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Abstract. In this paper the notions of topological and paratopological effect algebras
are defined and their properties are investigated. Then by considering the notion of
uniformity space and using of Riesz ideals in effect algebras, a topology and a uniformity
space on any effect algebra is obtained. Finally, by definition of an equivalence relation
on the set of all Cauchy nets of an effect algebra, and geting a quotient structure by
that set, a completion for above uniformity space is constructed.
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1. Introduction

Topology and algebra, the two fundamental domains of mathematics, play com-
plementary roles. Topology studies continuity and convergence and provides a
general framework to study the concept of a limit. Algebra considers all kinds
of operations and provides a basis for algorithms and calculations. Many of
the most important objects of mathematics represent a blend of algebraic and
topological structures. For example, in applications, in higher level domains
of mathematics, such as functional analysis, dynamical systems, representation
theory, topology and algebra come in contact naturally. Several mathematicians
have endowed a number of algebraic structures associated with logical systems
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with a topology and have found some of their properties. For example, R. A.
Borzooei et al. [1, 2, 14, 15] who defined semitopological and topological BL-
algebras and MV -algebras and M. Haveshki et al. [11] introduced the topology
induced by uniformity on BL-algebras. Effect algebras have been introduced by
D. J. Foulis and M. K. Bennet in 1994 [6] for modelling unsharp measurement
in a quantum mechanical system. They are a generalization of many structures
which arises in quantum physics [3] and in mathematical economics. In the last
few years, the theory of effect algebras has enjoyed a rapid development. As
an important tool of studying, the topological structures of effect algebras not
only can help us to describe the convergence properties, but also can help us to
characterize some algebra properties of effect algebras. In this paper we present
the main properties of effect algebras, and introduce topologies that cause the
operation ⊕ and ′ to be continuous, and study their properties. We define
(para) topological effect algebra and some examples are presented. We apply
the notion of ideals, especially Riesz ideals in an effect algebra and we produce
a binary relation which is an congruence relation. Then we show that an effect
algebra with the topology that is defined by Riesz ideals, form a uniform space.
Finally, we introduce a completion on an effect algebra.

2. Preliminary

Recall that a set A with a family U = {Uα}α∈I of its subsets is called a
topological space, denoted by (A,U), if A, ∅ ∈ U , the intersection of any fi-
nite numbers of members of U is in U and the arbitrary union of members of
U is in U . The members of U are called open sets of A and the complement of
U ∈ U , that is A\U , is said to be a closed set. If B is a subset of A, the smallest
closed set containing B is called the closure of B and denoted by B (or cluB).
A subset P of A is said to be a neighborhood of x ∈ A, if there exists an open
set U such that x ∈ U ⊆ P . A subfamily {Uα} of U is said to be a base of U if
for each x ∈ U ∈ U there exists an α ∈ I such that x ∈ Uα ⊆ U , or equivalently,
each U in U is the union of members of {Uα}. A subfamily {Uβ} of U is a
subbase for U if the family of finite intersections of members of {Uβ} forms a
base of U . Let Ux denote the totality of all neighborhoods of x in A. Then a
subfamily Vx of Ux is said to form a fundamental system of neighborhoods of
x, if for each Ux in Ux, there exists Vx in Vx such that Vx ⊆ Ux (See [3]). Let
(A, ∗) be an algebra of type 2 and U be a topology on A. Then A = (A, ∗,U)
is called a left (right) topological algebra, if for all a ∈ A the map ∗ : A → A is
defined by x → a ∗ x ( x → x ∗ a) is continuous, or equivalently, for any x in A
and any open set U of a ∗ x (x ∗ a), there exists an open set V of x such that
a ∗ V ⊆ U (V ∗ a ⊆ U), topological algebra, if the operation ∗ is continuous, or
equivalently, if for any x, y in A and any open set (neighborhood) W of x ∗ y
there exist two open sets (neighborhoods) U and V of x and y, respectively, such
that U ∗ V ⊆ W (See [2]). An effect algebra is algebraic structure (E,⊕, 0, 1),
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where 0,1 are distinct elements of E and ⊕ is a partial binary operation on E
that satisfies the following conditions:

(E1) (Commutative law) If a⊕ b is defined, then b⊕a is defined and a⊕ b =
b⊕ a.

(E2) (Associative law) If a ⊕ b and (a ⊕ b) ⊕ c are defined, then b ⊕ c and
a⊕ (b⊕ c) are defined and (a⊕ b)⊕ c = a⊕ (b⊕ c).

(E3) (Orthosupplementation law) For each a ∈ E there exist a unique b ∈ E
such that a⊕ b is defined and a⊕ b = 1.

(E4) (Zero-Unit law) If a⊕ 1 is defined, then a = 0.
For each a ∈ E, we denote the unique b in condition (E3) by a′ and call it

the orthosupplement of a. The sense is that if a presents a proposition, then a′

corresponds to the negation. We define a ≤ b, if there exists c ∈ E such that
a ⊕ c = b. Such an element c is unique, and therefore we can introduce a dual
operation ⊖ in E by a ⊖ b = c if and only if a = c ⊕ b. Partial order ≤ on E
which is defined as above, is a totally order (See [6]). Let A and B be subsets
of a effect algebra E. Then A ⊕ B denotes the set {a ⊕ b : a ∈ A, b ∈ B}, and
A′ denotes the set {a′ : a ∈ A}. If a⊕ b is defined, then we say that a and b are
orthogonal and write a⊥b.

Example 2.1 ([4]). (i) Let E = [0, 1] ⊆ R, where a⊕ b is defined if and only if
a+ b ≤ 1, in which case we define, a ⊕ b = a+ b. Then (E,⊕, 0, 1) is an effect
algebra.

(ii) Let Cn = {0, a, 2a.....na = 1}, where ia⊕ ja on Cn is defined if and only
if i+ j ≤ n for any i, j = 0, 1, 2, ..., n, and in this case ia⊕ ja = (i+ j)a. Then
n-chain (Cn,⊕, 0, 1) is an effect algebra.

Example 2.2. Let E = {0, a, b, 1}, where 0 < a, b < 1. Consider the following
table:

⊕ 0 a b 1

0 0 a b 1
a a a 1 -
b b 1 b -
1 1 - - -

Then, (E,⊕, 0, 1) is an effcet algebra.

Proposition 2.3 ([6]). The following properties hold for any effect algebra:
(i) a

′′
= a,

(ii) 1′ = 0 and 0′ = 1,
(iii) 0 ≤ a ≤ 1,
(iv) a⊕ 0 = a,
(v) a⊕ b = 0 ⇒ a = b = 0,
(vi) a ≤ a⊕ b,
(vii) a ≤ b ⇒ b′ ≤ a′,
(viii) b⊖ a = (a⊕ b′)′,
(ix) a⊕ b′ = (b⊖ a)′,
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(x) a = a⊖ 0,
(xi) a⊖ a = 0,
(xii) a′ = 1⊖ a and a = 1⊖ a′.

Let (E,⊕, 0, 1) be an effect algebra. A nonempty subset I of E is said to be
an ideal of E, if for all a, b ∈ E, a ∈ I and b ≤ a implies b ∈ I and a⊖ b ∈ I and
b ∈ I implies a ∈ I.

Equivalently, if a⊕ b is defined, then a⊕ b ∈ I ⇔ a, b ∈ I.(See [13])
A binary relation ∼ on effect algebra E is called a congruence relation if:
(C1) ∼ is an equivalence relation,
(C2) a ∼ a1, b ∼ b1, a⊥b and a1⊥b1 then a⊕ b ∼ a1 ⊕ b1.
(C3) if a ∼ b and b⊥c, then there exists d ∈ E such that d ∼ c and a⊥d.
Note: Condition (C3) is equivalent to the conditions:
(C4) If a ∼ b and a⊕ a1 ∼ b⊕ b1, then a1 ∼ b1.
(C5) If a ∼ b⊕c, then there are a1, a2 such that a = a1⊕a2 and a1 ∼ b, a2 ∼ c.

and condition (C4) is equivalent to condition
(C6) if a ∼ b, then a′ ∼ b′.(See [8])
If ∼ is a congruence relation on effect algebra E, then quotient E/ ∼ is

an effect algebra ([5]). If I is an ideal on effect algebra E, we define a binary
relation ∼I on E by a ∼I b if and only if there are i, j ∈ I, such that i ≤ a, j ≤ b
and a ⊖ i = b ⊖ j or equivalently, there exists k ∈ E, such that k ≤ a, b, a ⊖ k
and b⊖ k ∈ I. Let (E,⊕, 0, 1) be an effect algebra and I be an ideal of E. We
say that I is a Riesz ideal of E if for any i ∈ I and a, b ∈ E if a⊥b and i ≤ a⊕ b,
then there exist a1, b1 ∈ I such that a1 ≤ a, b1 ≤ b and i ≤ a1 ⊕ b1.

Theorem 2.4 ([7]). Let I be an ideal in an effect algebra E. Then ∼I is a
congruence relation on E if and only if I is a Riesz ideal of E.

Note: From now one, in this paper we let (E,⊕, 0, 1) or E is an effect
algebra.

3. On topological effect algebras

In this section we construct a topology and paratopology on effect algebras.
From now on, we consider the operation ′ as a single operation from E into

E by ′(a) = a′.

Definition 3.1. Let T be a topology on E. Then we say that (E, T ) is a:
(i) paratopological effect algebra if the operation ⊕ is continuous, or equiva-

lently, for any x, y ∈ E and any open neighborhood W of x⊕ y, there exist two
open neighborhoods U and V of x and y, respectively, such that U ⊕ V ⊆ U ,

(ii) topological effect algebra if the operation ⊕ and ′ are continuous.

Example 3.2. (i) Let E = [0, 1] be effect algebra as Example 2.1(i) with the
interval topology T of R. Then E is a topological effect algebra. For this, let
W = (a ⊕ b − ε, a ⊕ b + ε) be an open neighborhood of a ⊕ b. It is clearly
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U = (a− ε/2, a+ ε/2) and V = (b− ε/2, b+ ε/2) are two open neighborhoods
of x and y, respectively. Since U ⊕ V = (a⊕ b− ε, a⊕ b+ ε) ⊆ W , hence ⊕ is
continuous. Now we prove that ′ is continuous, too. Let W = (a′ − ε, a′ + ε) be
an neighborhood of a′ and δ ≤ ε. Since (a− δ, a+ δ) is a neighborhood of a and

′(a− δ, a+ δ) = ((a+ δ)′, (a− δ)′) = (1− (a+ δ), 1− (a− δ))

= ((1− a)− δ, (1− a) + δ)

= (a′ − δ, a′ + δ)

⊆ W.

Hence E is a topological effect algebra.
(ii) Consider effect algebra C4 as Example 2.1(ii). Then we have C4 =

{0, 1/4, 2/4, 3/4, 1}. It is clearly T = {ϕ, {0}, {0, 1/4}, C4} is a topology on C4.
Now (C4, T ) is a paratopological effect algebra. For this, it is enough to show
that the mapping ⊕ is continuous. Let W be an open neighborhood of a ⊕ b.
If a ⊕ b ≥ 1/2, then C4 is the unique open neighborhood of a ⊕ b. Hence we
can consider C4 as the open neighborhood of a and b such that C4 ⊕ C4 ⊆ C4.
If a = b = 0, then a ⊕ b = 0, and so W = {0, 1/4} or {0} or C4. Consider
U = V = {0}. Thus, U ⊕ V = {0} ⊆ W . If a = 0 and b = 1/4, then
a ⊕ b = 1/4 and so W = {0, 1/4} or C4, which are the neighborhoods of 1/4.
Now, if U = {0} and V = {0, 1/4}, then U ⊕ V = {0, 1/4} ⊆ W . Therefore, the
mapping ⊕ is continuous, and so C4 is a paratopological effect algebra. But C4

is not a topological effect algebra, because (3/4)′ ∈ {0, 1/4}, C4 is the only open
neighborhood of 3/4 and C ′

4 = C4 * W = {0, 1/4}. Therefore, the mapping ′ is
not continuous.

Theorem 3.3. Let T be a topology on E. Then (E, T ) is a topological effect
algebra if and only if the function F : E ×E → E defined by F (a, b) = a⊕ b′ is
continuous.

Proof. Suppose (E, T ) is a topological effect algebra. Since the mapping i(a) =
a and ′(a) = a′ on E are continuous, then the mapping f(a, b) = (i(a), ′(b)) =
(a, b′) is continuous on E ×E, too. Hence F = ⊕ ◦ f is continuous. Conversely,
let F be continuous. Then for any b ∈ E, K = F (0, b) is continuous. We define
h : E → E × E by h(b) = (0, b). Clearly, h is continuous. Hence, ′ = K ◦ h is
continuous. Now we show that⊕ is continuous. Let f : E×E → E×E be defined
by f(a, b) = (a, b′). Since the identity map and ′ are continuous, f is continuous,
too. Now, since ⊕ = F ◦ f , so (F ◦ f)(a, b) = F (a, b′) = a⊕ (b′)′ = a⊕ b. Hence
⊕ is continuous.

Notation. For a ∈ E, we define the maps Ta, La, Ra : E → E as follows:

Ta(x) = a⊕ x , La(x) = a⊖ x , Ra(x) = x⊖ a.

Proposition 3.4. Let (E, T ) be a paratopological effect algebra. Then (E, T )
is a topological effect algebra if and only if the mapping ′ is an open map.
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Proof. (⇐) Let (E, T ) be a paratopological effect algebra and mapping ′ be
an open map in (E, T ). We show that for any a ∈ E, ′ is continuous, for any
a ∈ U ∈ T , there exists V ∈ T such that a′ ∈ V and V ′ ⊆ U . Put V = U ′, so
a′ ∈ V . Since ′ is an open map, hence V ∈ T . On the other hand by Proposition
2.3(i), we have V ′ = (U ′)′ = U ⊆ U .

(⇒) The proof is clear.

Theorem 3.5. Let (E, T ) be a topological effect algebra. Then the operation ⊖
is continuous.

Proof. Let (E, T ) be a topological effect algebra. Then the mapping f(a, b) =
(b, a′) on E × E is continuous. On the other hand, since the maps ⊕ and ′ are
continuous, thus ′ ◦ ⊕ ◦ f is continuous. Now by Proposition 2.3(viii), we have;

(′ ◦ ⊕ ◦ f)(a, b) = ′(⊕(f(a, b))) = ′(⊕(b, a′)) = ′(b⊕ a′) = (b⊕ a′)′ = a⊖ b.

Hence ⊖ is continuous.

Theorem 3.6. Let T be a topology on E and ⊖ and ′ are continuous on it.
Then (E, T ) is a topological effect algebra.

Proof. Let f : E × E → E × E is defined by f(a, b) = (a′, b), for any a, b ∈ E.
Since ′ , ⊖ and f are continuous on E, thus ′ ◦ ⊖ ◦ f is continuous, too. Hence

(′ ◦ ⊖ ◦ f)(a, b) = ′(⊖(a′, b)) = ′(a′ ⊖ b) = (a′ ⊖ b)′ = b⊕ (a′)′ = b⊕ a.

and so ⊕ is continuous on E.

Lemma 3.7. Let (E, T ) be a topological effect algebra. Then:

(i) for any a, b ∈ E, there is a continuous map f on E such that f(a) = b,

(ii) the mapping ′(a) = a′ on E is a homeomorphism,

(iii) for any a ∈ E if La or Ra be an open map, then Ta is an open map,
too.

Proof. (i) Let a, b ∈ E. As E is a topological effect algebra, then Tb and Ta are
continuous. Then f = Tb◦Ta is continuous, too. Now by Proposition 2.3(xi, iv),

f(a) = Tb ◦ La(a) = Tb(a⊖ a) = Tb(0) = 0⊕ b = b.

(ii) By Proposition 2.3(i), (x′)′ = x, for each x ∈ E. Then ′ is an invertible
map and (′)−1 = ′. Since ′ is continuous, thus ′ is a homeomorphism.

(iii) Let a ∈ E and Ra be an open map. Suppose that U is an open set of T .
By (ii), U ′ is an open set, too. Since Ra is an open map, then Ra(U

′) = U ′ ⊖ a
is open. Again by (ii), (U ′ ⊖ a)′ is open. On the other hand by Proposition
2.3(ix), (U ′ ⊖ a)′ = a ⊕ (U ′)′ = a ⊕ U . Hence a ⊕ U or Ta(U) is open and this
means that Ta is an open map. The proof of the other case is similar.
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Proposition 3.8. Let N be a fundamental system of open neighborhoods of 0
in a topological effect algebra (E, T ). If 1 ∈ ∩N , then there exists a fundamental
system N0 of open neighborhoods of 0 such that U = U ′, for each U ∈ N0.

Proof. Let N0 = {V ∩ V ′ : V ∈ N}. Since 1 ∈ V , we get 0 ∈ V ′ and so
0 ∈ V ∩ V ′. By Lemma 3.7(ii), the map ′ is a homeomorphism, so for each
V ∈ N , V ∩ V ′ is an open neighborhood of 0. Let O be an open neighborhood
of 0. Because 0 ⊕ 0 = 0 ∈ O, there is W ∈ N such that W = 0 ⊕W ⊆ O. On
the other hand, since 0′ = 1 ∈ W , there is V ∈ N such that V ′ ⊆ W . Hence
V ∩ V ′ ⊆ V ′ ⊆ W ⊆ O. This shows that N0 is a fundamental system of open
neighborhoods of 0. Clearly, for each V ∈ N ,

(V ∩ V ′)′ = V ′ ∩ (V ′)′ = V ′ ∩ V.

Hence for any U ∈ N0, we have U = U ′.

Definition 3.9. Let N be a family of subsets in E. We call N is a system of
0 if 0 ∈ ∩N and

(i) for every x ∈ U ∈ N , there is V ∈ N such that x⊕ V ⊆ U ,
(ii) for every U ∈ N , there is V ∈ N such that V ⊕ V ⊆ U ,
(iii) for every U, V ∈ N , there is W ∈ N such that W ⊆ U ∩ V .

Proposition 3.10. Let N be a fundamental system of open neighborhoods of
0 in a paratopological effect algebra (E, T ). Then N is a system of 0 in E.

Proof. Clearly, 0 ∈ ∩N . Let a ∈ U ∈ N . Because ⊕ is continuous and
a ⊕ 0 = a ∈ U , then there exists an open neighborhood W of 0 such that
a ⊕ W ⊆ U . Since N is a fundamental system of open neighborhoods of 0,
there is V ∈ N such that 0 ∈ V ⊆ W . Hence, a ⊕ V ⊆ a ⊕ W ⊆ U . Now,
let U ∈ N . Because 0 ⊕ 0 = 0 ∈ U and the mapping ⊕ is continuous, there
are open neighborhoods W0 and W1 of 0 such that W0 ⊕W1 ⊆ U . We consider
W = W0∩W1. As N is a fundamental system of open neighborhoods of 0, there
is V ∈ N such that 0 ∈ V ⊆ W . Hence V ⊕ V ⊆ W0 ⊕ W1 ⊆ U . Finally, let
U, V ∈ N . Since N is a fundamental system of neighborhoods of 0, hence it is
closed under finite intersection, that is W ⊆ U ∩ V . Therefore, N is a system
of 0 in E.

Theorem 3.11. Let N be a system of 0 in effect algebra E. Then there exists
a topology T on E such that (E, T ) is a paratopological effect algebra.

Proof. Let T = {W ⊆ E : ∀x ∈ W,∃U ∈ N s.t. x ⊕ U ⊆ W}. First we show
that, x⊕U ∈ T , for each x ∈ E and U ∈ N . Let y ∈ x⊕U . Then y = x⊕a, for
some a ∈ U . Since N is a system, there is V ∈ N such that a⊕ V ⊆ U . Hence
y ⊕ V = x ⊕ a ⊕ V ⊆ x ⊕ U which implies that x ⊕ U ∈ T . Let {Wi : i ∈ I}
be a subfamily of T . We show that ∪Wi ∈ T . Let x ∈ ∪Wi. Then there exists
i ∈ I such that x ∈ Wi. Hence, there exists U ∈ N such that x⊕U ⊆ Wi. Thus
x⊕ U ⊆ ∪Wi.
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Now let W1,W2 ∈ T and W = W1∩W2. We prove that W ∈ T . For x ∈ W ,
there exist U1, U2 ∈ N such that x⊕ U1 ⊆ W1 and x⊕ U2 ⊆ W2. Since N is a
system of 0, there is U ∈ N such that U ⊆ U1 ∩ U2. Because

x⊕ U ⊆ x⊕ (U1 ∩ U2) ⊆ (x⊕ U1) ∩ (x⊕ U2) ⊆ W1 ∩W2 = W,

then T is a topology on E. Now, it is enough to prove that ⊕ is continuous.
Let z = x ⊕ y and W be an open neighborhood of z. Then there is U ∈ N
such that z ⊕ U ⊆ W . By definition, there exists V ∈ N such that V ⊕ V ⊆ U .
On the other hands x ⊕ V and y ⊕ V are two open neighborhoods of x and y,
respectively, such that

(x⊕ V )⊕ (y ⊕ V ) = x⊕ y ⊕ V ⊕ V ⊆ x⊕ y ⊕ U = z ⊕ U ⊆ W.

Therefore, (E, T ) is a paratopological effect algebra.

Example 3.12. Let E = [0, 1] be effect algebra as Example 2.1(i) and N =
{[0, 1/n) : n ∈ N}. It is clearly that N is a system of 0 in E. By Theorem
3.11, T = {W ⊆ E : ∀x ∈ W,∃U ∈ N s.t. x ⊕ U ⊆ W} is a topology on E.
We show that the operation ⊕ is continuous. Let x ⊕ y ∈ W ∈ T . Then there
exists n ∈ N such that x ⊕ y ⊕ [0, 1/n) ⊆ W . Consider U = [x, x ⊕ 1/k) and
V = [y, y ⊕ 1/m) such that k,m > 2 and 1/k + 1/m ≤ 1/n. Thus, U and V
are two open neighborhoods of x and y,, respectively such that U ⊕ V ⊆ W .
Therefore (E, T ) is a paratopological effect algebra.

4. Uniformity on effect algebras

In this section we study the concept of uniformity on effect algebras and define
a topology on effect algebras by Riesz ideals.

Notations. Let X be a nonempty set and U, V are nonempty subsets of X×X.
Then we define:

U ◦ V = {(a, b) : (c, b) ∈ U, (a, c) ∈ V , for some c ∈ X},
U−1 = {(a, b) : (b, a) ∈ U},
△ = {(a, a) : a ∈ X}.

Definition 4.1 ([10]). By a uniformity on X we shall mean a nonempty collec-
tion U of subset of X ×X which satisfies the following conditions:

(U1) △ ⊆ U for any U ∈ U ,
(U2) if U ∈ U , then U−1 ∈ U ,
(U3) if U ∈ U , then there exists V ∈ U such that V ◦ V ⊆ U ,

(U4) if U, V ∈ U , then U ∩ V ∈ U ,
(U5) if U ∈ U , and U ⊆ V ⊆ X ×X, then V ∈ U .
If U is a uniformity on X, then the pair (X,U) is called a uniform structure

or uniform space.
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Notations. Let Λ be a family of Riesz ideals in E, such that it is closed under
intersection. Then for any I ∈ Λ, we define

UI = {(a, b) ∈ E × E : a vI b} , UΛ = {U ⊆ E ×E : ∃I ∈ Λ s.t. UI ⊆ U}

Theorem 4.2. (E,UΛ) is a uniform space.

Proof. (U1): Since I is a Riesz ideal of E, a vI a, for any a ∈ E. Hence
∆ ⊆ UI ⊆ U , for all U ∈ UΛ.

(U2) : For any U ∈ UΛ, we have

(a, b) ∈ U−1 ⇔ (b, a) ∈ U ⇔ (b, a) ∈ UI ⊆ U,∃I ∈ Λ ⇔ b vI a, ∃I ∈ Λ

⇔ a vI b,∃I ∈ Λ ⇔ (a, b) ∈ UI ,∃I ∈ Λ

⇔ (a, b) ∈ U

(U3) : For any U ∈ UΛ , the transitivity of ∼I implies that U ◦ U ⊆ U .
(U4) : For any U, V ∈ UΛ, there exist I, J ∈ Λ such that UI ⊆ U and

UJ ⊆ V . We claim that UI ∩ UJ = UI∩J . Let (a, b) ∈ UI ∩ UJ . Then a ∼I b
and a ∼J b. Hence, for any i ∈ I and a, b ∈ E, i ≤ a ⊕ b implies that there
exist a1, b1 ∈ I such that a1 ≤ a and b1 ≤ b with i ≤ a1 ⊕ b1. Furthermore,
for any j ∈ J and a, b ∈ E, j ≤ a ⊕ b implies that there are a2, b2 ∈ J such
that a2 ≤ a and b2 ≤ b with j ≤ a2 ⊕ b2. If K = I ∩ J , then a ∼K b and this
means that (a, b) ∈ UI∩J . Conversely, let (a, b) ∈ UI∩J . Then a ∼I∩J b. Hence,
for any k ∈ I ∩ J and a, b ∈ E, k ≤ a ⊕ b implies that there are a1, b1 ∈ I ∩ J
such that a1 ≤ a and b1 ≤ b with k ≤ a1 ⊕ b1. Since k ∈ I we have a ∼I b,
which means that (a, b) ∈ UI . Now, since k ∈ J , similarly (a, b) ∈ UJ and so
(a, b) ∈ UI ∩ UJ . Hence UI ∩ UJ = UI∩J . Since I, J ∈ Λ, then I ∩ J ∈ Λ and
UI ∩ UJ = UI∩J ⊆ U ∩ V . Therefore U ∩ V ∈ UΛ.

(U5) : Let U ∈ UΛ and U ⊆ V ⊆ E × E. Then there exists UI ⊆ U ⊆ V ,
which means that V ∈ UΛ.

Theorem 4.3. Let for any a ∈ E, U [a] = {b ∈ E : (a, b) ∈ U} . Then

TΛ = {G ⊆ E : ∀a ∈ G, ∃U ∈ UΛ s.t. U [a] ⊆ G}

is a topology on E.

Proof. Clearly, ϕ,E ∈ TΛ. Let Σ be a non-empty directed set, {Gα}α∈Σ be
a subfamily of TΛ, and a ∈

∪
α∈ΣGα. Then, there exists α0 ∈ Σ such that

a ∈ Gα0 . Since Gα0 ∈ TΛ, there exist U ∈ UΛ and a ∈ U [a] ⊆ Gα0 ⊆
∪

α∈ΣGα.
Hence

∪
α∈ΣGα ∈ TΛ. Let G1, G2 ∈ TΛ, and a ∈ G1 ∩ G2. Then there are

U1, U2 ∈ UΛ such that a ∈ U1[a] and a ∈ U2[a]. By (U4), U1 ∩ U2 ∈ UΛ and
a ∈ (U1 ∩ U2)[a] ⊆ G1 ∩ G2. Therefore G1 ∩ G2 ∈ TΛ. Hence T is a topology
on E.

Lemma 4.4. Let a, b ∈ E and I ∈ Λ. Then UI [a⊕ b] = UI [a]⊕ UI [b].
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Proof. Let t ∈ UI [a ⊕ b]. Then, (t, a ⊕ b) ∈ UI and t ∼I a ⊕ b. Since I is a
Riesz ideal of E, there are t1, t2 ∈ E such that t = t1 ⊕ t2, t1 ⊕ t2 ∼I a⊕ b and
t1 ∼I a, t2 ∼I b. Thus t1 ∈ UI [a], t2 ∈ UI [b] and t1 ⊕ t2 ∈ UI [a] ⊕ UI [b]. Hence
t ∈ UI [a]⊕ UI [b] and so UI [a⊕ b] ⊆ UI [a]⊕ UI [b]. By the similar way, we have
UI [a]⊕ UI [b] ⊆ UI [a⊕ b]. Therefore UI [a⊕ b] = UI [a]⊕ UI [b].

Theorem 4.5. (E, TΛ) is a topological effect algebra.

Proof. We prove that operations ⊕ and ′ are continuous on E. Let G be an
open set of E and a⊕ b ∈ G. Then there exists U ∈ UΛ such that U [a⊕ b] ⊆ G,
and there exists Riesz ideal I of E such that UI [a⊕ b] ⊆ U [a⊕ b]. On the other
hand, By Lemma 4.4, we have UI [a⊕ b] = UI [a]⊕UI [b]. Thus ⊕(UI [a], UI [b]) =
UI [a]⊕ UI [b] = UI [a⊕ b] ⊆ U [a⊕ b] ⊆ G and this means that ⊕ is continuous.
Now we show the mapping ′ : E → E by ′(a) = a′ is continuous. Let G be
an open set of E and a′ in E. Then there exists U ∈ UΛ such that U [a′] ⊆ G,
and there is a Riesz ideal I of E such that UI [a

′] ⊆ U [a′] ⊆ G. Since I = I ′,
′(UI [a]) = UI′ [a

′] = UI [a
′] ⊆ U [a′] ⊆ G. Hence ′ is continuous.

Proposition 4.6. For any i ∈ Λ and x ∈ E, UI [x] is a clopen subset of E.

Proof. Since the pair (E,UΛ) is a uniform space, UI [x] is an open subset of
E. We prove UI [x] is closed in E. Let y ∈ (UI [x])

c. Hence y �I x and so
UI [x] ∩ UI [y] = ϕ. This means that UI [y] ⊆ (UI [x])

c, and so UI [x] is closed.
Therefore, UI [x] is a clopen subset of E.

Recall that a uniform space (X,U) is called totally bounded if for each U ∈ U ,
there exist x1, x2, ..., xn ∈ X such that X =

∪n
i=1 U [xi],

Theorem 4.7. The following statements are equivalent:

(i) topological space (E, TΛ) is compact.

(ii) uniformity space (E,UΛ) is totally bounded.

Proof. (i) ⇒ (ii) This is clear by [10].

(ii) ⇒ (i) Let {Uα}α∈Σ be a cover open sets of E and J =
∩

I∈Λ I. Since
(E,UΛ) is totally bounded and Λ is closed under intersection, we have J ∈ Λ
and there exists x1, x2, ..., xn ∈ E such that E =

∪n
i=1 UJ [xi]. Now for any

1 ≤ i ≤ n, there exists αi ∈ Σ such that xi ∈ Uαi . Hence UJ [xi] ⊆ Uαi and so

E =

n∪
i=1

UJ [xi] ⊆
n∪

i=1

Uαi .

Therefore, E is compact.

Corollary 4.8. In uniform space (E,UΛ), E is compact if and only if E is
totally bounded.
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5. Completion of an effect algebra

The study of completion in uniformity spaces are very important. Hence in this
section we are going to get some conditions that completion for uniformity space
be an effect algebra.

Note. In this section, we suppose Λ is closed under finite intersection.

Definition 5.1 ([9]). Let (X,U) be a uniformity space. Then uniformity space
(X∗,U∗) is called a completion of (X,U) if:

(i) (X∗,U∗) is complete.
(ii) for any uniformity space (Y ′,U ′) and map i : (X,U) → (Y,U ′) there

exist an extension i∗ : (X∗,U∗) → (Y,U ′) such that: i∗|X = i.

Recall that, for a nonempty set
∑

, we say that (
∑

,≤) is a directed set, if
the binery relation ≤ on

∑
has the following properties: (i): for every α ∈ Σ,

α ≤ α, (ii): if α ≤ β and β ≤ γ, then α ≤ γ, (iii): for any α, β ∈ Σ there
exists a γ ∈ Σ such that α ≤ γ and β ≤ γ. A net in a topological space X is a
function from a non-empty directed set Σ to the space X. Nets will be denoted
by {xα}α∈Σ, where xα is the point of X assigned to the element α ∈ Σ. The
net of {xα}α∈Σ is called a Cauchy net if and only if for each U ∈ U , there exists
α0 ∈ Σ such that for all α, β ≥ α0, then (xα, xβ) ∈ U . (See [9])

Lemma 5.2. Let Σ be a nonempty directed set and Ẽ = {{xα}α∈Σ : {xα}α∈Σ
is a Cauchy net in E}. Suppose that the binary relation ∼ on Ẽ is defined by
{xα}α∈Σ ∼ {yβ}β∈Σ if and only if for all U ∈ UΛ, there exist α0, β0 ∈ Σ such
that for all α ≥ α0 and β ≥ β0, (xα, yβ) ∈ U . Then ∼ is an equivalence relation

on Ẽ.

Proof. Since (E,UΛ) is a uniform space, for any U ∈ UΛ and α ∈ Σ, ∆ =
(xα, xα) ∈ U . Hence, {xα}α∈Σ ∼ {xα}α∈Σ. Let {xα}α∈Σ ∼ {yβ}β∈Σ. Then
for any U ∈ UΛ, there are α0, β0 ∈ Σ such that for all α ≥ α0 and β ≥ β0,
(xα, yβ) ∈ U . Since U ∈ UΛ, we get U−1 ∈ UΛ and so (yβ, xα) ∈ U−1. Thus
{yβ}β∈Σ ∼ {xα}α∈Σ.

Now, let {xα}α∈Σ ∼ {yβ}β∈Σ and {yβ}β∈Σ ∼ {zγ}γ∈Σ. Hence for all U ∈ UΛ,
there exist α0, β0 ∈ Σ such that for all α ≥ α0 and β ≥ β0, (xα, yβ) ∈ U and
there exist β1, γ0 ∈ Σ such that for all β ≥ β1 and γ ≥ γ0, (yβ, zγ) ∈ U . By
Definition 4.1(U3), for all α ≥ α0 and β ≥ β0, β1 and γ ≥ γ0, (xα, zγ) ∈ U . Thus
{xα}α∈Σ ∼ {zγ}γ∈Σ. Therefore ∼ is an equivalence relation.

Notations. Let E∗ = Ẽ/ ∼, for any U ∈ UΛ,

U∗ = {([{xα}], [{yβ}]) : ∃α0, β0 ∈ Σ; ∀α ≥ α0, β ≥ β0, (xα, yβ) ∈ U}

and U∗
Λ = {U∗ : U ∈ UΛ}.

Theorem 5.3. (E∗,U∗
Λ) is a uniform space.
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Proof. (U1) : Let [{xα}α∈Σ] ∈ E∗. Since {xα}α∈Σ ∼ {xα}α∈Σ for any U∗ ∈ U∗
Λ,

there exists α ≥ α0 such that (xα, xα) ∈ U and so ∆ ∈ U∗
Λ.

(U2): Let U
∗ ∈ U∗

Λ. Then there exist {xα}α∈Σ, {yβ}β∈Σ ∈ Ẽ such that there
are α ≥ α0 and β ≥ β0 which (xα, yβ) ∈ U . Since (E,UΛ) is a uniform space,
hence U = U−1 and so (xα, yβ) ∈ U−1. Then (xα, yβ) ∈ (U−1)∗ = (U∗)−1.
Therefore, (U∗)−1 ∈ U∗

Λ

(U3): For any U∗ ∈ U∗
Λ, the transitivity of ∼ implies that U∗ ◦ U∗ ⊆ U∗.

(U4): Let U∗, V ∗ ∈ U∗
Λ. Then there exist {xα}α∈Σ, {yβ}β∈Σ ∈ Ẽ such that

there are α0, β0 ∈
∑

which for all α ≥ α0 and β ≥ β0, (xα, yβ) ∈ U . Similarly
there are α1, β1 ∈

∑
such that for all α ≥ α1 and β ≥ β1, (xα, yβ) ∈ V . Thus

for all α ≥ α0, α1 and β ≥ β0, β1, we get (xα, yβ) ∈ U ∩V . Hence U∗∩V ∗ ∈ U∗
Λ.

(U5) : Let U
∗ ∈ U∗

Λ and U∗ ⊆ V ∗ ⊆ E∗×E∗. Since (xα, yβ) ∈ U and U ⊆ V ,
(xα, yβ) ∈ V . Hence V ∗ ∈ U∗

Λ.

Lemma 5.4. For any I ∈ Λ, U∗
I ([{xα ⊕ yβ}]) = U∗

I ([{xβ}])⊕ U∗
I ([{yβ}]).

Proof. Let I ∈ Λ. Then {zα ⊕ tβ} ∈ U∗
I ([{xα ⊕ yβ}]) ⇔ zα ⊕ tβ ∼I xα ⊕ yβ ⇔

zα ∼I xα, tβ ∼I yβ ⇔ [{zα}] ∈ U∗
I ([{xα}]) and [{tβ}] ∈ U∗

I ([{yβ}]) ⇔ {zα⊕tβ} ∈
U∗
I ([{xα}])⊕ U∗

I ([{yβ}])

Notation. We denote:

TU∗
Λ
= {G ⊆ E∗ : ∀[{xα}] ∈ G,∃U∗ ∈ U∗

Λ s.t. U∗([{xα}]) ⊆ G}.

Theorem 5.5. (E∗, TU∗
Λ
) is a topological effect algebra.

Proof. Let ⊕ : E∗ × E∗ → E∗ has been defined by ([{xα}], [{yβ}]) 7→ [{xα ⊕
yβ}]. We show that the operation ⊕ is continuous. Let G be an open set of
E∗ such that [{xα ⊕ yβ}] ∈ G. Then there is U∗ ∈ U∗

Λ such that U∗([{xα ⊕
yβ}]) ⊆ G. Hence there exists a Riesz ideal I ∈ Λ such that U∗

I ([{xα ⊕ yβ}]) ⊆
U∗([{xα ⊕ yβ}]) ⊆ G. By Lemma 5.4, we have U∗

I ([{xα}]) ⊕ U∗
I ([{yβ}]) ⊆ G,

where U∗
I ([{xα}]) and U∗

I ([{yβ}]) are two open neighbourhoods of [{xα}] and
[{yβ}], respectively, and this means that the operation ⊕ is continuous. Now
we prove the mapping ′ : E∗ → E∗ which is defined by [{xα}] 7→ [{x′α}] is
continuous. Let G be an open set of E∗ and [{x′α}] ∈ G. Hence there is U∗ ∈ U∗

Λ

such that U∗([{x′α}]) ⊆ G. Then, there exists I ∈ Λ such that U∗
I ([{x′α}) ⊆

U∗([{x′α}]) ⊆ G. On the other hand, ′(U∗
I ([{xα}])) = U∗

I ([{x′α}]) and U∗([{xα])
is an open neighborhood of [{xα}]. So ′ is continuous. Thus (E∗, TU∗

Λ
) is a

topological effect algebra.

Theorem 5.6. (E∗,U∗
Λ) is a completion of (E,UΛ).

Proof. Let i : E → E∗ is defined by x 7→ [{xα}α∈Σ], where xα = x, for any
α ∈ Σ. Clearly if i(x) = i(y) then x = y. Now we show that i(E) is dense in
E∗. Let U∗([{xα}]) ∈ TU∗

Λ
. Hence there is α0 ∈ Σ such that for all α ≥ α0,

xα ∈ U [x] and so xα → x. Hence {xα}α∈Σ ∼ {tα}α∈Σ, where tα = x for any
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α ∈ Σ and this means {tα} ∈ U∗([{xα}]) ∩ i(E). Thus U∗([{xα}]) ∩ i(E) ̸= ϕ.
At present we prove that (E∗,U∗

Λ) is complete. Let {[(xγα)]}γ∈Σ be a Cauchy
net in E∗. We show this net is convergent. As this net is Cauchy, so for every
U ∈ UΛ there is α0 ∈ Σ such that for all α ≥ α0, x

γ
α ∈ U . Now we define the net

of {zt}t∈Σ with zt = xγα0 . We show that the net {[(xγα)α∈Σ]}γ∈Σ is convergent
to [{zt}t∈Σ]. For this purpose, let U∗ be a neighborhood of [{zt}t∈Σ]. Hence for
all α ≥ α0, [{xγα}] ∈ U∗([{zt}]) and the proof is completed.

6. Conclusion

In this paper we have studied topological structuers on effect algebras and we
introduced the notions of topological and paratopological effect algebras. Next
researches can study separation axioms on topological effect algebras, quotient
effect algebras and many of the other concepts of topology.
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