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1. Introduction

The important concept of a fuzzy set put forth by L.A. Zadeh in 1965 [33] has
opened up keen insights and applications in a wide range of scientific fields.
Since its inception, the theory of fuzzy sets has developed in many directions
and found applications in a wide variety of fields. The study of fuzzy sets and
its application to various mathematical contexts has given rise to what is now
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commonly called “fuzzy mathematics”. Fuzzy algebra is an important branch
of fuzzy mathematics. The study of fuzzy algebraic structures was started with
the introduction of the concept of fuzzy subgroups of a group in the pioneering
paper of A. Rosenfeld [24]. The fuzzy algebraic structures play an important
role in Mathematics with wide applications in computer sciences, coding theory,
theoretical physics, information sciences and topological spaces [11, 21]. Since
then, fuzzy sets have been applied to diverse branches of algebra. In [16], N.
Kehayopulu and M. Tsingelis applied the concept of fuzzy sets to the theory of
ordered semigroups. Then they defined “fuzzy” analogue of several notations,
which appeared to be useful in the theory of ordered semigroups. The theory of
fuzzy sets on ordered semigroups has been recently developed. For more details,
the reader is referred to [17, 18, 25, 28, 31].

In 1934, F. Marty introduced the theory of hyperstructures [20]. He analyzed
different properties of hypergroups and applied them to the theory of groups.
Thus one can say that hypergroups are suitable generalization of classical groups.
Later on, many researchers have worked on algebraic hyperstructures and gener-
alized various classical algebraic structures, for example [9, 15]. One of the main
reason which attracts researches towards hyperstructures is its unique property
that in hyperstructures composition of two elements is a set, while in classical
algebraic structures the composition of two elements is an element. Thus hy-
perstructures are natural extension of classical algebraic structures. After the
pioneering work of F. Marty, algebraic hyperstructures have been intensively
studied, both from the theoretical point of view and especially for their applica-
tions in other fields such as Euclidean and non-Euclidean geometries, graphs and
hypergraphs, fuzzy sets, automata, cryptography, artificial intelligence, codes,
probabilities, lattices and so on (see [3]). Several papers and books have been
written on algebraic hyperstructures theory, for example, see [5, 8, 9, 14, 29].

We noticed that the relationships between the fuzzy sets and algebraic hyper-
structures have been already considered by P. Corsini, B. Davvaz, V. Leoreanu,
W.A. Dudek, J. Zhan, K. Hila and others, for instance, the reader can refer to
[1, 4, 6, 10, 13, 19, 32, 34, 35]. Recently, D. Heidari and B. Davvaz [12] applied
the theory of hyperstructures to ordered semigroups and introduced the concept
of ordered semihypergroups, which is a generalization of the concept of ordered
semigroups. Also see [7, 22, 23, 26]. It is now natural to investigate similar
type of the existing fuzzy subsystems of ordered semihypergroups. As a further
study of ordered semihypergroups theory, we attempt in the present paper to
study fuzzy left hyperideals of ordered semihypergroups in detail.

The rest of this paper is organized as follows. In Section 2, we recall some
basic definitions and results of ordered semihypergroups which will be used
throughout this paper. In Section 3, we introduce the concepts of quasi-prime
and quasi-semiprime fuzzy left hyperideals in ordered semihypergroups, and
give some characterizations of them. We also introduce the concept of fuzzy m-
systems of an ordered semihypergroup S, and prove that a fuzzy left hyperideal
f of S is quasi-prime if and only if 1 — f is a fuzzy m-system of S. In Section 4,
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some characterizations of strongly semisimple ordered semihypergroups based
on ordered fuzzy points and fuzzy left hyperideals are given. In particular, it
is proven that an ordered semihypergroup S is strongly semisimple if and only
if every fuzzy left hyperideal of S can be expressed as the intersection of all
quasi-prime fuzzy hyperideals of S containing it.

2. Preliminaries and some notations

In this section, we present some definitions and results which will be used
throughout this paper.

Recall that a hypergroupoid (S,0) is a nonempty set S together with a hy-
peroperation, that is a map o : S x S — P*(S), where P*(S) denotes the set of
all nonempty subsets of S (see [2]). The image of the pair (z,y) is denoted by
zoy. If x € S and A, B are nonempty subsets of S, then A o B is defined by
Ao B =U,capepaob. The notations Aoz and x o A are used for Ao {r} and
{z} o A, respectively.

We say that a hypergroupoid (5, o) is a semihypergroup if the hyperoperation
“o” is associative, that is, (roy)oz =z o0 (yoz) for all z,y,z € S (see [3]).

As we know, an ordered semigroup (5,-, <) is a semigroup (5,-) with an
order relation “ < ” such that a < b implies za < zb and ax < bx for any x € S.
In the following, we shall extend the concept of ordered semigroups to the hyper
version, and introduce the concept of ordered semihypergroups from [12].

Definition 2.1. An algebraic hyperstructure (.5, o, <) is called an ordered semi-
hypergroup (also called po-semihypergroup in [12]) if (S, 0) is a semihypergroup
and (5, <) is a partially ordered set such that: for any z,y,a € S, x < y implies
aox <aoyand zoa <X yoa. Here, if A, B € P*(S), then we say that A < B
if for every a € A there exists b € B such that a < b. In particular, if A = {a},
then we write a < B instead of {a} < B.

Clearly, every ordered semigroup can be regarded as an ordered semihyper-
group (see [26]).

Throughout this paper, unless otherwise mentioned, .S will denote an ordered
semihypergroup.

Let S be an ordered semihypergroup. For ) # H C S, we define

(H]:={te S |t<h for some he H}.

For H = {a}, we write (a] instead of ({a}].

By a subsemihypergroup of an ordered semihypergroup S we mean a nonempty
subset A of S such that Ao A C A. A nonempty subset A of an ordered
semihypergroup S is called a left (resp. right) hyperideal of S if (1) So A C
A (resp. Ao S C A)and (2) Ifa e Aand S 3b <aq, then b € A. If A is both
a left and a right hyperideal of S, then it is called a (two-sided) hyperideal of S
(see [12]). We denote by L(a) the left hyperideal of S generated by a (a € S).
One can easily prove that L(a) = (a U S oa]. Let L be a left hyperideal of an
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ordered semihypergroup S. L is called quasi-prime if for any two left hyperideals
Ly, Ls of S such that Ly o Ly C L, we have Ly C L or Ly C L.

Lemma 2.2 ([27]). Let S be an ordered semihypergroup. Then the following
statements hold:

(1) AC (4], YVACS.
(2) If AC BCS, then (A] C (B].
(3) (A]o(B]C (AoB] and ((Alo (B]]=(AoB]|, VA,BCS.
(4) ((A]] = (4], vACS.
(5) For every left hyperideal T of S, we have (T] =T.
(6) If A, B are left hyperideals of S, then (AoB] and ANB are left hyperideals
of S.

(7) For every a € S, (Soal is a left hyperideal of S.

(8) For any two nonempty subsets A, B of S such that A < B, we have
CoA=<XCoBand AoC = BoC for any nonempty subset C of S.

Definition 2.3. Let M be a nonempty subset of an ordered semihypergroup
S. M is called a m-system if for any a,b € M, there exists € S such that
(aoxoblNM 0.

We next state some fuzzy logic concepts.

Let S be an ordered semihypergroup. By a fuzzy subset of S, we mean a
function from S into the real closed interval [0,1], that is, f : S — [0, 1]. For an
ordered semihypergroup S, the fuzzy subset 1 of S is defined as follows:

1: S—=1[0,1, z— 1(z) :=1, Yz € S.

Let f and g be two fuzzy subsets of S. Then the inclusion relation f C g is
defined by f(z) < g(z) for all z € S, and 1 — f, f N g, f U g are defined by

(1= f)@) =1~ f(z),
(fNg)(z) = f(z) A g(x),
(fug)(z) = f(z)Vg(z),

for all x € S, respectively. We denote by F(S) the set of all fuzzy subsets of
S. One can easily show that (F(S),C,N,U) forms a complete lattice with the
maximum element 1 and the minimum element 0, which is a mapping from S
into [0, 1] defined by

0: S—10,1], x+— 0(x):=0, Vz € S.

Let (S,0,<) be an ordered semihypergroup. For z € S, we define H,
{(y,2) € S x S| x X yoz}. Forany f,g € F(S), the product f*g of f and g is
defined by

\/(y,z)EHz [f(y) A g(Z)], if Hx 7é ®7

(Vo€ S) (f*g)(z) = {0 if H, = 0.
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As we know, the multiplication “x” on F'(S) is associative and (F'(.5), x, C) forms
an ordered semigroup (see [27]).

Let S be an ordered semihypergroup. A fuzzy subset f of S is called a fuzzy
left (resp. right) hyperideal of S if

(1) x < y implies f(z) > f(y), for all z,y € S, and

(2) Asexoy [(2) = f(y) (resp. A,cpop f(2) = f(z)) for all z,y € S. Equiva-
lently, 1% f C f (resp. f*1C f).

A fuzzy hyperideal of S is a fuzzy subset of S which is both a fuzzy left and

a fuzzy right hyperideal of S (see [23, 27]).

Lemma 2.4. Let {f; | i € I} be a family of fuzzy left hyperideals of an or-
dered semihypergroup S. Then f :=J;c; fi is a fuzzy left hyperideal of S, where

Uier fi)(@) = Vies (fi(x)).
Proof. The proof is straightforward verification, and hence we omit the details.

Definition 2.5. Let S be an ordered semihypergroup and f € F(S). The set
fi:={zx eS| f(x) >t}, wheret e (0,1]
is called a level subset of f.

Lemma 2.6 ([27]). Let S be an ordered semihypergroup and f € F(S). Then f
is a fuzzy left hyperideal of S if and only if the level subset f, (t € (0,1]) of f is
a left hyperideal of S for f; # 0.

Let A be a nonempty subset of an ordered semihypergroup S. We define a
fuzzy subset A\fa (A € (0,1]) of S as follows:

A ifzed
Vr € §) Afaw) = ’
(V2 & 8) Male) {0, if o ¢ A

Clearly, Af4 is a generalization of the characteristic mapping f4 of A.

Lemma 2.7 ([27]). Let A, B be any nonempty subsets of an ordered semihyper-
group S. Then the following statements are true:

(1) AC B if and only if A\fa C \fB.

(2) Ma* A5 = M(aop)- In particular, fa* fp = faom)-

(3) A is a left hyperideal of S if and only if Afa is a fuzzy left hyperideal of
S.

Let S be an ordered semihypergroup, a € S and X € [0,1]. An ordered fuzzy
point ay of S is defined by the rule that

A, if x € (al,

(wves)a“x%:{o itz ¢ (a].
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It is evident that every ordered fuzzy point of S is a fuzzy subset of S. For any
fuzzy subset f of S, we also denote ay C f by ay € f in the sequel (see [27]).

Definition 2.8 ([27]). Let f be a fuzzy subset of an ordered semihypergroup
S. We define (f] by the rule that

(fix) =\ fWw),

y>z

for all z € S. A fuzzy subset f of S is called strongly convex if f = (f].

Lemma 2.9 ([27]). If f is a strongly convex fuzzy subset of an ordered semihy-
pergroup S, then f = Ua)\ef ay.

Lemma 2.10 ([27]). Let ax,b, (A > 0, > 0) be ordered fuzzy points of an
ordered semigroup S, and f,g,h € F(S). Then the following statements are
true:

(1) (Vz € S) (1 *xay)(x) = {

hyperideal of S.

(2) (ax *bu) * c5 = ax = (b * ¢5) = Uge(aoboq Irnuns for any ordered fuzzy
point ax,b, and cs of S.

(3) L(ay) = axU1lxay.

(4) (L(an))* C 1*ay.

(5) If S is commutative, then f*1=1x f.

(6) (gUR) £ = (g% f) U (s f).

The reader is referred to [3, 30] for notation and terminology not defined in
this paper.

A, ifx € (Soal,

and 1 * ay 1s a fuzzy left
0, ifad(Sod, A Juy L]

3. Quasi-prime and quasi-semiprime fuzzy left hyperideals of
ordered semihypergroups

In what follows, we denote by Z* the set of positive integers. In the current
section we define and study the quasi-prime and quasi-semiprime fuzzy left hy-
perideals of ordered semihypergroups, and give some characterizations of them.

Definition 3.1. Let S be an ordered semihypergroup. A fuzzy left hyperideal
f of S is called quasi-prime if for any two fuzzy left hyperideals g and h of S,
g*h C fimplies g C f or h C f.

Theorem 3.2. Let L be a nonempty subset of an ordered semihypergroup S.
Then a left hyperideal L is quasi-prime if and only if the characteristic function
fr of L is a quasi-prime fuzzy left hyperideal of S.

Proof. Let L be a quasi-prime left hyperideal of S. Then, by Lemma 2.7(3), fr,
is a fuzzy left hyperideal of S. For any two fuzzy left hyperideals g and h of S,
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if gxh C fr, then ¢ C fr or h C fr. In fact, if ¢ € fr, and h € fr, then there
exist x,y € S such that g(z) > fr(z), h(y) > fL(y). Thus we have

g(x) > 0,h(y) >0, fr(x) = fr(y) = 0.

It implies that x,y ¢ L. We now show that there exists s € S such that (xosoy|
L. Indeed, if (xoSoy] C L, then (Sox]o(Soy] C L. By Lemma 2.2(7), (Sox]
and (S oy| are left hyperideals of S. Since L is a quasi-prime left hyperideal of
S, it can be obtained that (Sox| C L or (Soy] C L. Let (Sox] C L. Then

(L(z))? = (xUSox]o(zUSox]C (Sox] C L.
Thus z € L(xz) C L, which is impossible. From (S oy] C L, similarly, we get a

contradiction. Now if a € (x o s o y] such that a & L, then fr(a) =0, and there
exists z € s oy such that a < z o z. Thus

(gxh)a) = \/ lg(p) Ah(q)] = g(x) Ah(2)
(p,9)€Ha
> gla)A( \ h=z) = g(@) Ah(y) >0,

which contradicts the fact that g * h C fr. Therefore, fr is a quasi-prime fuzzy
left hyperideal of S.

Conversely, suppose that fr is a quasi-prime fuzzy left hyperideal of S. Let
L1, Ly are left hyperideals of S such that Li o Ly C L. Then, by Lemma 2.2,
(L1 o Ly] C (L] = L. Thus, by Lemma 2.7, we have

Sy * Ly = f(niors) € fL-

By hypothesis and Lemma 2.7(3), since fr, is quasi-prime, it can be shown that
fr, C fror fr, C fr, which implies that L1 C L or Ly C L. This completes the
proof.

Lemma 3.3. Let S be an ordered semihypergroup. If f is a nonconstant quasi-
prime fuzzy left hyperideal of S, then |Im(f)| = 2.

Proof. Since f is a nonconstant quasi-prime fuzzy left hyperideal of S, we
have [Im(f)| > 2. Suppose |[Im(f)| > 3. Then there exist x,y, z € S such that
f(z), f(y) and f(z) are different from each other. Without loss of generality ,
it can be assumed that

flx) < fly) < f(2).
Thus there exist r,t € (0, 1) such that

flz)<r<fly) <t<f(z).
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Then, for any u € S, we have

rAt=r, wué€ (L(zx)o L(y),

0, otherwise.

(L(zr) * L(y))(u) = {

If w € (L(x) o L(y)], then there exist a € L(z),b € L(y) such that u € (a o b,
and there exists ¢ € a o b such that u < c. Since f is a fuzzy left hyperideal of
S, we have

fwy= N flo= N\ flo = fo).

ceaodb c€aob
u<lc

Since b € L(y) = (yUSoy] = (y]U(Soy|, we have b € (y] or b € (Soy]. Similar
to the previous proof, it can be obtained that f(b) > f(y). Hence f(u) > f(y) >
r. It follows that L(x,) * L(y:) € f. Thus L(z,) C f or L(y:) C f because
f is a quasi-prime fuzzy left hyperideal of S. Let L(x,) C f. Then we have
f(z) > L(z,)(z) = r, which is impossible. From L(y;) C f, similarly, we get a
contradiction. This completes the proof.

Theorem 3.4. Let S be an ordered semihypergroup. If f is a nonconstant quasi-
prime fuzzy left hyperideal of S, then there exists xog € S such that f(xg) = 1.

Proof. By Lemma 3.3, [Im(f)| = 2. If f(x) # 1 for all z € S, then Im(f) =
{s,t}, s <t < 1. Hence there exist z,y € S and m € (0, 1] such that

flz)=s<t=fly) <m<1

Let t1,t2 € (0,1) such that s < t; < t < to < m. Then by the similar way of the
proof of Lemma 3.3, we have L(zy, ) * L(y,) C f. Since f is a quasi-prime fuzzy
left hyperideal of S, we have L(x,) C f or L(yz,) C f. It implies that f(x) > ¢
or f(y) > ta, which is impossible. Thus there exists ¢ € S such that f(z¢) = 1.

Theorem 3.5. Let S be an ordered semihypergroup. If f is a quasi-prime fuzzy
left hyperideal of S, then the level subset fy (t € (0,1]) of f is a quasi-prime left
hyperideal of S for f; # 0.

Proof. Suppose that f is a quasi-prime fuzzy left hyperideal of S. By Lemma
2.6, for any t € (0,1], f; is a left hyperideal of S for f; # (). To prove that f;
is quasi-prime, let Li and Ly be left hyperideals of S such that Li o Ly C fi,
and let g = tfr, and h = ¢fr,. Then, by Lemma 2.7(3), g and h are fuzzy left
hyperideals of S. Furthermore, we have g« h C f, that is, (¢ * h)(z) < f(z) for
all € S. Indeed, if (g % h)(x) = 0, then it is obvious. If (g * h)(z) # 0, then
H, # (), and there exist y,z € S such that + <y oz, 0 < g(y) A h(z) < t. Thus
y € Ly and z € Ly, and so x € (L1oLs] C (fi] = fi, and f(z) > t. Consequently,

(gxh)(@) =\ g AhE)}] <t< f(a).

(yvz)eHZ
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Hence it can be obtained that g * h C f. Since f is a quasi-prime fuzzy left
hyperideal of S, it can be followed that g C f or h C f. Say g C f, then for any
x € Li,9(x) =t < f(x), and x € f;. Thus Ly C f;. Similarly, say h C f, we
have Lo C f;. Therefore, f; is a quasi-prime left hyperideal of S for f; # (.

Example 3.6. We consider a set S := {a, b, ¢, d, e} with the following hyperop-
eration “o” and the order “ <7:

a b c d e
{a,b} {a,b} {a,b} {a,b} {a,b}
{a,b} {a,b} {a,b} {a,b} {a,b}
{a,b}  {a,b}  {c} {c} {e}
{a,b}  {a,0}  {c} {d} {e}
{a,b}  {a,b}  {c} {c} {e}

<= {(a,a). (a. <), (a,d), (a,e), (b.b), (b,). (b,d), (b,e), (c. <) (¢, d), (c,0), (d,d), (e, )}

We give the covering relation “<” and the figure of S as follows:

<= {(a,¢), (b,c), (c,d), (c,e)}.

D /UL O Qo

ds €
C
ao b

Then (S, o, <) is an ordered semihypergroup. With a small amount of effort one
can verify that the sets {a,b},{a,b,c,d},{a,b,c,e} and S are all quasi-prime
left hyperideals of S. Now let f be a fuzzy subset of S such that f(a) = f(b) =
0.8, f(c) = f(d) = 0.7, f(e) = 0.6. Then

s, if t € (0,0.6],
_ J{a,b,c,d}, ift € (0.6,0.7],
Je= {a,b}, if + € (0.7,0.8],
0, if t € (0.8,1].

Thus all nonempty level subsets f; (¢t € (0,1]) of f are quasi-prime left hy-
perideals of S and by Theorem 3.5, f is a quasi-prime fuzzy left hyperideal of
S.

By Theorems 3.4 and 3.5, we immediately obtain the following corollary:

Corollary 3.7. Let S be an ordered semihypergroup. If f is a nonconstant
quasi-prime fuzzy left hyperideal of S, then fi is a quasi-prime left hyperideal of
S.
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Remark 3.8. The inverse of Theorem 3.5 is not true. For example, let L be a
quasi-prime left hyperideal of S, L. # S, and

A, fzel,
flx) = .
0, ifx e L,

for any x € S, where 0 < A < 1. Then f is a fuzzy left hyperideal of S. For any
€ (0,1], if f; # 0, then f; = L, which is a quasi-prime left hyperideal of S. But
f is not quasi-prime since f; = 0.
Now, quasi-prime fuzzy left hyperideals of ordered semihypergroups can be
characterized.

Theorem 3.9. Let f be a nonconstant fuzzy subset of an ordered semihyper-
group S. Then f is a quasi-prime fuzzy left hyperideal of S if and only if f
satisfies the following conditions:

(1) [Im(f)| =2.

(2) f1 # 0, and f1 is a quasi-prime left hyperideal of S.

Proof. Suppose that f is a nonconstant quasi-prime fuzzy left hyperideal of S.
Then, by Lemma 3.3, Theorem 3.4 and Corollary 3.7, the conditions (1) and (2)
hold.

Conversely, assume that the conditions (1) and (2) hold. Since [Im(f)| = 2,
by hypothesis we have Im(f) = {¢t,1} (¢t < 1). Thus

(A) f is a fuzzy left hyperideal of S. To prove this assertion, let x,y € S. We
consider the following two cases:

Case 1. If y € f1, then f(y) = 1, and by (2), we have zoy C So f; C fi,
which implies that f(z) =1 for any z € x oy. Hence A\, f(2) =1 = f(y).

Case 2. If y € f1, then f(y) = t. Consequently, by hypothesis, /\Z@oy f(z) >
t=f(y)

Thus, in both cases, A,c,o, [(2) = f(y) for all z,y € S. Furthermore, let
x,y € S such that x < y. Then f(x) > f(y). In fact, if y & fi1, then f(y) =t <
f(x). If y € fi1, then, since f; is a left hyperideal of S, we have x € f;. Thus
Fr) = 1= ().

(B) f is quasi-prime. In fact, let g and h be fuzzy left hyperideals of S such
that g« h C f. We claim that ¢g C for h C f. If g € f and h € f, then there
exist x,y € S such that g(z) > f(x) and h(y) > f(y). Hence =,y ¢ f1, which
implies (x 0 Soy] € fi. Otherwise, by Lemma 2.2, we have

(Soz|o(Soy| S (Seo(zoSoy]] C(Sofi] C(A]Cfi-

Since f1 is a quasi-prime left hyperideal of S, by Lemma 2.2(7) we have (Soz] C
fior (Soy] C f1. Say (Sox] C fi, we can deduce that (L(z))? C (Sox] C f1.
It follows that x € L(z) C f; because f; is quasi-prime. Impossible. Say
(S oy C fi, similarly, we get a contradiction. Thus (z o Soy] € fi1, and there
exists a € (xoSoy] such that a ¢ f1. Then f(a) =t and there exists s € S such
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that a < x o soy. Thus there exists b € soy such that a < zob. Since x,y & f1,
by hypothesis we have f(x) = f(y) = t. Consequently,

(gxh)(a) =\ lg(w) Ah()] = g(x) Ah(b)

(u,v)EHq

> gl@) A (N h(B) = g(x) Ah(y)
besoy
(Since h is a fuzzy left hyperideal of S)

> fe) A fly) =t = fla),

which contradicts the fact that g *x h C f. Therefore, f is a quasi-prime fuzzy
left hyperideal of S.

Definition 3.10. Let S be an ordered semihypergroup. A fuzzy left hyperideal
f of S is called properif f # 1.

Theorem 3.11. Let S be an ordered semihypergroup. If f is a nonconstant
quasi-prime fuzzy left hyperideal of S, then there exists a proper quasi-prime
fuzzy left hyperideal g of S such that f C g.

Proof. Let f be a nonconstant quasi-prime fuzzy left hyperideal of S. By
Theorem 3.9, there exists zp € S such that f(zg) = 1, and Im(f) = {¢,1},
where t < 1. Let g be a fuzzy subset of S defined by
1 1
(V2 € 8) ga) = 3/ (@)+5
Then, it is easy to show that g is a fuzzy left hyperideal of S, and [Im(g)| = 2.
On the other hand, since g1 = f1, by Theorem 3.9, g; is a quasi-prime left
hyperideal of S and ¢ is a quasi-prime fuzzy left hyperideal of S. Let y € .S such
that f(y) =t. Then

which implies that g is a proper quasi-prime fuzzy left hyperideal of S and f C g.
The proof is completed.

We now characterize the quasi-prime fuzzy left hyperideals by ordered fuzzy
points.

Theorem 3.12. Let S be an ordered semihypergroup. Then a fuzzy left hyper-
ideal f of S is quasi-prime if and only if for any two ordered fuzzy points x,,y:
of S (r>0,t>0), z, x Lxy C f implies that x, € f ory, € f.

Proof. Let z, and y; are ordered fuzzy points of S such that z, x 1 %y, C f.
Then
(Lxa,)x (Lxy) = 1% (o, + Lage) C1xf C F.
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By Theorem 2.10(1), 1z, and 1 % y; are fuzzy left hyperideals of S. Since f is
quasi-prime, we have 1 xx, C f or 1 xy; C f. Say 1 *xx, C f, then, by Theorem
2.10(4), (L(x,))*> C 1 %2, C f. Thus x, € L(x,) C f. Similarly, say 1y, C f,
we have y; € L(y) C f.

Conversely, let g, h be fuzzy left hyperideals of S such that g x h C f. If
g f,h € f, then there exist z,y € S such that g(z) > f(z),h(y) > f(y). Let
r = g(x),t = h(y). Then r > 0,t > 0,z, € g,y € h, since h is a fuzzy left
hyperideal of S, we have

Trxlxy Cgxlxh CgxhCf.

By hypothesis, z, € f or y, € f. If z, € f, then f(z) > r = g(z), which is
impossible. Similarly, if y; € f, then we get a contradiction. Therefore, f is a
quasi-prime fuzzy left hyperideal of S.

In order to characterize the quasi-prime fuzzy left hyperideals of ordered
semihypergroups, we need the following concept.

Definition 3.13. Let S be an ordered semihypergroup. A fuzzy subset f of S
is called fuzzy m-system if for any s,t € [0,1) and a,b € S, f(a) > s, f(b) >t
imply that there exists x € S such that f(y) > sV t for some y € (a oz o b].

Theorem 3.14. Let M be a nonempty subset of an ordered semihypergroup S.
Then M is a m-system of S if and only if the characteristic function fyr of M
s a fuzzy m-system of S.

Proof. For any s,t € [0,1) and a,b € S, if far(a) > s, far(b) > t, then a,b € M.
Since M is a m-system of S, there exists x € S such that (aozob]N M # (. Let
y € (aoxoblN M. Then fy(y) = 1. Hence far(y) > sVt for some y € (aoxob].
It thus follows that fj; is a fuzzy m-system of S.

Conversely, suppose that fas is a fuzzy m-system of S. Let a,b € M. Then
far(a) = far(b) = 1. Thus for any s,t € [0,1), we have

fM(a) > s, fM(b) >,

which imply that there exists an element x € S such that fy/(y) > sVt for
some y € (aoxzob] and that fi(y) = 1, that is, y € M. It can be followed that
(aoxzob] N M # (. Hence M is a m-system of S.

Theorem 3.15. Let f be a proper fuzzy left hyperideal of an ordered semihy-
pergroup S. Then f is quasi-prime if and only if 1 — f is a fuzzy m-system of
S.

Proof. Suppose that f is a quasi-prime fuzzy left hyperideal of S. For any s,t €
[0,1),a,b€ S, if (1—f)(a) > s,(1—f)(b) > t, then f(a) <1—s, f(b) <1—t. It
implies that a1_s ¢ f and bj_y ¢ f. Since f is a quasi-prime fuzzy left hyperideal
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of S, by Theorem 3.12, Lemmas 2.9 and 2.10(2), there exists an ordered fuzzy
point x, of S such that

a1—s* Tp* by = U Ya—s)n(1—t)Ar ¢ f

yE€(aoxod]

Thus, there exists y € (a o x o b] such that
fy)<AQ=s)A"Q1=t)Ar<(1—-s)AN(1—-t)=1—(sVi).

which implies that (1 — f)(y) > sV t. We have thus shown that 1 — f is a fuzzy
m-system of S.

Conversely, assume that 1 — f is a fuzzy m-system of S. Let as, b, of S (¢t >
0,s > 0) such that as x 1 xb, C f. If as ¢ f and by ¢ f, then there exist
aj € (a], by € (b] such that f(a1) < s, f(b1) < t. Thus we have

(1=f)a) >1—s,(1—f)(b1) >1—t.
By hypothesis, there exists an element z € S such that
A=NHy)>A-s)V(I—t)=1—sAt

for some y € (ay oxoby], that is, f(y) < sAt. Since S be an ordered semihyper-
group, it can be obtained that y € (aoxz ob]. It thus follows, by Lemma 2.10(2),
that ag *x Tgas * by = Uye(aomob} Ysat ¢ f, which is a contradiction. Consequently,
f is a quasi-prime fuzzy left hyperideal of S.

In the following we shall define and study the quasi-semiprime fuzzy left
hyperideals of ordered semihypergroups.

Definition 3.16. Let .S be an ordered semihypergroup. A fuzzy left hyperideal
f of S'is called quasi-semiprime if for any fuzzy left hyperideal g of S, gxg C f
implies g C f.

Lemma 3.17. If f and g are fuzzy left hyperideals of an ordered semihypergroup

S, then f = g is also a fuzzy left hyperideal of S.

Proof. Let f, g be two fuzzy left hyperideals of S. Then we have
Lx(fxg)=0xf)xgC frg.

Furthermore, if z < y, then (f % g)(x) > (f * g)(y). Indeed, if H, = 0, then
(f*g)(y) = 0. Since fxg is a fuzzy subset of S, we have (f*g)(z) > 0= (f*g)(y).
If H, # 0, then, since x <y, we have H, C H,. Thus we have

(o)) =\ [wrgwl<s \ [fwAg@)]=(f*g)@).

(u,v)€Hy (u,v)EH

Therefore, f % g is a fuzzy left hyperideal of S.
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Theorem 3.18. Let S be an ordered semihypergroup and f a fuzzy left hyper-
ideal of S. Then f is quasi-semiprime if and only if for any fuzzy left hyperideal
gofS, g"C f, n€ Z" implies that g C f.

Proof. <= . This is obvious.

— . Let f be a quasi-semiprime fuzzy left hyperideal of S. Here we prove
the result by induction. Clearly the result holds for n = 2. Let £k > 2 be any
positive integer and let the result holds for every positive integer n, 1 <n < k.
We claim that ¢g*t! C f implies g C f. We consider the following two cases:

Case 1. If k is odd, let k = 2m + 1. Then gh+? = g2(m+1) — (gm+1)2,

Case 2. If k is even, let £k = 2m. Then, by Lemma 3.17, we have

k+1 2m+1 o1 *92m+1

g =g 2m+1 2m+2 —_ (

Dgxgl=g¢ mh2,

g
Thus, in both cases, if g¥*1 C f, then ¢"*! C f. Since m+1 < k, the induction
hypothesis insures that g C f. The proof is completed.

Remark 3.19. By Theorem 3.18, we have characterized quasi-semiprime fuzzy
left hyperideals of an ordered semihypergroup S. The characterization, however,
make no reference to the grade of membership of an element of S. The purpose
of following theorem is to characterize quasi-semiprime fuzzy left hyperideal in
terms of its effect on the elements of S. We shall see that the following theorem
is simpler to use.

Theorem 3.20. Let S be an ordered semihypergroup and f a fuzzy left hyper-
ideal of S. Then f is quasi-semiprime if and only if f(a) = /\be(aosoa] f(b) for
alla € S.

Proof. Assume that f(a) = /\be(aosoa] f(b) for any a € S. Let g be any fuzzy
left hyperideal of S such that g« g C f. If ¢  f, then there exists a € S such
that g(a) > f(a). Since f(a) = Ape(aosoq [ (), there exists ¢t € S such that
b=<aotoa and f(a) = f(b). Then there exists ¢ € aotoa such that b < ¢, and
there exists x € t o a such that ¢ € a o x. Since f is a fuzzy left hyperideal of S,
we have

f(e) < f(b) = fla) < g(a).

Furthermore, according to g * g C f, we have

gla) > f©)>(gxg)c)= \/ lg(u)Agv)]

(u,v)€H,

> gla) Ag(x) = g(a) AN g(x)

TEtoa

> g(a) Ag(a) = g(a),

which is a contradiction.
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Conversely, suppose that f is a quasi-semiprime fuzzy left hyperideal of S.

If f(a) # Apc(aosoq) f(b) for some a € S, then f(a) < Ape(qosoq) f(b)- In fact,
for any b € (a0 Soal, there exists t € S such that b < aotoa. Then there exists

c € aotoa such that b < ¢, and there exists € a ot such that ¢ € x o a. By
the fact that f is a fuzzy left hyperideal of S, we have

)= fle)= N\ flo) = fla).

Let Ape(aosoq) f(b) = m. Define a fuzzy subset g of S as follows:

m, ifx e (Soal,

(Vo € 5) g(z) = {0 if 2 ¢ (Soa.

Then, by Lemma 2.10(1), g is a fuzzy left hyperideal of S. Furthermore, we
can show that g x ¢ C f. It is enough to prove that (g * g)(z) < f(z) for all
x € S. Indeed, if (g % g)(z) = 0, then it is obvious that (g * ¢g)(z) < f(x). Let
(g * g)(x) = m. Then we have

\ o) Ag(z)] =m,

(y,z)GHz

which means there exist u,v € (Soa] such that z < uov. Put u < soa, v < toa
for some s,t € S. Then, by Lemma 2.2(8), we have

x3uov=(soa)o(toa)=so(aotoa),

and there exists y € aotoa such that z < soy. Then there exists z € soy such
that z < z. Since f is a fuzzy left hyperideal of S, we have

f@) = N fe= N re=fw= N f

z<z zesoy YyEaotoa
zEsoy
> A = N fw)=m=(gx9) ().
y€(aotoal yE€(aoSoal

It implies that g x g C f. By hypothesis, g C f. Again define a fuzzy subset h of
S as follows:

m, if z € L(a),

0, ifz¢L(a).

Clearly, h = mfr,q). Then, by Lemma 2.7(3), h is a fuzzy left hyperideal of S.

Moreover, h x h C f. Indeed, since (h * h)(z) = V<4 00, [1(21) A h(z2)] = M
only if there exist u,v € L(a) such that # < u o v. We can easily verify that

(Vz € 8) h(z) = {

r=uovC Soa,
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which implies that x € (S o a]. Thus (h * h)(z) = m implies g(xz) = m. Conse-
quently, h x h C g C f. Since f is quasi-semiprime, by Proposition 3.7 we have
h C f. Thus m = h(a) < f(a), which contradicts the fact that f(a) < m. This
completes the proof.

Definition 3.21. Let S be an ordered semihypergroup. A fuzzy subset f of S
is called fuzzy n-system if for any s € [0,1) and a € S, f(a) > s implies that
there exists = € S such that f(y) > s for some y € (a oz oal.

We now give characterizations of quasi-semiprime fuzzy left hyperideals of
an ordered semihypergroup.

Theorem 3.22. Let S be an ordered semihypergroup and f a proper fuzzy left
hyperideal of S. Then the following statements are equivalent:

(1) f is quasi-semiprime.

(2) For every ordered fuzzy point x, of S (r > 0), . x 1xx,. C f implies that
zy € f.

(3) 1 — f is a fuzzy n-system of S.

Proof. The proof is similar to that of Theorems 3.12 and 3.15 with a slight
modification, we omit it.

4. Characterizations of strongly semisimple ordered
semihypergroups

In this section, we investigate mainly the properties of strongly semisimple
ordered semihypergroups. In particular, we discuss the characterizations of
strongly semisimple ordered semihypergroups by fuzzy left hyperideals gener-
ated by ordered fuzzy points.

Definition 4.1. An ordered semihypergroup S is called strongly semisimple if
(L?] = L holds for every left hyperideal L of S.

Lemma 4.2. Let S be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is strongly semisimple.

(2) a€(SoaoSoa] foralla€sS.

Proof. (1) = (2). Let a € S. Then, by Lemma 2.2, we have

(L(a)o L(a)] = ((aUSoajo(aUSoal
(aUSoa)o(aUSoa)
aoaUaoSoaUSoaoalUSoaoSoa)

S oal.

(
(
(
(
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Thus, by (1), we have

L(a) = (L(a) o L(a)] = (((L(a) o L(a)] o (L(a) o L(a)]]

a <€
C ((Sod)o(Soa]=((Soa)o(Soa)]=(SoaoSoadl.

(2) = (1). Let L be a left hyperideal of S. Then (L?] = (Lo L] C (So L] C
(L] = L. On the other hand, let € L. Then, by (2) and Lemma 2.2, we have

z € (SoxoSox]C(SoLoSol]
— (SeL)o(SoL) C (Lol)=(?)

which means that L C (L?]. Therefore, S is strongly semisimple.
Now, we give some characterizations of a strongly semisimple ordered semi-
hypergroup by ordered fuzzy points and fuzzy left hyperideals.

Theorem 4.3. Let S be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is strongly semisimple.

(2) fNgC fxg for all fuzzy left hyperideals f and g of S.

(3) fxf=f for every fuzzy left hyperideal f of S.

(4) (L(ay))? = L(a,) for every ordered fuzzy point a, of S.

(5) ar € Soa, o Soa, for every ordered fuzzy point a, of S.

(6) Every fuzzy left hyperideal of S is quasi-semiprime.

(7) Bvery fuzzy left hyperideal of S is the intersection of all quasi-prime fuzzy
left hyperideals of S containing it.

Proof. (1) = (2). Let S be a strongly semisimple ordered semihypergroup and
a € S. Then, by Lemma 5.2, we have a € (Soao Soal, and there exist z,y € S
such that @« X xocaoyoa. Then there exist b € xoa,c € yoa such that a < boc.
For any two fuzzy left hyperideals f and g of S, we have

(fxg)@) =\ [fw)Ag@)]=fb)Agle)

(u,v)EHq

> (N FO)ACNA ge)

bexoa cEyoa

> [fla) Agla) = (fNg)(a),

which implies that fNg C fxg.

(2) = (3). Let f be any fuzzy left hyperideal of S. Then, by (2), we have
f*f 2 fnf=f. On the other hand, since f is a fuzzy left hyperideal of S, it
can be obtained that fx f C 1 f C f. Therefore, f x f = f.

(3) = (1). Let L be any left hyperideal of S. Then, by Lemma 2.7(3), the
characteristic function fr, of L is a fuzzy left hyperideal of S. Thus, by (2), we
have fr * fr, = fr. By Lemma 2.7(2), we have f(;2) = f, and thus (L?] = L.
Hence S is a strongly semisimple ordered semihypergroup.
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(3) = (4). Clearly.
(4) = (5). Let a, be any ordered fuzzy point of S. By (4), (L(a,))? = L(a,).
Then we have
ar € L(ay) = (L(a,))* = (L(ar))” * L(ay).

By Lemma 2.10(4), (L(a,))? C 1 % a,. Then
(L(a,))? = (L(a,))? % L(a,) € 1% ay * 1.
Thus we have

(L(a,))* = (L(ar))® * Lar)
(Isxa,+1)*(arUlxa,)
lxa.*x1%xa,Ul*a.*x1x%1xa, (By Lemma 2.10(6))

C 1xarx1xa,.

N

Therefore, a, € 1 x a, x 1 x a,.
(5) = (6). Suppose that f is a fuzzy left hyperideal of S. Let g be a fuzzy
left hyperideal of S such that g« g C f. Then, for any a, € g, by (5), we have

ar €El*xar*x1xa, ClxgxlxgCgxgC f.

By Lemma 2.9, ¢ = Uareg ar, and thus g C f. Consequently, f is quasi-
semiprime.

(6) = (3). Let f be any fuzzy left hyperideal of S. Then, by Lemma 3.17,
f = f is also a fuzzy left hyperideal of S. Since f* f C f * f, by (6) we have
f C fxf. Clearly, fx* f C f. It thus follows that f x f = f.

(2) = (7). Let f be a fuzzy left hyperideal of S, and let

N ={ga | ga is a quasi-prime fuzzy left hyperideal of S such that f C g,}.

We claim that f = ﬂgae/\f Jo- Indeed, it is obvious that f C ﬂgaEN Ja- Con-
versely, for any a, € [, cpr 9o, if ar & f, then r >0, f(a) <r. Let

B = {hg | hg is a fuzzy left hyperideal of S such that f C hg, f(a) = hg(a)}.

Clearly, B # () because f € B. Thus (B, C) is an ordered set. Let C be a chain
in B. Then, by Lemma 2.4, the set Uhﬂ cc hg is a fuzzy left hyperideal of S and

fC UhBEC hg. Since for any hg € C, f(a) = hg(a), we have
(| hs)(a) = f(a).
hgec

Thus the fuzzy left hyperideal Uhﬁ cc s is an upper bound of C in B. By Zorn’s
Lemma, B has a maximal element. Denote it by Apax. Then a, ¢ hpax. We now
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show that hpax is a quasi-prime fuzzy left hyperideal of S. Let f; and fs be two
fuzzy left hyperideals of S with f1 * fo C hpyax. Then, by (2), we have

flme C fl *f2 c hmax-

It thus follow that hmax = hmax U (f1 N f2) = (Amax U f1) N (hmax U f2). We claim
that Amax = Amax U fl or hmax = Nmax U f2a that is, fl C Amax Or f2 C hAmax- In
fact, by hmax = (Amax U f1) N (Amax U f2), we have

f(a) = hmax(a) = (hmax U f1)(a) A (hmax U f2)(a).

This implies (hmax U f1)(a) = f(a) or (hmax U f2)(a) = f(a). Since hmax is
maximal with respect to the property that f C hmax and hmax(a) = f(a), we
have hpax = Amax U f1 OF hpax = hmax U fo. Hence hyax is a quasi-prime fuzzy
left hyperideal of S. Thus, by hypothesis, a, € hmax. This is a contradiction.
Therefore, f =, cr Ja-

(7) = (3). Let f be any fuzzy left hyperideal of S. Then, by Lemma 3.17,
f = f is also a fuzzy left hyperideal of S. By (7), we have

fxr=1)9

geM

where M is the set of all quasi-prime fuzzy left hyperideals of S containing
f * f. Furthermore, we prove that f x f = f. In fact, for any g € M, clearly,
f*f C g. Since g is quasi-prime, it can be obtained that f C g. Then we have
fC ngM g = f* f. On the other hand, since f is a fuzzy left hyperideal of S,
we have fx f C1x f C f. Thus f* f=f.

Theorem 4.4. Let S be a commutative ordered semihypergroup. Then the
fuzzy left hyperideals of S are quasi-prime if and only if they form a chain and
S is strongly simisimple.

Proof. Suppose that the fuzzy left hyperideals of S are quasi-prime. Let g and
h be fuzzy left hyperideals of S. By Lemma 3.17, g x h is a fuzzy left hyperideal
of S. Then, by hypothesis, g * h is quasi-prime. From g x h C g x h, by Lemma
2.10(5), we have g C gxh C1xhChorh Cgxh Cgx1=1%g C g. Thus the
fuzzy left hyperideals of S form a chain. Moreover, for any fuzzy left hyperideal
f of S, obviously, fx*f C f. Since f* f C fx f, by hypothesis we have f C fx f.
It thus follows that f x f = f. By Theorem 4.3, S is strongly simisimple.

Conversely, assume that f is a fuzzy left hyperideal of S. Let g, h be any
fuzzy left hyperideals of S such that g x h C f. By hypothesis, we have g C h or
h C g. Say g C h, then, by Theorem 4.3, g = g+ g C g * h C f. Similarly, say
h C g, we have h C f. Therefore, f is quasi-prime.
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