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Abstract. In this article, a linear operator associated with the A-generalized Hurwitz-
Lerch zeta function and g-hypergeometric function by using the Hadamard product (or
convolution) is defined by the authors, a different interesting properties of certain sub-
class of meromorphic univalent functions related to a linear operator in the punctured
unit disk are introduced and investigated. The authors also consider some closely re-
lated (known or new) corollaries and consequences of the main results presented in this
paper.

Keywords: analytic functions, meromorphic functions, univalent functions, Hadamard
product or (convolution), A-generalized Hurwitz-Lerch zeta function, ¢-hypergeometric
function, Srivastava-Attiya operator.

1. Introduction, definitions and preliminaries

Normally, we are considering the class of meromorphic function f of the form

(1) FE) =+ e
n=0

in the punctured open unit disc U* = {z : 2 € C, and 0 < |2| < 1} = U\ {0}
and denoted by X.

*. Corresponding author
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The set of complex numbers is, as usual C. By using X5*(5) and x(0)
(8 > 0), we denote the subclasses of ¥ that encompass all of the meromor-
phic functions, which are, starlike of the order g and convex of order g in U*,
respectively (see also the recent studies [33], [34]).

In the case of the functions f;(z) (j = 1,2) which have been defined by

 — .
file) =2+ anse",  (1=1,2),
n=1

the Hadamard product (or convolution) of fi(z) and f2(z) can be dented by
using

(fre f2)(2) = - + 3 ananae™
n=1

For complex parameters 51, ..., Bm (8 #0,—1,...;5 =1,2,...,m) and avq, ..., ¢
the g-hypergeometric function ;¥,,(z) can be defined as

Vo, oy oq; By ey By @, 2) == Z (q’;il(’é)jné;ifl(’gzq)n

n)i| 1+m—I

(1.2) x [(=1)7qC3

with (5) =n(n—1)/2 where ¢ # 0 when I > m+1 (I,m € Ng = N{J{0}; z € U).
Also the g¢-shifted factorial can be defined for a,q € C as a product of n
factors by using

n=0

2",

(l-a)1l-ag)..(1-—ag"™t), (neN)

(1.3) (m@nz{L (n=0),

and in terms of basic analogue of the gamma function

Fyla+n)(1—q)"

, n > 0.
Fq(a)

(1.4) (% q)n =

Interesting to note is that, limg—_1((¢*;9)n/(1 — @)") = (a)n = ala +
1)...(a+n —1) is the common Pochhammer symbol, and

| 2y = 3 (@) 2
(19) iUl By Bni2) = D (55 g SUOT

Now for z € U, 0 < |¢q| < 1, and | = m + 1, the form of

: . v (@0,
(16) lqjm(alv"'7al7617"'76maQ>z) _nzzo (q,Q)n<,81,Q)n(6m,q)nZ s
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is taken by the basic hypergeometric function which is defined in (1.2), and
converges absolutely in the open unit disk U see [1].

Huda and Darus [1] and K.A Challab et al. [[2], [5]] introduced and studied
a g-analogue of the Liu-Srivastava operator in correspondence with the function
Won(a, ..., ap; 1,y -y B ¢, 2) for the meromorphic functions of f € X, which
consist of the functions in the form of (1.1), and as presented below:

le(al, w5 617 7/87717 q, Z) * f(Z)

(1.7) = %lqjm(aly s 013 By ey By 4, 2) * f(2)

oo

1 IT, (@i @)nrs .
+Z< Dt [y Boy g

z

n=1

where [[;_; (o, Q)nt1 = (@1, @)n+1(2, @)nt1-- (s, @)nt1, where z € U := {z €
C:0< |zl <1}

Recently, Ghanim ([8]; see also [9]) introduced the function G, which de-
fined by

1
z(a+1)%

(1.9 z (1) o ewn

=1

Gs = (a+1)° {‘I)(z, s,a) —a’ +

Also, the function ®(z,s,a) be the well-known Hurwitz-Lerch zeta function
as was defined by (see, e.g. [[28], p. 121 et seq.|; see also [[24], [23], p. 194 et

seq.])

00 5 -
O(z,8,a) := Z m(aeC\Zo ; $€C when |z| < 1;R(s) > 1 when |z] = 1).
n=0

We recollect here that, Srivastava introduced and systematically investigated
the following new group of A-generalised Hurwitz-Lerch zeta functions (see for
example, [3], [4], [17], [18], [19], [21], [22], [26], [27], [29], and [32] ):

(017 <Pp,01;-- )
®A17 7Apyul7 7/‘1' (Z S a b )\)

1 > Hp 1()‘j)np' 2,0
1:9) ) J ! HY
( /)\F(S) nz:;) (CL + n) HJ 1(#])710'] 0.2

(a + n)bx |(571)’<07i>] %T

(min{R(a), R(s)} > 0; R(b) > 0; A > 0),
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where

(Aj €CG=1,...p) and p; € C\Zg(j=1,...1);p; >0 =1, ..., p);
r P

0j >0(j=1,...,T);1+ZUJ—ij ZO)
j=1 j=1

it was found that the equality in the convergence condition remained true for
the suitably bounded values of |z|, which

|z] <V := Hp_pj . ﬁa;fj
j=1

had given.

Definition 1.1. The H-function which was involved on the right-hand side of
(1.9) was the well-known Foz’s H-function [[12], Definition 1.1] (see also [16],
[20]) that

A1), (ap,A
HIW(z) = HIB" [z !EZLBJ)),‘..,((SZBTP))]
1

=5 | E(s)a7%ds (2 € C\ {0} |arg(2)] <),
™ Jo

had defined, where

[[5 T(b + Bjs). [Tj-1 T'(1 — a; — Ajs)
Hj:nJrl (a’J + Aj S) H] =m+1 (1 - bj - Bjs),

a hollow product is also depicted as 1,m,n,p and r are integers such that

E(s) =

1<m<r and 0<n<p,
Aj>0 (j:1,...,p) and Bj>0 (j:1,...,7“),
a;€C (j=1,...,p) and b;eC (j=1,...,7)

and ¢ is a suitable Mellin-Barnes type contour separating the poles of the gamma
functions

{T(b; + Bjs) i
from the poles of the gamma functions
{F(l —aj; + Ajs)}?zl.
It is worth mentioning that, if we use the fact that [[32], p. 1496, Remark 7]

. 1 1
ll)g%Hg;g (a+n)b> | (s,1), <0, A)] =AI'(s) (A>0),
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equation (1.8) is reduced to the form of the following:

(P15+40psT150,07) (D1 esPpsOLyeensOr)
Q))‘l’ AP 5o (Z s, a3 b, )\> (I))\l,..~,)\p§ﬂl7..~,/lr (Z,S,G)

e} n

( )nPJ <
(1.10) Z (a—|—n) H; 1(.“])"% n'

n=0

Definition 1.2. The function <I>(p1’ ;\’;”;Zl :T")(z,s,a) which was involved in

(1.10) was a multiparameter eztenswn and generalisation of the Hurwitz-Lerch
zeta function ®(z,s,a) that Srivastava et al. introduced [17,p.503, Equation

(6.2)] and was defined by

(Pl ©Pp;01,-- 7U7
A17 7)‘177/"17

o0 )\ )np] P
(z,8,a) —
Z:;) a+n H] 1(u])mj n!

<p,q€N0,)\ E(C , )a,ujGC\Za(jZ1,...,T);pj,0'k€R+
G=1..pk=1,..7r);A>—-1 when s,2z€ C;A=-1 and s€C

1
when |z| <V5A=-1 and RE) > B when |z] = V*)

with

T

p
* —Pj g5
ve= 110" ) (117 |
j=1

J=1

T T
:Z ij and E::s—i—z,uj—
j=1 J=1

Srivastava et al. [30, 31] presented and developed a new linear operator by
applying new family of meromorphic A-generalised Hurwitz-Lerch zeta functions.
The convolution operator which was studied by Dziok-Srivastava [6], [7] is a
generalisation of two other operators: they are the Ruscheweyh [15] operator and
the Hohlov [10] operator. As a matter of fact, the Dziok-Srivastava convolution
operator is in and of itself, a special case of the Srivastava-Wright operator (see,
for more details[11], [25]).

We have considered the new linear operator K f(z) in this study such that,

K f(z) = Kool f(z): 8 = %,
this has been defined by

(111) Kalf(Z) = G?;:)):(W),b(z) *1 Tm(ala “ees Q5 617 ) ﬁmv q, Z)7
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where the Hadamard product (or convolution) of the analytical functions has
been denoted by *, and

S,a,\
G o) n(?)

s 1,..,1,1,...,1
(1.12) :=(a+1)%. [@‘AMAMV? (28,030, 0)

a”*® (a+1)~*°
(s )A(a, b, s, A)+i

Z n(a+1> Ala+mn,b s, \) 2"
HJ 1()n \a+n AL'(s) n!
S,a,\ .
gave the function G\’ A, (W)’b(z), with

Ala,b,s,A) = [abA (s, 1), <0 i)] .

Now

p . s
KYf(z ,Jrz z 1%,Q)n+1 H] 1()\ )n (a~|—1>
q Qn+1 Hz 1(51, )?’L+1 H] 1( )n a-+n
'A(a—l—n,b,s,)\) 2"
Ar( )l

n
o = Oélﬁm,as
K f +Z >\ S, qsb an |

(1.13) (z €U0 €C (j=1,...,p); 8,05 € C\Zy (j=1,...,r);p <r+1)
is obtained if (1.11) and (1.12) are combined, with

min{R(a), R(s)} >0; A>0if R(b) >0

and
s€C aeC\Zy if b=0
where
a,Bm,a,s _ Hi:l(aia @)n+1 H? 1(Aj)n (a + 1> Ala+n,b,s,\)
Aostir @b (g q)ngr [T (Bis @nt [l—y ()0 \a 7 N(s)

Let the class of all functions f(z) € X such that

R0 (Jt) o (il - (lete) ™) =

(z€U0<y<1),
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be denoted by Zf;;)’\ (ZZT)B 2(7v,0, 1, p), where the following inequality of:

(1.14) %(Im) >0 (0<d<1;z€UY)

is satisfied by g(z) € X.

At this point and as follows, v and p are real numbers such that 0 <y < 1
and p > 0 and p € C with R(p) > 0.

Different properties of certain subclass of the meromorphically analytical
function class ¥ in the punctured unit disk U* have been investigated. One of
these function class was introduced, first, and then the properties of the linear
operator

+1 — S,(Z,A,OL +1a5m
KO = K S G’ (%)

were investigated.

2. Main results
The following Lemmas were needed so that the main results could be proved:
Lemma 2.1. (see/13]). Let Q be a set in the complex plane C and let the
function U : C?> — C satisfy the following condition:

1

U(irg,a1) € Q  for all real ro,a1 < 5(1 + 752).

If q(2) is analytic in U* with ¢(0) = 1 and ¥(q(2),2¢'(z)) € Q@ (z € U*), then
R{q(2)} > 0.

Our first main result is now stated and proved as Theorem 2.1, which is
presented below:

Theorem 2.1. Let f(z) € Efl\i’;\’(itfz”(fy,é,u,p), a e R\{0} and p>0.
Then

Kalf(Z)) 209100 (0 << 1> 0,2 € UF)

2.1 D14
@1) (K“lg(Z) 2ap+ 6p
where the condition (1.14) is satisfied by the function g(z) € X.

Proof. Let

_ 2ayp+op
~ 2ap+dop

Now, let us suppose that

(2.2) 9(2) = 115 [@Zgg)“ —g]




ON SUBCLASS OF MEROMORPHICALLY UNIVALENT FUNCTIONS... 417

defines the function ¢(z).
In that case, the function ¢(z) is analytical in U* and ¢(0) = 1. If

(23) b = ot

is put in, then, according to the hypothesis of Theorem 2.1, we get R{h(z)} > J.

3 ) 7)‘7 sPm
Then, since f(z) € E?)i),(%ﬁb (7,0, 11, p)

1o (i) o G (i)

~ e+ 11— 90+ L h0 ),

is obtained by differentiating (2.2) with respect to z.

Let us use
1—
U(r,s) =6+ (1=&r+ <M) h(z)s
ap
to define the function ¥(r,s). Then, if we use (2.3) and the fact that

f(2) € SHEN e (3, 6,1, p),

{W(q(2),2¢'(2));2 € U*} c Q= {w e C: R(w) >~}

is obtained.
At this point, for all real numbers r9, a7 < %(1 +192), we get
, B p(1—=¢) K*g(z)
REvGira ) =+ (28w (e
po(L =&+ _ . pi(l-¢)

5 SE-—— =1y
ap oL

<&

Hence, for every z € U*, we have U(irg,a;) ¢ Q. Therefore, by using Lemma
2.1, we get that R{q(z)} > 0, which is,

%<Kmﬂ@

a *
Kalg(z)> >¢ (zeU).

The proof of Theorem 2.1 is obviously completed at this point. O

Corollary 2.1. If the functions of f(z) and g(z) are in the class ¥ and also
suppose that condition (1.14) is satisfied by the function of g(z), if the a €
R\ {0}, p >0 and

£y a;+1 P
(24) R <(1 -p) ialgéz)) + plfialﬂg((z;) >y (0<y<1;z€U").

Then,

(Kocz-l-lf(z)) N Y2a+6)+d(p—1)
Koitlg(z) = 2a 4+ pé '
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Proof. We have

Kotlf(z) (- K%f(z) | Kotlf(z) B f(R)
)\Kal""lg(z)_((l )Kalg(z) pKang(z))Hp 1)K°‘lg(z)'

We can deduce the following desired inequality

(K‘”“f(Z)) L 2Cat 8 +s(p-1)
Katlg(z) 2a0 + pd

if we use of (2.4) and (2.1) (for p=1), and since p > 1. O

Y

Corollary 2.2. Let a € R\ {0} and R{p} > 0. If the following condition:
R{L = p) (2K f () + p(z KT (2)) (2K f(2)) 1} >
(0 <y < 1yu>0;2z€U*), is satisfied by f(z) € 3, then

2apy + Re{p}

2pa + R{p}

In addition, if p > 1 and a € R\ {0}, and if f(z) € ¥ satisfies the following

condition R((1 — p)zKY f(2) + p(z K4 f(2))) > v, then

2a+1)y+p—1
20+ p

(2.5) RE{(zK" f(2))"} >

(2.6)  REKYTLE(2) > (0<~v<1;z€U").

Proof. The results of (2.5) and (2.6) are achieved by putting g(z) = 1 in
Theorem 2.1 and Corollary 2.1, respectively. O

Remark 1. (i) By putting p = 1 and for o;,6; > 0 (i = 1,2,...,]) and

(j = 1,2,...,m) in Corollary 2.2, we get R(zK¥t1f(2).(2 K f(2))*1) > 4,

this implies that

200y + R{p}

2a + R{p}
(ii) For p € C\ {0} with ®{p} >0, p=1and o;,3; >0 (i=1,2,...,0) and

(j =1,2,...,m) in Corollary 2.2, we get

R{1L = p)zK* f(2) + p(zKT f(2)} > (0<y < 1,2 €U,

R{(zK* f(2))"} > (z € U").

this implies that

20y + R{p}
2o + R{p}

(iii)for p=1,5s =0, s = p; =1 (i =1,2,...,01) and (j = 1,2,...,m),
p—1=r=0and \; = 1, if we proceed to the limit as b — 0 in Corollary 2.2,
we have

R(zKY“f(2)) > (0<~y<1;z€U").

R (20

f(2) (Zf(z))“) >y (0<y<1yu>0;2€lU),
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which implies that

2vpu+1
2u+1

(iv)For p € C\ {0} with R{p} > 0, oy = f; =1 (i = 1,2,...,1) and
(j=12,...,m),p=1,s=0,p—1=r=0,and \; = 1, if we take the limit as
b — 0 in Corollary 2.2, we get

R([(1 = p)zf(2) + p(22f(2))]) > 7 (0<y<Lip>0;z€U),

which implies that

R([2f(2)]") > O0<y<Lip>02€U).

2y + R{p}
24 R{p}

(v) Replacing f(z) by —zf’(z) in Remark 1 (ii) above, we have

—R{(1 = p)2°f(2) + p(* " (2))} > 7,

which implies that

R{zf(2)} > 0<~y<lyu>0;z€U").

27 + R{p}
24+ R{p}

(vijForpeRwithp>1, p=1,s=0, 04 =0;=1 (i=12,..1) and
(j=1,2,....m),p—1=r =0, and \; = 1, if we take the limit as b — 0 in
Corollary 2.2, we obtain R{(1 — p)zf(2) + p(22f(2))} > 7, which implies that

—R{Z2f'(2)} > (z € UY).

R{zf(2)} > 3”2++’)p_1.

The following theorem gives a further extension of the previous result.

Theorem 2.2. Let the functions f(z) and g(z) be in the class ¥. Let us also
suppose that, if

Kotlf(z)  KOf()) (L=
27 % (o~ ) e
0<~y<LiaeR\{0}0<06<1;2 €U,

then the condition (1.14) is satisfied by the function g(z), hence

K™
(2.8)R <IWJ1L§,2:)> >, (0<y<lLiaeR\{0}0<6<1;2€U")
and
Kot f(2) 2a+14+6d6)y—-9
(29) { Ketlg(z) } g 20 ’

0<y<liaceR\{0};0<6d<1;z€U").
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Proof. Let

=125 (i) ),

Then, the function ¢(z) is analytic in U* with ¢(0) = 1. At this point, by setting

K*g(z
OB e

then, by using the hypothesis, we observe that R{®(z)} > 4, (z € U*). Now,

(L =)z (:)R{®} K f(z)  K*f(2)
o Keitlg(z)  Kog(z)

= U(q(2),2q'(2)),
is shown by a simple computation, where

U(r,a) = (1_70);”””)“ (v e R\ {0}).

Therefore, we get

U(g(2), 24 (2)) (zeve) C Q1= {w cweC and R(w) > —5(12;7)}

if we use hypothesis (2.7). Now, for all real ro,a; < —(1 +722)/2, or r9,a; <
(1 +r92)/2, we obtain

R{U(iry,ap)) = A= DRPY 300 =r?)  01-7)

a 2c - 2c

This shows that R{¥(ire,a1)} ¢ Q,(z € U*). Then, we get R{q(z)} > 0,(z €
U*), with Lemma 2.1. The assertion of (2.8) is thus proved.

The assertion of (2.9) is proved if (2.8) and (2.9) are used in the following
identity,

Kotlg(z)  Kog(z)

Kotlf(z)  (Koif(s) KOf(z)\ | Kef(2)
Katig(z) < )*

B Keig(z)
The proof of Theorem 2.2 is now obviously completed. O

Remark 2. Upon putting o; = ;=1 (i=1,2,...,0) and (j = 1,2,...,m),
3:0,9(7;):%,]3—1:7’:0, and A1 = 1, if we take the limit as b — 0 in
Theorem 2.2, we obtain

o(1 —
Rizf(2) + 227} > - )

which implies that R{zf(2)} >~v (0 <~y < 1;z € U*) and

y(2+6) -6
2

0<y<1;0<0<1;2€U),

R{22f(2) + 22f'(2)} > 0<y<1;0<0<1;2€U).
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3. Concluding remarks and observations

A remarkably general group of linear operators related to the A\ generalised
Hurwitz-Lerch zeta functions has been successfully applied in our present inves-
tigation. By using this general linear operator, we have a variety of properties
of some new subclass of meromorphically univalent functions in the punctured
unit disk U* which were introduced and investigated. Several closely related
(new or known) consequences and corollaries of the main results (Theorem 2.1
and 2.2) presented in this paper have also been considered.
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