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Abstract. The current article is associated with impact of noise and harvesting of
a three species eco system which consists of prey–predator–top predator with Holling
classification III. The stability of the given system is checked at the interior steady
state and bionomial steady states are also evaluated. Model formulation of the optimal
harvesting policy is given and its solution is derived at interior steady state by using Pon-
tryagins Maximum principle. We also examined the population intensities of variations
at the positive steady state due to environmental attribute, we have also highlighted
the diffusive steadiness of the structure along with some numerical simulations.
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1. Introduction

The prey-predator structure is a very affective model which has received exten-
sive attention [1-5]. But, all these works not completely supported the effect of
harvesting of species along with functional response. However in the real world
almost all species have the age structure of prey, predator and top predator.
Liu and Chen [6] surveyed the progression stage structured population dynam-
ics. There are several debates on ratio dependent predation have drawn the
attention of technologist is on Holling classification. Since this classification is
necessary and essential for prey-predator interaction. It is also important for the
dynamics of food web models, Bio pest controlling [7]. The choosing of the form
of functional response gives a very interesting dynamics and surprising effects
on statistical prediction.

Freedmen [8] discussed about the food chain model consisting of these species,
food chain systems are very complex and interesting and are dependent in the en-
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vironment. Insignificant modifications in the characteristics of such type of food
web system give the drastic consequences. Many food chain models have been
thoroughly explored, many other authors discovered and examining models have
three or four traffic levels [8]-[9] and they presented that the food chain models
are rich in dynamics. In many field situation like tea plant-pest-top predator
food chain have becomes extremely important and predator may determine the
fitness of the plant and destroying pest[10]. In view of social necessities the uti-
lization of organic assets and harvesting populace are usually practiced in yield
life controlling, fishery and forestry etc. There is a wide range of interest use of
bionomic modelling to gain insight in the technological utilization of well known
fields like forestry, fisheries [11-13].In [13] Xiao et.al, presented the following
model

x′(t) = rx
(
1− x

k

)
− cxy

my + x
, y′(t) = y

(
−D − fx

my + x

)
.

Our article is associated with the prey which is of profitable important. The
predator and top predator are constantly participated in harvesting with an
agency. This process do not disturb the prey populace directly. This article
mainly concentrates on analysis of the changing aspects of tri-tropic food web
constitutes of victim, hunter and chief hunter, and which is having ratio depen-
dent three type functional response, along with harvesting efforts. Jostet al.,
[14] discussed and studied the underlying forces of a two species model with
Holling classification. The main aim of the current article is to study the dy-
namics properties of the model system defined above, the effects of noise and
diffusion on the above said structure are also analysed. Inspired by [15] and
[16] we consider the tri tropic prey-predator-top predator system incorporating
harvesting.

The organization of this article consists of several subdivisions. Subdivision
2 defines the elementary scientific model. Section 3 consists of boundedness of
the structure and investigation of fixed points, whereas steadiness is analysed in
section 4. Section 5 includes bionomic equilibrium analysis. Section 6 includes
optimal harvesting approach. The consequences of noise of the given food web
model termed as stochastic model is described in section 7. We also have given
the spatiotemporal analysis in section 8. In section 9, numerical simulations are
given. Finally concluding remarks are in section 10.

2. Mathematical model

We consider a computational mathematical model with harvesting, includes 3
species say a preyN1, a predatorN2 and a top predatorN3. In this construction,
we assume that top predator preys on predator only and predator, preys on
prey species only. Also we assume that the nutrient recycling is not considered.
In view of both biological and methodical point of view, this supposition is a
remarkable and a real-world one. It is also assumed that a ratio dependent
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type-III Holling classification for both N1 ↔ N2 and N2 ↔ N3 interfaces. From
the above technological discussion the framed system is as follows

N ′
1(T ) = r1N1

(
1− N1

k1

)
− s1N

2
1N2

(b1N2
2 +N2

1 )c1
− q1E1N1,(2.1)

N ′
2(T ) =

s1N
2
1N2

(b1N2
2 +N2

1 )
−m1N2 −

s2N
2
2N3

(b2N2
3 +N2

2 )c2
− q2E2N2,(2.2)

N ′
3(T ) =

s2N
2
2N3

(b2N2
3 +N2

2 )
−m2N3 − q3E3N3,(2.3)

where
N1(0) > 0, N2(0) > 0, N3(0) > 0.

Here Ni, i = 1, 2, 3 represents bio mass densities of prey, predator and super
predator species, qi, i = 1, 2, 3 represents catchability coefficients of species
respectively. Ei, i = 1, 2, 3 represents efforts of applied to harvest to prey,
predator and super predators respectively, r1 represents intrinsic growth rate
of prey species, si, i = 1, 2 represents maximal predator growth of predator and
top predator, mi, i = 1, 2 represents natural death rate of predator and top
predator, bi, i = 1, 2 represents half saturation constants of predator and top
predator, ci, i = 1, 2 represents yield constants of prey and predator. The term
(N2

1N2)/(b1N
2
2 +N

2
1 )represents ratio dependent type III functional response for

prey and predator and (N2
2N3)/(b1N

2
3 +N

2
2 ) represents ratio dependent type III

functional response for predator and super predator. Here, throughout our anal-
ysis we are assuming that r1− q1E1 > 0, p2− q4− q3E3 > 0, p1− q5− q2E2 > 0.
We make an observable supposition that all the attributes are positive. Since
the densities of the population cannot be negative, the state space of system
(2.1)-(2.3) is given by R3

+ . To make a methodical analysis easy, we reduce
(2.1)-(2.3) into a non-dimensionalized one by using

t = r1T, n1 =
N1

k1
, n2 =

N2

√
b1

k1
, n3 =

N3

√
b1b2
k1

.

Then the system (2.1)-(2.3) takes the form

n′1(t) = n1(1− n1)−
l1n

2
1n2

n21 + n22
− q1E1n1

r1
,(2.4)

n′2(t) =
p1n

2
1n2

n21 + n22
− q5n2 −

l2n
2
2n3

n23 + n22
− q2E2n2

r1
,(2.5)

n′3(t) =
p2n

2
2n3

n23 + n22
− q4n3 −

q3E3n3
r1

,(2.6)

where
n1(0) > 0, n2(0) > 0, n3(0) > 0,

l1 =
s1

c1r1
√
b1
, l2 =

s2

c2r1
√
b2
, p1 =

s1
r1
, q5 =

m1

r1
, q4 =

m2

r1
, p2 =

s2
r1
.
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3. Analysis of steady states

3.1 Steady states

It is obvious that the interior equilibrium point E∗(n∗1, n
∗
2, n

∗
3) of system (2.1)-

(2.3) exist in the interior point of the first octant if there is a positive solution
of the algebraic equations

n1(1− n1)−
l1n

2
1n2

n21 + n22
− q1E1n1

r1
= 0,

p1n
2
1n2

n21 + n22
− q5n2 −

l2n
2
2n3

n23 + n22
− q2E2n2

r1
= 0,

p2n
2
2n3

n23 + n22
− q4n3 −

q3E3n3
r1

= 0.

Then, by solving these equations, we get,

n∗1 =

(
p1p2r

2
1(r1 − q1E1)− l1r1

√
L(p1p2r21 − L)

p1p2r31

)
,

n∗2 =

(√
p1p2r21 − L

L

)
n∗1,

n∗3 =

(√
(p2 + q4)r1 − q3E3

q4r1 + q3E3

)
n∗2,

where
L = p2q2 − l2r1

√
(p2 − q2 − q3E3)(q4 + q3E3)− p2q2E2.

For positiveness of these values, we must have,

p1p2r
2
1 > L, (p2 + q4)r1 > q3E3.

4. Stability analysis

4.1 Local stability analysis

Now to investigate the confined steadiness of inner steady state E∗(n∗1, n
∗
2, n

∗
3).

Next we have to construct a matrix M(E∗)

M (E∗) =

 b11 b12 b13
b21 b22 b23
b31 b32 b33

 .
Where

b11 =

(
1− 2n1 −

2l1n
∗3
2 n1(

n∗
2

1 + n∗
2

2

)2 − q1E1

r1

)
, b12 =

(
− 2l1n

∗4
1(

n∗
2

1 + n∗
2

2

)2
)
,
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b13 = 0, b21 =

(
2p1n

∗3
2 n

∗
1

(n∗
2

1 + n∗
2

2 )2

)
,

b22 =

(
2p1n

∗3
1

(n∗
2

1 + n∗
2

2 )2

)
− q5 − l2

(
2n∗

3

3 n
∗
2

(n∗
2

2 + n∗
2

3 )2

)
− q2E2

r1
,

b23 = −

(
2n∗

4

2 l2

(n∗
2

2 + n∗
2

3 )2

)
, b31 = 0, b32 =

(
2p2n2n

3
3

(n∗
2

3 + n∗
2

2 )2

)
,

b33 =

(
p2n

∗2
2 (n∗

2

2 − n∗
2

3 )

(n∗
2

3 + n∗
2

2 )2

)
− q4 −

q3E3

r1
.

The analogous specific equation is

(4.1.1) λ3 +A1λ
2 +A2λ+A3 = 0.

Where

A1 = −(b11 + b22 + b33)

A1 = −


(
1− 2n1 −

2l1n∗3
2 n1(

n∗2
1 +n∗2

2

)2 − q1E1

r1

)
+


(

2p1n∗3
1

(n∗2
1 +n∗2

2 )2

)
−q5 −

(
2l2n∗3

3 n∗
2

(n∗2
2 +n∗2

3 )2

)
− q2E2

r1

+

(
p2n∗2

2 (n∗2
2 −n∗2

3 )

(n∗2
3 +n∗2

2 )2

)
− q4 − q3E3

r1


A2 = (b11b22 + b11b33 + b22b33 − b23b32 − b21b12)

A2 =

(
1− 2n1 −

2l1n
∗3
2 n1(

n∗
2

1 + n∗
2

2

)2 − q1E1

r1

)
·

·


(

2p1n∗3
1

(n∗2
1 +n∗2

2 )2

)
− q5 − l2

(
2n∗3

3 n∗
2

(n∗2
2 +n∗2

3 )2

)
− q2E2

r1
+

(
p2n∗2

2 (n∗2
2 −n∗2

3 )

(n∗2
3 +n∗2

2 )2

)
− q4 − q3E3

r1


+

((
2p1n

∗3
1

(n∗
2

1 + n∗
2

2 )2

)
− q5 − l2

(
2n∗

3

3 n
∗
2

(n∗
2

2 + n∗
2

3 )2

)
− q2E2

r1

)
·

·

((
p2n

∗2
2 (n∗

2

2 − n∗
2

3 )

(n∗
2

3 + n∗
2

2 )2

)
− q4 −

q3E3

r1

)

−

(
−

(
2n∗

4

2 l2

(n∗
2

2 + n∗
2

3 )2

)(
2p2n2n

3
3

(n∗
2

3 + n∗
2

2 )2

)
+

(
− 2l1n

∗4
1(

n∗
2

1 + n∗
2

2

)2
)(

2p1n
∗3
2 n

∗
1

(n∗
2

1 + n∗
2

2 )2

))
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A3 = [b11b23b33 − b11b23b32 − b12b21b33]

A3 =

(
1− 2n1 −

2l1n
∗3
2 n1(

n∗
2

1 + n∗
2

2

)2 − q1E1

r1

)
·

·

((
2p1n

∗3
1

(n∗
2

1 + n∗
2

2 )2

)
− q5 − l2

(
2n∗

3

3 n
∗
2

(n∗
2

2 + n∗
2

3 )2

)
− q2E2

r1

)
·

·

(
p2n

∗2
2 (n∗

2

2 − n∗
2

3 )

(n∗
2

3 + n∗
2

2 )2

)
− q4 −

q3E3

r1

−

((
1− 2n1 −

2l1n
∗3
2 n1(

n∗
2

1 + n∗
2

2

)2 − q1E1

r1

)(
− 2n∗

4

2 l2

(n∗
2

2 + n∗
2

3 )2

)(
2p2n2n

3
3

(n∗
2

3 + n∗
2

2 )2

))

−

((
− 2l1n

∗4
1(

n∗
2

1 + n∗
2

2

)2
)(

2p1n
∗3
2 n

∗
1

(n∗
2

1 + n∗
2

2 )2

)((
p2n

∗2
2 (n∗

2

2 − n∗
2

3 )

(n∗
2

3 + n∗
2

2 )2

)
− q4 −

q3E3

r1

))
clearly, the proposed system is locally asymptotically stable by Routh-Hurwitz
criteria.

4.2 Global steadiness

Theorem. The positive steady state (n∗1, n
∗
2, n

∗
3) of the above proposed sys-

tem is globally asymptotically stable if

V (t) =

(
n1 − n∗1 − n∗3 ln

(
n1
n∗1

))
+ l1

(
n2 − n∗2 − n∗2 ln

(
n2
n∗2

))
+ l2

(
n3 − n∗3 − n∗3 ln

(
n3
n∗3

))
,

l1 > 0, l2 > 0 and P < min(Q,R), where

P = α (l1c2m3n
∗
2 + l2p2m4n

∗
3) + β (c1m1n

∗
1 + l1p1m2n

∗
2) ,

Q = 2l1 (βp1m2n
∗
1 + αc2m3n

∗
3) ,

R = 2αl2p2m4y
∗ + β (2α+ c1m1y

∗) .

Proof. To check the global steadiness of inner equilibrium point, construct
a Lyapunov function V (t) as

V (t) =

(
n1 − n∗1
n1

)
n1(t) + l1

(
n2 − n∗2
n2

)
n2(t) + l2

(
n3 − n∗3
n3

)
n3(t)

V ′(t) = (n1 − n∗2)

[
1− n1 −

c1n1n2
n21 + n22

− q1E1

r

]
+ l1 (n2 − n∗2)

[
p1n

2
1

n21 + n22
− q5 −

c2n2n3
n22 + n23

− q2E2

r

]
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+ l2 (n3 − n∗3)

[
p2n

2
2

n22 + n23
− q4 −

q3E3

r

]
.

At the equilibrium point (n∗1, n
∗
2, n

∗
3), we have

V ′(t) = (n1 − n∗2)

[
1− n1 −

c1n1n2
n21 + n22

− 1 + n∗1 +
c1n

∗
1n

∗
2

n∗21 + n∗22

]
+ l1 (n2 − n∗2)

[
p1n

2
1

n21 + n22
− c2n2n3
n22 + n23

− p1n
∗2
1

n∗21 + n∗22
+

c2n
∗
2n

∗
3

n∗22 + n∗23

]
+ l2 (n3 − n∗3)

[
p2n

2
2

n22 + n23
− p2n

∗2
2

n∗22 + n∗23

]
.

Therefore, we have

V ′(t) = − (n1 − n∗2)
2 − c1n

∗
1

α
(n2n

∗
2 − n1n

∗
1) (n1 − n∗1) (n2 − n∗2)

− c1n
∗
2

α
(n2n

∗
2 − n1n

∗
1) (n1 − n∗1)

2

+
l1p1n

∗
2

α
(n1n

∗
2 + n∗1n2) (n1 − n∗2) (n2 − n∗2)−

l1p1n
∗
1

α
(n1n

∗
2 + n∗1n2) (n2 − n∗2)

2

+
l1c2n

∗
2

β
(n3n

∗
3 − n2n

∗
2) (n2 − n∗2) (n3 − n∗3)−

l1c2n
∗
3

β
(n3n

∗
3 − n2n

∗
2) (n2 − n∗2)

2

+
l2p2n

∗
3

β
(n2n

∗
3 + n∗2n3) (n2 − n∗2) (n3 − n∗3)

− l2p2n
∗
2

β
(n2n

∗
3 + n∗2n3) (n3 − n∗3)

2 ,

where

α =
(
n21 + n22

) (
n∗21 + n∗22

)
, β =

(
n22 + n23

) (
n∗22 + n∗23

)
,

V ′(t) ≤ (n1 − n∗1)
2

[
−1 +

c1m1n
∗
1

2α
− c1m1n

∗
2

α
+
l1p1m2n

∗
2

2α

]
+ (n2 − n∗2)

2

[
c1m1n

∗
1

2α
+
l1p1m2n

∗
2

2α
− l1p1m2n

∗
1

α
+
l1c2m3n

∗
2

2β

− l1c2m3n
∗
3

β
+
l2p2m4n

∗
3

2β

]
+ (n3 − n∗3)

2

[
l1c2m3n

∗
1

2β
+
l2p2m4n

∗
3

2β
− l2p2m4n

∗
2

β

]
,

where m1 = n2n
∗
2 − n1n

∗
1 > 0,m2 = n1n

∗
2 + n∗1y,m3 = n3n

∗
3 − n2n

∗
2 > 0,m4 =

n2n
∗
3 + n∗2n3. The derivative of Lyapunov function becomes negative, if

α(l1c2m3n
∗
1+l2p2m4n

∗
2)+β(c1m1n

∗
1+l1p1m2n

∗
2) < 2αl2p2m4n

∗
2+2β(α+c1m1n

∗
2).

Hence proved.



276 G. BASAVA KUMAR AND M.N. SRINIVAS

5. Bionomic steadiness

The aim of this section is to capture the changing aspects of several live tools and
data using inexpensive models. Let c3 be the harvesting cost per unit effort for
prey species. Let c4 be the harvesting cost per unit effort for predator species.
Let c5 be the harvesting cost per unit effort for super species. Let p3 be the
price for unit biomass for prey species. Let p4 be the price for unit biomass for
predator species. Let p5 be the price for unit biomass for super predator species.
Thus net revenue is NR = NR1+NR2+NR3. Where NR1 = (p3q1n1− c3)E1.
NR2 = (p4q2n2 − c4)E2, NR3 = (p5q3n3 − c5)E3. The Bionomic steady state is
((n1)∞ , (n2)∞ , (n3)∞ , (E1)∞ , (E2)∞ , (E3)∞) and

n1(1− n1)−
l1n

2
1n2

n21 + n22
− q1E1n1

r1
= 0,(5.1)

p1n
2
1n2

n21 + n22
− q5n2 −

l2n
2
2n3

n23 + n22
− q2E2n2

r1
= 0,(5.2)

p2n
2
2n3

n23 + n22
− q4n3 −

q3E3n3
r1

= 0,(5.3)

NR = NR1 +NR2 +NR3 = (p3q1n1 − c3)E1 + (p4q2n2 − c4)E2

+ (p5q3n3 − c5)E3 = 0.(5.4)

To obtain the bionomic steady state , it is needed to verify the cases

Case (i). If c3 > p3q1n1,c4 > p4q2n2,c5 > p5q3n3, which is not nearer to our
aim.

Case (ii). if c3 < p3q1n1,c4 < p4q2n2, c5 < p5q3n3, which is very nearer to
our aim and recommended for the above working model.

(5.5) (n1)∞ =

(
c3
p3q1

)
, (n2)∞ =

(
c4
p4q2

)
, (n3)∞ =

(
c5
p5q3

)
.

From (5.1), (5.2) and (5.3) we get

(E1)∞ =
r1
q1

(
p3q1 − c3
p3q3

− l1c
2
3c4p3p1p4q2

c23p
2
4q

2
2 + c24p

2
3q

2
1

)
,(5.6)

(E2)∞ =
r1
q2

(
p1c

2
3p

2
4q

2
2

c23p
2
4q

2
2 + c24p

2
3q

2
1

− q5 − l2

(
c4c5p4p5q2q3
c24p

2
5q

2
3 + c25p

2
4q

2
2

))
,(5.7)

(E3)∞ =
r1
q3

(
p2c4p4q2p

2
5q

2
3

c24p
2
5q

2
3 + c25p

2
4q

2
2

− q4

)
.(5.8)

For,(E1)∞ , (E2)∞,(E3)∞ are to be positive if

(5.9) AP > Bp, Cp > Dp, EP > Fp,
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where

Ap =
p3q1 − c3
p3q3

, Bp =
l1c

2
3c4p3p1p4q2

c23p
2
4q

2
2 + c24p

2
3q

2
1

, Cp =
p1c

2
3p

2
4q

2
2

c23p
2
4q

2
2 + c24p

2
3q

2
1

− q5,

Dp = l2

(
c4c5p4p5q2q3
c24p

2
5q

2
3 + c25p

2
4q

2
2

)
, EP =

p2c4p4q2p
2
5q

2
3

c24p
2
5q

2
3 + c25p

2
4q

2
2

, Fp = q4.

Thus, bionomic steady state

((n1)∞ , (n2)∞ , (n3)∞ , (E1)∞ , (E2)∞ , (E3)∞)

occurs if (5.9) satisfied.

6. Optimal harvesting strategy

This section deals with feasible harvesting procedure of (2.4)-(2.6). we use the
pontryagin’s principle to attain an optimal path. For this we construct present
value function

(6.1) J =

∫ ∞

0
P (n1, n2, n3, E1, E2, E3, t)e−δt .

Where

P (n1, n2, n3, E1, E2, E3, t) = (p1q1n1E1 − c3E1) + (p2q2n2E2 − c4E2)

+ (p3q3n3E3 − c5E3)(6.2)

And δ is the instantaneous annual rate of the discount. To maximize J with
respect to (2.4)-(2.6), consider the Hamiltonian function

H = e−δt(p1q1n1 − c3)E1 + e−δt(p2q2n2 − c4)E2 + e−δt(p3q3n3 − c5)E3

+ λ1

[
n1(1− n1)−

l1n
2
1n2

(n22 + n21)
− q1E1n1

r1

]
(6.3)

+ λ2

(
p1n

2
1n2

(n22 + n21)
− q5n2 −

l2n
2
2n3

(n23 + n22)
− q2E2n2

r1

)
+ λ3

(
p2n

2
2n3

(n23 + n22)
− q4n3 −

q3E3n3
r1

)
,

where λ1,λ2,λ3 are adjoint variables and E1,E2,E3 are the control variables
satisfying the constraints 0 ≤ E1 ≤ (E1)max, 0 ≤ E2 ≤ (E2)max, 0 ≤ E3 ≤
(E3)max, and ψ1(t) = e−δt[p1q1n1 − c3] − λ1q1n1, ψ2(t) = e−δt[p2q2n2 − c4] −
λ2q2n2, ψ3(t) = e−δt[p3q3n3 − c5]− λ3q3n3.

In order to find a feasible steady state ((n1)δ, (n2)δ, (n3)δ, (E1)δ, (E2)δ, (E3)δ)
if H is linear in E1 and E2 ideal control can be extreme, thus we have Ei =
(Ei)max, ψi(t) > 0, Ei = 0, ψi(t) < 0, for i = 1, 2, 3.
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If ψ1(t) = ψ2(t) = ψ3(t) = 0, then λ1e
δt = p1− c3

q1n1
, λ2e

δt = p2− c4
q2n2

, λ3e
δt =

p3 − c5
q3n3

(6.4)
∂H

∂Ei
= 0,

where i = 1, 2, 3 With the help of ideal controls, and (6.4) are necessary condi-
tions for the maximization H.By pontryagin’s rule, the equations are

∂λ1
∂t

= − ∂H

∂n1
−
[
e−δtp1q1 + λ1

[
1− 2n1 −

l1n22n1n
2
2

(n21 + n22)
2
− q1E1

r1

]
+
λ2p1n22n1n

2
2

(n21 + n22)
2

]
,(6.5)

∂λ2
∂t

= − ∂H

∂n2
= −

[
e−δtp2q2 + λ1

[
l1n

2
1(n

2
2 − n21)

(n21 + n22)
2

]
+λ2

[
p1n

2
1

[
n22 − n21

(n21 + n22)
2

]
− q5

]]
(6.6)

+ 2λ2

[[
l2n

3
3n2

(n23 + n22)
2

]
− q2E2

r1

]
+ λ3

[
2p2n

3
3n2

(n23 + n22)
2

]
,

∂λ3
∂t

= − ∂H

∂n3
= −

[
e−δtp3q3 − λ2

[
l2n

2
2(n

2
3 − n22)

(n23 + n22)
2

]
+λ3

[
p2n

2
2(n

2
3 − n23)

(n23 + n22)
2

− q4 −
q3E3

r1

]]
.(6.7)

At E∗(n∗1, n
∗
2, n

∗
3) and from (6.4),(6.5),(6.6) and (6.7)we have

dλ1
dt

+ λ1M1 = −e−δtM2,
dλ2
dt

+ λ2(M3) = −e−δtM4,
dλ3
dt

+ λ3M5 = −e−δtM6.

And solutions are

(6.8) λ1 =
M2

(−M1 + δ)
e−δt, λ2 =

M4

(δ −M3)
e−δt, λ3 =

M6

(δ −M5)
e−δt,

where

M1 =

[
1− 2n1 − l1n2

2n1n
2
2

(n21 + n22)
2
− q1E1

r1

]
,

M2 =

[
p1q1 + (p2 −

c4
q2n2

)

[
p1n2

[
2n1n

2
2

(n21 + n22)
2

]]]
,
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M3 = p1n
2
1

[
n22 − n21

(n21 + n22)
2

]
− q5 + 2

[
l2n

3
3n2

(n23 + n22)
2

]
− q2E2

r1
,

M4 = −p2q2 − (p1 −
c3
q2n2

)

[
l1n

2
1(n

2
2 − n21)

(n21 + n22)
2

]
+ (p3 −

c5
q3n3

)

[
2p2n

3
3n2

(n23 + n22)
2

]
,

M5 =
p2n

2
2(n

2
3 − n23)

(n23 + n22)
2

− q4 −
q3E3

r1
,

M6 = (p3q3 − (p2 −
c4
q2n2

)

[
l2n

2
2(n

2
3 − n22)

(n23 + n22)
2

]
.

It is obviously that λ1(t), λ2(t), λ3(t) are bounded as t → ∞. From (6.4) &
(6.8), we obtain a singular paths

p1 −
c3

q1N∗
1

=
M2

δ −M1
, p2 −

c4
q2N∗

2

=
M4

δ −M3
, p3 −

c5
q3N∗

3

=
M6

δ −M5
.

These singular paths can be written as

F1(N
∗
1 ) = (p1 −

c3
q1N∗

1

)− M2

δ −M1
,

F2(N
∗
2 ) = (p2 −

c4
q2N∗

2

)− M4

δ −M3
, F3(N

∗
3 ) = (p3 −

c5
q3N∗

3

)− M5

δ −M5
.

There exists a unique roots n∗i = (ni)δ,i = 1, 2, 3 of Fi(n
∗
i ) = 0in the interval

0 < (ni)∞ < ki if the inequalities Fi(0) < 0, Fi(ki) > 0, F 1
i (n

∗
i ) > 0 for n∗i >

0.Therefore, the feasible steady state population are is n∗i = (ni)δ, i = 1, 2, 3.

Then the feasible efforts are

E∗
1 = (E1)δ =

r1
q1

(
(1− n1)−

l1n1n2
n21 + n22

)
,

E∗
2 = (E2)δ =

r1
q2

(
p1n

2
1

n21 + n22
− q5 −

l2n3n2
n23 + n22

)
,

E∗
3 = (E3)δ =

r1
q3

(
p2n

2
2

n23 + n22
− q4

)
.

For (Ei)δ > 0, i = 1, 2, 3, are to be affirmative, if

(1− n1) >
l1n1n2
n21 + n22

,
p1n

2
1

n21 + n22
> q5 +

l2n3n2
n23 + n22

,
p2n

2
2

n23 + n22
> q4

exists. Hence (ni)δ, (Ei)δ, i = 1, 2, 3 are resolute, and from (6.3),(6.4) and (6.8),
we establish that λi(t)e

δi, (i = 1, 2, 3)do not vary with time in feasible steady
state. Therefore they keep on bounded as t → ∞.
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7. The Stochastic model

Now, this section is meant for the extension of the deterministic model (2.4)-
(2.6), which is obtained by adding noisy term. There are several ways in which
environmental noise may be incorporated in the model system (2.4)-(2.6). Ex-
ternal noise may arise from random fluctuations of finite number of parameters
around some known mean values of the populace densities around some fixed
values. The populace intensities of oscillations are calculated near the inner
steady states due to environmental attributes by applying the method of [17] and
[18]. Since the aquatic ecosystem which always has unsystematic fluctuations
of the environment, it is difficult to define the usual phenomenon as a deter-
ministic ideal. The stochastic investigation benefits us to get an extra intuition
about the continuous changing aspects of any ecological unit. The deterministic
model (2.4)-(2.6) with the effect of random noise of the environmental results
in a stochastic system ((7.1)-(7.3)) given in the following discussion.

n′1(t) = n1(1− n1)−
l1n

2
1n2

n21 + n22
− q1E1n1

r1
+ η1φ1(t),(7.1)

n′2(t) =
p1n

2
1n2

n21 + n22
− q5n2 −

l2n
2
2n3

n21 + n22
− q2E2

r1
n2 + η2φ2(t),(7.2)

n′3(t) =
p2n

2
1n3

n23 + n22
− q4n3 −

q3E3

r1
n3 + η3φ3(t),(7.3)

where η1, η2, η3 are the real constants and φ1(t) = [φ1(t), φ2(t), φ3(t)] is a three
dimensional Gaussian white noise process satisfying E(φ1(t)) = 0, i = 1, 2, 3,
E[φi(t)φj(t)] = δijδ(t− t1), i = j = 1, 2, 3 where δij is the Kronecker delta func-
tion, δ is the Dirac –delta function. In this analysis, we focus on the dynamics
of the model (7.1)-(7.3) and we compute the population variances around E∗.

Let

n1(t) = u1(t) + S∗, n2(t) = u2(t) + P ∗, n3(t) = u3(t) + T ∗,

then
dn1
dt

=
du1
dt

,
dn2
dt

=
du2
dt

,
dn3
dt

=
du3
dt

.

Utilizing the above and taking only the linear part, we have

du1
dt

= −u1s∗ − u2(S
∗)2 + η1φ1(t),

du2
dt

= u2(P
∗)2 + η2φ2(t),

du3
dt

= η3φ3(t).

Now applying Fourier transform, we get

iωũ1(ω) = −S∗ũ1(ω)− (S∗)2ũ2(ω) + η1φ̃1(t),

iωũ2(ω) = −(P ∗)2ũ2(ω) + η2φ̃2(t), iωũ3(ω) = η3φ̃3(t).
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The matrix form can be written as

(7.4) φ̃(ω) = A(ω)ũ(ω)

where

A(ω) =

(iω + S∗) (S∗)2 0
0 iω + (P ∗)2 0
0 0 iω

 , ũ(ω) =
ũ1(ω)ũ2(ω)
ũ3(ω)

 , φ̃(ω) =
η1φ̃1(ω)
η2φ̃2(ω)
η3φ̃3(ω)


(7.4) can also be expressed as ũ(ω) = [A(ω)]−1φ̃(ω) = B(ω)φ̃(ω), and B(ω) =
[A(ω)]−1. The solution of (7.4) is

ũ(ω) =

3∑
j=1

Bij(ω)ηjφ̃j(ω), i = 1, 2, 3.

The strengths of oscillations of ui, i= 1,2,3 are

σ2ui
=

1

2π

3∑
j=1

∫ ∞

−∞
ηj |Bij(ω)|2 dω, i = 1, 2, 3,

where

Bij =
Gij(ω)

detA (ω)
, i = 1, 2, 3.

Using (7.4), The populace variances of (7.1)-(7.3) are as follows,

σ2ui
=
η1
2π

∫ ∞

−∞

|Gij(ω)|2

|detA(ω)|2
dω+

η2
2π

∫ ∞

−∞

|Gij(ω)|2

|detA(ω)|2
dω+

η3
2π

∫ ∞

−∞

|Gij(ω)|2

|detA(ω)|2
dω,

where

Gmn = Xmn + iYmn,m, n = 1, 2, 3, X11 = −ω2, Y11 = ωP ∗, X12 = 0, Y12 = ωS∗

X13 = 0, Y13 = 0, X21 = 0, Y21 = 0, X22 = ω2, Y22 = ωS∗, X23 = 0, Y23 = 0,

X31 = 0, Y31 = 0, X32 = 0, Y32 = 0, X33 = −ω2 + S∗P ∗2 , Y33 = ω(S∗ + P ∗2).

Hence the population variances of prey, predator and top predator are as

σ2u1
=
η1
2π

∫ ∞

−∞

|G11(ω)|2

|detA(ω)|2
dω +

η2
2π

∫ ∞

−∞

|G12(ω)|2

|detA(ω)|2
dω,

σ2u2
=

1

2π

{
η2

∫ ∞

−∞

|G22(ω)|2

|detA(ω)|2
dω

}
, σ2u3

=
1

2π

{
η3

∫ ∞

−∞

|G33(ω)|2

|detA(ω)|2
dω

}
.

Now, we come across, the following cases.
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Case (i). If η1 = η2 = 0, then

σ2u1
= 0, σ2u2

= 0, σ2u3
=
η3
2π

∫ ∞

−∞

((−ω2 + S∗P ∗2)2 + (ω(S∗ + P ∗)2))

R2(ω) + I2(w)
dω

Case(ii). If η2 = η3 = 0, then

σ2u1
=
η1
2π

∫ ∞

−∞

(ω4 + ω2P ∗2)

R2(ω) + I2(w)
dω, σ2u2

= 0, σ2u3
= 0

Case (iii). If η1 = η3 = 0, then

σ2u1
=
η1
2π

∫ ∞

−∞

(ω2S∗2)

R2(ω) + I2(w)
dω, σ2u2

=
η2
2π

∫ ∞

−∞

(ω4 + ω2S∗2)

R2(ω) + I2(w)
dω, σ2u3

= 0.

Further, for stochastic system, populace variances play an affective role in
stability analysis of the system. In the presence of environmental variable, the
parameters of the system oscillate in populace densities around the inner state.
Hence we conclude that inclusion of stochastic perturbation creates a significant
change in the entire changing aspects and in the proposed model system due to
change of responsive parameters can create more effective large environmental
oscillations.

8. Diffusion analysis

The current article deals with a class of extended tri trophic prey predator
systems in environmental science, modelled by diffusion equations. Although
the dispersal system is a relatively simple model for the raid of prey species
by predators in a spatial domain, the solutions exhibit an extensive spectrum
of ecologically pertinent behaviour. Spatiotemporal dynamics includes chaos,
target patterns [19,20,21]. The study of such spatiotemporal dynamics is an
intensive area of research and there are still many unanswered questions con-
cerning these solution types [21,22,23].By constructing a structure consists of
prey ,predator and top predator system with constant harvesting rates .The
populace of the system are prey, predator and top predator. The populations
are subject to dispersal .The spread of the population is observed by the pat-
tern. These are two kinds of spread (i) The propagation of continuous travelling
population fronts of high species density. (ii) The formation & movement of
paths of high density separated by areas with density close to zero. The actual
dynamics of the species spread is a result of the inter play between diffusion
and deterministic factors. We shall study the effect of diffusion of ecological
population on the model system. Let us consider the diffusive equation system
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as

n′1(t) = n1(1− n1)−
l1n

2
1n2

n21 + n22
− q1E1n1

r1
+D1

∂2n1
∂u2

,(8.1)

n′2(t) =
p1n

2
1n2

n21 + n22
− q5n2 −

l2n
2
2n3

n21 + n22
− q2E2

r1
n2 +D2

∂2n2
∂u2

,(8.2)

n′3(t) =
p2n

2
1n3

n23 + n22
− q4n3 −

q3E3

r1
n3 +D3

∂2n3
∂u2

.(8.3)

In this D1, D2,D3 represents the constant diffusion coefficients of the prey,
predator and super predator. The model system (8.1)-(8.3) are inhomogeneous
as the reaction diffusion system. For such introduction of the diffusion term
of the populations, it has become a spatiotemporal dynamical system. We
consider the following conditions of the population n1(u, t), n2(u, t) and n3(u, t)
in 0 ≤ u ≤ L,L > 0 as follows

∂n1(0, t)

∂t
=
∂n1(L, t)

∂t
=
∂n2(0, t)

∂t
= 0,

∂n2(L, t)

∂t
=
∂n3(0, t)

∂t
=
∂n3(L, t)

∂t
= 0.

The zero isoclines of model equations (8.1)-(8.3) also give the steady state
which are same as we have obtained for homogeneous system. Now we linearize
the system (8.1)-(8.3) by putting n1 = n∗1 +N11,n2 = n∗2 +N22,n3 = n∗3 +N33,
in view of inner steady state and we get

N ′
11(t) = −l1r1N1N2n

∗
1 +D1

∂2n1
∂u2

,(8.4)

N ′
22(t) = D2

∂2n2
∂u2

,(8.5)

N ′
3(t) = D3

∂2n3
∂u2

.(8.6)

The solution of (8.4)-(8.6) can be expressed as

n1(u, t) = α1e
λteiku,

n2(u, t) = α2e
λteiku, n3(u, t) = α3e

λteiku.

Then the model becomes

N ′
11(t) = −l1r1N1N2n

∗
1 +D1(−k2N11),(8.7)

N ′
22(t) = D2(−k2N22),(8.8)

N ′
33(t) = D3(−k2N33).(8.9)

The characteristic equation of (8.7)-(8.9) is

(8.10) λ3 +Aλ2 +Bλ+ C = 0
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where A = k2(D1+D2+D3)+ l1r1n
∗
1N22, C = l1r1n

∗
1N22D1D3k

4+D1D2D3k
6,

B = l1r1N22n
∗
1k

2(D3 +D2) + k4(D1D2 +D2D3 +D1D3).

By applying Routh-Hurwitz criterion, to satisfy and make it possible if and
only if A > 0, C > 0, D = C −AB < 0 (which is definitely possible).

Theorem. The system in the absence of spatiotemporal attributes at the
inner steady state (n∗1, n

∗
2, n

∗
3)attains steadiness, then the corresponding uniform

steady state of the model (8.1)-(8.3) in the presence of spatiotemporal attributes
also attains steadiness.

Proof. Consider a function V1 (t) as V1(t) =
∫ R
0 V (n1, n2, n3)du

V (n1, n2, n3) =

[
(n1 − n∗1)− n∗1 ln(

n1
n∗1

)

]
+ l1

[
(n2 − n∗2)− n∗2 ln(

n2
n∗2

)

]
+ l2

[
(n3 − n∗3)− n∗3 ln(

n3
n∗3

)

]
,

V 1
1 (t) =

∫ R

0

(
∂v

∂n1
.
∂n1
∂t

+
∂v

∂n2
.
∂n2
∂t

+
∂v

∂n3
.
∂n3
∂t

)
du = I1 + I2

where I1 =
∫ R
0

dv
dt du and I2 =

∫ R
0

(
D1

∂v
∂n1

∂2n1
∂u2 +D2

∂v
∂n2

∂2n1
∂u2 +D3

∂v
∂n3

∂2n3
∂u2

)
du

I2=−D1

∫ R

0

∂2v

∂n1

(
∂n1
∂u

)2

du−D2

∫ R

0

∂2v

∂n2

(
∂n2
∂u

)2

du−D3

∫ R

0

∂2v

∂n3

(
∂n3
∂u

)2

du

I2=−D1

∫ R

0

n∗1
n1

(
∂n1
∂u

)2

du−D2

∫ R

0

n∗2
n2

(
∂n2
∂u

)2

du−D3

∫ R

0

n∗3
n3

(
∂n3
∂u

)2

du

It is observed that, if I1 < 0 then dV1
dt < 0. Hence the theorem holds.

9. Numerical simulations

In this section we have validated the analytical findings through numerical data
using Technical tool MATLAB

Example 1. For the parameters l1 = 8, l2 = 5.3 , p1 = 3.1, p2 = 2, q5 = 0.3,
q4 = 0.6, E1 = 10, E2 = 15, E3 = 5, r1 = 10, q1 = 0.15, q2 = 0.01, q3 = 0.01

Example 2. For l1 = 8, l2 = 11, p1 = 10, p2 = 2, q5 = 1.5, q4 = 1.5, E1 = 2,
E2 = 3, E3 = 4, r1 = 4, q1 = 0.15, q2 = 0.01, q3 = 0.01

Example 3. For l1 = 2, l2 = 11, p1 = 10, p2 = 2, q5 = 1.5, q4 = 1.5, E1 = 2,
E2 = 3, E3 = 4, r1 = 4, q1 = 0.15, q2 = 0.01, q3 = 0.01

Example 4. For l1 = 2, l2 = 5.3, p1 = 3.1, p2 = 2, q5 = 0.3,q4 = 0.6,E1 =
10,E2 = 15, E3 = 5, r1 = 10,q1 = 0.15,q2 = 0.01, q3 = 0.01,D1 = 20, D2 = 30,
D3 = 40
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Figure 1: a:shows the differences in populace against time for the set of values
of example 1.
Figure 1.b: shows graphically the differences in the population among N1, N2&
N3 predator values for the values of example 1
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Figure 2: a:shows the differences in populace against time for the set of values
of example 2.
Figure 2.b: shows graphically the differences in the population among N1, N2&
N3 predator values for the values of example 2
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Figure 3: shows populace shades against time for the set of values of example
3.
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Figure 4: shows graphically how the populace shades differ among N1, N2, &
N3 for the set of values of example 3.
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Figure 5: a , 5.b , 5.c represents the stable oscillations of n1(u, t), n2(u, t), and
n3(u, t), respectively against time and space for the attributes of example 4.
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Figure 6: a , 6.b , 6.c represents the stable oscillations of n1(u, t), n2(u, t), and
n3(u, t), respectively against time and space for the attributes of example 4.
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10. Concluding remarks

This article mainly concentrates and aims at the most interesting changing as-
pects of a prey, predator and top predator food chain model with functional
response III. We obtain the possible equilibrium points and analysed. Bio-
economic and feasible harvesting strategies have been computed using maxi-
mum principle. It is shown that the dynamics of deterministic system in the
figures (1.a), (1.b), (2.a) and(2.b). It is also studied about the stochasticity of
the given system and observed the effect of environmental flux around the posi-
tive steady state in the presence of an environmental attribute. The population
variances computed and stability concept is also analysed. Graphically Figures
(3),(4) shows the impact of noise with suitable set of values. We also verified
the steadiness of the spatiotemporal model of the system (8.1)-(8.3) graphically.
Figures (5.a), (5.b), (5.c), (6.a), (6.b), (6.c) shows the spatiotemporal steadiness.
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