price for unit biomass for super predator species.
Thus net revenue is NR = NR; + NRy + N R3. Where NR; = (p3qin1 — c3) E1.
N Ry = (pagana — c4)Ea, NR3 = (psqsns — ¢5)E3. The Bionomic steady state is
(1) o+ (12) 56 5 (M8) g s (B g+ (£2) 0+ (E13) ) and

lintny @B

5.1 n(l —nq) — =0,
( ) 1( 1) n% + n% 1
2 2
pl’I’LlTLQ ZQ’I’LQTLg q2E2n2
(52) n2 + n2 — g5N2 — nZ + n2 - . =0,
1 2 3 2 1
2
DP2an;yNn3 q3E3ns
5.3 = — qun3 — =0,
( ) n% —I—n% s 71

NR = NR; + NRy+ NR3 = (p3qin1 — ¢3)E1 + (pagana — ca) Eo
(5.4) + (psqzns — c5)E3 = 0.

To obtain the bionomic steady state , it is needed to verify the cases

Case (i). If c3 > p3qini,ca > pagana,cs > psqsns, which is not nearer to our
aim.

Case (ii). if ¢3 < p3qini,ca < pagane, cs < psqsns, which is very nearer to
our aim and recommended for the above working model.

(5.5) (1) = (pj;> y (n2)o = (&) » (18)o = <p§5qa> '

From (5.1), (5.2) and (5.3) we get

2
r1 (P3q1 —c3  licgeapapipaqe
(5.6) (B1), = — ( — ) ,
<@ D3G3 ApiG + Ap3at
2,2 9
1 b1C3Py4s C4C5P4P5G243
61 (Be=2( -t ).
> g \pigs + Ap3g? cAp2q3 + c2pigs
2 92
1 DP2€4P4q2P54G3
(5.8) (E3)s = — < - Q4> .
* a3 \cip3el + c3pia3

For,(E1) ., , (E2).,(E3)., are to be positive if

(5.9) Ap > B),,Cp > Dy, Ep > F),
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where
A P p o hGewmpine o picpiG
P psas 0 Epiad+ i P cdpiad + i
D. — l2< C4C5P4P5G243 ) Ep — p264p4Q2p§Q§ — o
P P33 + cEpias )’ cip3a3 + pigs’ "

Thus, bionomic steady state

(M) » (M2) 00 » (M8) e s (B1) 6 5 (E2) 00+ (E3) o)

occurs if (5.9) satisfied.

6. Optimal harvesting strategy

This section deals with feasible harvesting procedure of (2.4)-(2.6). we use the
pontryagin’s principle to attain an optimal path. For this we construct present
value function

o0
(61) J:/ P(nl,ng,ng,El,Eg,Eg,t)e—‘”.
0

Where

P(n1,n9,n3, E1, By, E3,t) = (piqin1 E1 — c3E1) + (pagana By — caE»)
(6.2) + (p3gansEs — c5E3)

And § is the instantaneous annual rate of the discount. To maximize J with
respect to (2.4)-(2.6), consider the Hamiltonian function

H = e piging — e3)Ey + ¢ % (pagona — c4) By + ¢ % (pagans — c5) B

lin3ng g Eing
6.3)  +\ [n 1—ny)— 1 —
(6:3) L[l ) (n3 + n?) r1
2 2
pining langns q2Eony
I 4 L0 L R -
2<<n5+n%> PR i) T )
2
Pan;n3 q3E3n3
Ao P22 _ 3533
i 3<<n§+n5> wns T >

where A1,A2,\3 are adjoint variables and F;,F9,F3 are the control variables
satisfying the constraints 0 < Fj < (E1)max,0 < E2 < (E2)max, 0 < E3 <
(E3)max, and ¥1(t) = e % pigin1 — c3) — Migin1, ¥2(t) = e % [pagans — c4] —
Aagona, 3(t) = e~%[psgsns — 5] — Azqsns.

In order to find a feasible steady state ((n1)s, (n2)s, (n3)s, (E1)s, (E2)s, (E3)s)
if H is linear in Ey and F5 ideal control can be extreme, thus we have E; =
(Ei)max, Vi(t) > 0, B; = 0,1(t) <0, for i = 1,2, 3.

(&
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If ¢1(t) = ¢2(t) = wg(t) = 0, then )\16& = p1_073 )\26& = p2—074 )\36& =

i qni’ qan2’
p3 —

q3n3

OH
OF;

(6.4) 0,

where i = 1,2,3 With the help of ideal controls, and (6.4) are necessary condi-
tions for the maximization H.By pontryagin’s rule, the equations are

oM OH Gt hino2mni @B
oA 2T A1 - 20 — -
ot ony [6 P1q1 + A1 ny (n? + n2)? "
(6.5) Aap1ne2n1n3
‘ (nf +n3)? |’
e OH s [1in3(n3 — n?)
62528712:[6 P2g2 + A1 W
n2 —n? |
6.6 +Xo |pin? [21} - ]
( ) 2 |:p1 1 (n%_'_n%)Q q5_
lanins } @B | [ 2panins ]
+2) - TSV N L L
4&@+@V re ] (03 4 nd)?
8y  OH s Iyn3(n3 — n3)
oA 94 o\, |22\ T )
at  omg % P33 = A2 | T ey 2y
2/, 92 2
pans(nz — n3) q3Es3
6.7 A3 | —5—2—5 —qq — .

At E*(n},n%,n3) and from (6.4),(6.5),(6.6) and (6.7)we have

d\ s, dXo " dA3 5t
I + MMy = —e” " Mo, 7 + Ao(M3) = —e™ %" My, It + A3Ms5 = —e " M.
And solutions are
M, —dt My —dt M —5t
6.8 N =—"— 7)\ - - ,)\ __ "% ,
R 7 R A e T R R ey T

where

2n1n3 E
M1 = |:1 — 277,1 — llng i - a 1:|

(nf+n3)*

e o [ ]

2 2
qana ni + n2)2
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2 2 3
ns —n lanzng q2Eo
M3—p1n2{2 ! ]-%-FQ{ ]— ;
ot v G R T I
c3 lln% (n% — n%) Ccs 2p2n§n2
My = —p2go — (p1 — [ - ,
P ) |t | T ) (2
M. i —ng) @b
5 — D) 22 44 5
(n3 +n3) T1

c [l2n§(n§ - n%)]

Mg = —(p2 —
6 = (p3g3 — (p2 ons) | (3 + 2

It is obviously that Ai(t), A2(t), A3(t) are bounded as ¢ — oo. From (6.4) &

(6.8), we obtain a singular paths

c3 M2 Cyq M4 Cs M6
p1— * y D2 — v yP3 — * .
N, 0 — M g2 N3 6 — Ms g3 N3 0 — Ms

These singular paths can be written as

c3 ) Mo
Ny 60— My’

Fi(N7) = (p —

Cq4 M4

) Cs M;
qQNg 5 — M37

B q3N§)_5—M5'

Fy(Ny) = (p2 —

F3(N3) = (p3

There exists a unique roots n} = (n;)s,i = 1,2,3 of Fj(n}) = Oin the interval

0 < (ni)so < k; if the inequalities F;(0) < 0, F;(k;) > 0, FY(n}) > 0 for n} >

0.Therefore, the feasible steady state population are is n} = (n;)s,i = 1,2, 3.
Then the feasible efforts are

* r lTLTL
E1—(E1)6—1<(1—”1)—;122>,

il ni +nj
2
r1 ( ping langna
B — (Fy)s — & g — ,
2 ( 2)5 % <n% T n% qs ng T ng)
2
1 bany
E*:(Eg)(;:( (I4>«
’ g3 \nj3 +nj

For (E;)s > 0,i = 1,2, 3, are to be affirmative, if

2 2
lining  ping langny  pans
2 279 2 2 ERN) 2

niy +mn; ni+n; nz +n; n3+n;

(1—n1)> > Q4

exists. Hence (n;)s, (Ei)s,7 = 1,2, 3 are resolute, and from (6.3),(6.4) and (6.8),
we establish that \;(t)e®, (i = 1,2,3)do not vary with time in feasible steady
state. Therefore they keep on bounded as t — oo.
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7. The Stochastic model

Now, this section is meant for the extension of the deterministic model (2.4)-
(2.6), which is obtained by adding noisy term. There are several ways in which
environmental noise may be incorporated in the model system (2.4)-(2.6). Ex-
ternal noise may arise from random fluctuations of finite number of parameters
around some known mean values of the populace densities around some fixed
values. The populace intensities of oscillations are calculated near the inner
steady states due to environmental attributes by applying the method of [17] and
[18]. Since the aquatic ecosystem which always has unsystematic fluctuations
of the environment, it is difficult to define the usual phenomenon as a deter-
ministic ideal. The stochastic investigation benefits us to get an extra intuition
about the continuous changing aspects of any ecological unit. The deterministic
model (2.4)-(2.6) with the effect of random noise of the environmental results
in a stochastic system ((7.1)-(7.3)) given in the following discussion.

linfne @ Eim

7.1 ny(t) =ni(1 —nq) — + t),
M0 ) = m(—m) - mer (1)
2 2
pinineg lonsng  qakbs
7.2 Ht) = - - - t),
(7.2) ny(t) w2+ 3 qsn2 B R, ng + n2w2(t)
2
paning q3E3
7.3 ns(t) = — qan3 — —n3 + t),
(7.3) 3(t) nZ 4 2 qang — == n3 n3p3(t)

where 71,12, n3 are the real constants and ¢1(t) = [p1(t), p2(t), p3(t)] is a three

dimensional Gaussian white noise process satisfying E(pi(t)) = 0,7 = 1,2, 3,

Elpi(t)p;(t)] = 6;;0(t —t'), i = j = 1,2,3 where §;; is the Kronecker delta func-

tion, 0 is the Dirac —delta function. In this analysis, we focus on the dynamics

of the model (7.1)-(7.3) and we compute the population variances around E*.
Let

nl(t) = ul(t) + S*,nz(t) == UQ(t) + P*,ng(t) = u;;(t) +T*,

then
dm _ duy dny _ duz dng _ dug
dt — dt’dt  dt’dt  dt’
Utilizing the above and taking only the linear part, we have
du * *
dTl = —u1s* —ua(S)? + mepr (t),

dUQ

dU3

Now applying Fourier transform, we get
iwiy (W) = —=8* i (w) = (5%)%a2(w) + m@i(t),

iwiia(w) = —(P*) 2 (w) + n2@2(t), iwiiz(w) = n3@s(t).
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The matrix form can be written as

(7.4) P(w) = A(w)u(w)
where
(iw+S5*) (57 0 u(w) mei(w)
Alw) = 0 iw+ (P)? 0| u(w) = [ua(w)|,pw) = |mp(w)
0 0 w uz(w) N3p3(w)

(7.4) can also be expressed as u(w) = [A(w)]"1P(w) = B(w)@(w), and B(w) =
[A(w)]~t. The solution of (7.4) is

3

ﬁ(w) = Z Bij«’”)”j@(w)’i =1,2,3.
j=1

The strengths of oscillations of u;, i= 1,2,3 are
1 o [ )
O = 22/ 1y |Bij(w)|” dw,i = 1,2,3,
e

where
_ _Gij(w)
det A (w)’

Using (7.4), The populace variances of (7.1)-(7.3) are as follows,

1S9 B 2 00 .. 2 o0 .. 2
[T GO G,
o e AP T 2 L faer P 2n L et aw)

Bij i=1,2,3.

g )

where

Grn = Xoun + Yn,myn=1,2,3, X1 = —w?, Y11 = wP*, X125 =0,Y15 = wS*
X13=0,Y13=0,X9, =0,Yy =0, X3 = w? Yoo = wS*, Xo3 =0, Ya3 = 0,
X31=0,Y31 =0, X350 = 0, Y32 = 0, X33 = —w? + S*P*, Y33 = w(S* + P*).

Hence the population variances of prey, predator and top predator are as

] 2 00 2
o2 = 771/ |G (w)] dw+ 772/ |Gz (w)| d
21 ) _oo |det A(w)] 21 J_oo |det A(w)|

1 > |G w 2 1 >~ |G w 2
o2 =L 772/ W P R ng/ LGP ;1

Now, we come across, the following cases.

)
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Case (i). If y3 =12 = 0, then

b2 002 =002 = [T (PSP 4 (S 4 P?)

_ d
us = on | R2(w) + I2(w) n

Case(ii). If 7o = n3 = 0, then

o _m [% (w4+w2P*2)

— = " dw.o? =0.02 =0
Tu = 9r | R2(w) + 2(w) T T 7

u3
Case (iii). If n; = n3 = 0, then

2 2
5 m o] (wQS* ) 5 9 o) (w4+w25* ) 5
_m _ Wwer ) _ 2 TR g =0.
Tu = on | R2(w) + P(w) 7 T 2r | R (w) + P2(w) T

Further, for stochastic system, populace variances play an affective role in
stability analysis of the system. In the presence of environmental variable, the
parameters of the system oscillate in populace densities around the inner state.
Hence we conclude that inclusion of stochastic perturbation creates a significant
change in the entire changing aspects and in the proposed model system due to
change of responsive parameters can create more effective large environmental
oscillations.

8. Diffusion analysis

The current article deals with a class of extended tri trophic prey predator
systems in environmental science, modelled by diffusion equations. Although
the dispersal system is a relatively simple model for the raid of prey species
by predators in a spatial domain, the solutions exhibit an extensive spectrum
of ecologically pertinent behaviour. Spatiotemporal dynamics includes chaos,
target patterns [19,20,21]. The study of such spatiotemporal dynamics is an
intensive area of research and there are still many unanswered questions con-
cerning these solution types [21,22,23].By constructing a structure consists of
prey ,predator and top predator system with constant harvesting rates .The
populace of the system are prey, predator and top predator. The populations
are subject to dispersal .The spread of the population is observed by the pat-
tern. These are two kinds of spread (i) The propagation of continuous travelling
population fronts of high species density. (ii) The formation & movement of
paths of high density separated by areas with density close to zero. The actual
dynamics of the species spread is a result of the inter play between diffusion
and deterministic factors. We shall study the effect of diffusion of ecological
population on the model system. Let us consider the diffusive equation system
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as
@1 m)=m-m) - :;ET;Z% B (himl + Dl(znzl,
(8.3) ”g(t) = sgﬁ?% —g4n3 — qifgn?) + Dgaai?;

In this D1, Ds,D3 represents the constant diffusion coefficients of the prey,
predator and super predator. The model system (8.1)-(8.3) are inhomogeneous
as the reaction diffusion system. For such introduction of the diffusion term
of the populations, it has become a spatiotemporal dynamical system. We
consider the following conditions of the population nj(u,t), no(u,t) and ns(u,t)
in0<wu<L,L >0 as follows

8n1(0,t) o 8711(L,t) o 8n2(0,t)
ot ot ot

8712(L,t) o 8%3(0,t) o 87‘&3(L,t)
o ot ot

=0, =0.

The zero isoclines of model equations (8.1)-(8.3) also give the steady state
which are same as we have obtained for homogeneous system. Now we linearize
the system (8.1)-(8.3) by putting n; = nj + Ni1,n2 = nj + Nag,ng = nj + Nag,
in view of inner steady state and we get

82
(8.4) N{l(t) = —l17“1]\71]\f27”6*1< + Dlwn;,
82712
. lo(t) = Dy=—2
(85) Ny(t) = Do
82?”&3
(8-6) Né(t) = ng

The solution of (8.4)-(8.6) can be expressed as

ni(u,t) = arere™,

Then the model becomes

(8.7) N1, (t) = —lir1 N1 Non} + Dy (—k*N11),
Njo(t) = Da(—k*Nog),
Nij4(t) = D3(—k*Ns3).

The characteristic equation of (8.7)-(8.9) is

(8.10) M4+ AN 4+ BA+C =0
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where A = ]€2(D1 + Dy + Dg) + llrlnTNQQ, C = llrln“{Ngngng‘l + D1D2D3]€6,
B = lyr1 Nognik?*(D3 + D2) + k*(D1 Dy + Dy D3 + D1 Ds).

By applying Routh-Hurwitz criterion, to satisfy and make it possible if and
only if A>0,C >0, D=C — AB < 0 (which is definitely possible).

Theorem. The system in the absence of spatiotemporal attributes at the
inner steady state (n}, n3, n})attains steadiness, then the corresponding uniform
steady state of the model (8.1)-(8.3) in the presence of spatiotemporal attributes
also attains steadiness.

Proof. Consider a function V; (t) as Vi(t) = fOR V(ni,n2,n3)du

V(ny,ng,ng) = [(nl —n])—n] ln(i)] + 1 [(nQ —ny) —ns 1n(i)]
n U

n
Ty [<n3 ) - 1n<:°:>] ,
ng

B/ v on ov On ov On
Lt :/ e T2 TS Y du=1, + I
Vil = |\ G ot T omy ot Tong ot )T ht D

R q R v H? v 92 v 02
where Iy = " S¢du and I = [ (DlTUI gur + Deg- Gt + Dagos 81723) du

R 92 2 R 92 2 R 92 2
0“v ([ 0ng 0“v [ Ong 0“v [ Ons
Ib=—D — | == ) du—D — | == du—D — == d
2 1/0 8n1<0u> “ 2/0 6n2<3u> " 3/0 0713( u> "

R x 2 R, x 2 R _x 2
12:—D1/ ni (O du—Dg/ ny ((Onz du—Dg/ s (0ns)” g,
o n1 \ Ou 0 M2 \ Ou o n3 \ Ou

It is observed that, if I; < 0 then % < 0. Hence the theorem holds.

9. Numerical simulations

In this section we have validated the analytical findings through numerical data
using Technical tool MATLAB

Example 1. For the parameters i1 = 8,1 = 5.3 ,p1 = 3.1, po =2, g5 = 0.3,
qs = 0.6, E1 =10, E5 =15, £33 =5, r; = 10, ¢1 = 0.15, g2 = 0.01, ¢35 = 0.01

Example 2. Forl; =8, =11,p1 =10, p2 = 2,95 = 1.5, q4 = 1.5, B) = 2,
EQ = 3, E3 = 4, = 4, q1 = 015, q2 = 001, q3 = 0.01

Example 3. Forl; =2, =11,p1 =10, p2 =2, 95 = 1.5, q4 = 1.5, F) = 2,
FEy=3,Es=4,r1=4,ql =0.15, ¢2 =0.01, g3 = 0.01

Example 4. For [y = 2,10 =5.3,p1 = 3.1,p2 = 2,¢q5 = 0.3,q4 = 0.6,F; =
10,E2 = 15,E3 = 5, r = 10,(]1 = 0.15,(]2 = 0.01,(]3 = 0.01,D1 = 20, D2 = 30,
D3 =40
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20 —

——Prey
Predator
Super predator

Prey,predator,super predator
super predator

0 5 10 15 20 25 30 Predator ) Prey
Time

Figure 1.a Figure 1.b

Figure 1: a:shows the differences in populace against time for the set of values
of example 1.

Figure 1.b: shows graphically the differences in the population among Ny, No&
N3 predator values for the values of example 1

Prey
Predator
Super predator

Prey,predator,super predator
super predator

25 3 35 4 4.5 5 Predator 0 o Prey
Time

Figure 2.a Figure 2.b

Figure 2: a:shows the differences in populace against time for the set of values
of example 2.

Figure 2.b: shows graphically the differences in the population among Ny, Nao&
N3 predator values for the values of example 2



286 G. BASAVA KUMAR AND M.N. SRINIVAS

pr
— — super predator

Number of prey,predator and super predators

L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time 10

Figure 3

Figure 3: shows populace shades against time for the set of values of example

3.

n1-n2-n3 Oscillations with noise

Figure 4

Figure 4: shows graphically how the populace shades differ among Ny, Na, &
N3 for the set of values of example 3.

Prey Density

5
Space s 2 0 Time t

Figure 5.a
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-
5

Predator Density
o
Super Predator Density
13

10

4 4

5 5
Space s 2 0 Time t Space s 2 0 Time t

Figure 5.b Figure 5.c

Figure 5: a, 5.b , 5.c represents the stable oscillations of n(u,t), na(u,t), and
ns(u,t), respectively against time and space for the attributes of example 4.

Prey Density
Predator Density

5 4 5

Space s 2 0 Time t Space s 2 0 Time t

Figure 6.a Figure 6.b

Figure 6: a , 6.b , 6.c represents the stable oscillations of nq(u,t), na(u,t), and
ns(u, t), respectively against time and space for the attributes of example 4.

Super Predator Density

Space s 2 0 Time t

Figure 6.c
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10. Concluding remarks

This article mainly concentrates and aims at the most interesting changing as-
pects of a prey, predator and top predator food chain model with functional
response III. We obtain the possible equilibrium points and analysed. Bio-
economic and feasible harvesting strategies have been computed using maxi-
mum principle. It is shown that the dynamics of deterministic system in the
figures (1.a), (1.b), (2.a) and(2.b). It is also studied about the stochasticity of
the given system and observed the effect of environmental flux around the posi-
tive steady state in the presence of an environmental attribute. The population
variances computed and stability concept is also analysed. Graphically Figures
(3),(4) shows the impact of noise with suitable set of values. We also verified
the steadiness of the spatiotemporal model of the system (8.1)-(8.3) graphically.
Figures (5.a), (5.b), (5.c), (6.a), (6.b), (6.c) shows the spatiotemporal steadiness.
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