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Abstract. In this paper, we establish results on the existence and uniqueness of
coupled common fixed point theorems and coupled coincidence fixed point theorems for
such non-linear contraction mappings having a mixed monotone property in partially
ordered complete metric spaces with out using continuity.Our results generalize and
extend the results of V. Lakshmikantham and L. Ciric [13], Sintunavarat and Poom
Kumam [16].
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1. Introduction

Recently V. Lakshmikantham and L. Ciric [13] generalized the concept of cou-
pled fixed point theorems for non-linear contractions in partially ordered metric
spaces. Subsequently Sintunavarat and Poom Kumam [16] studied unique cou-
pled fixed point theorem in partially ordered metric spaces. The aim of this
paper is to extend the results of T.G. Bhaskar and V. Lakshmikantham [5] and
V. Lakshmikantham and L. Ciric [13] and Sintunavarat and Poom Kumam [16]
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for a mixed monotone non-linear contractive mapping and to generalize the
notion of a mixed monotone mapping

We proved some coupled coincidence and coupled common fixed point theo-
rems for a pair of mappings.Our results extend the recent fixed point theorems
due to V. Lakshmikantham and L. Ciric [13], fixed point theorems due to Sin-
tunavarat and Poom Kumam [16] and include several recent developments.

Suppose (X, <) is a partially ordered set. Let F' : X — X be such that
for x,y € X, z <y = F(z) < F(y). Then the mapping F is said to be non-
decreasing, similarly a non-increasing mapping is defined, Bhaskar and Laksh-
mikantham [5] introduced the following notions of a coupled fixed point theo-
rems.

Before going to prove the main result, we need some basic definitions and
results from the literature.

2. Preliminaries

Definition 2.1 (Bhaskar and Lakshmikantham [5]). Let (X, <) be a partially
ordered set and F' : X x X — X .The mapping F is said to have the mixed
monotone property,if F' is monotone non-decreasing in its first argument and
monotone non-increasing in its second argument,that is, for any x,y € X,

r1,292 € X, 11 <22 = F(x1,y) < F(x2,y)

and
y1,y2 € X,y1 <y = F(z,y1) > F(z, y2).

Definition 2.2 (Bhaskar and Lakshmikantham [5]). Let X be a nonempty set.
An element (z,y) € X x X is called a coupled fixed point of the mapping
F:XxX— X, if Fz,y) =z and F(y,z) =y

Bhaskar and Lakshmikantham [5] proved the following two coupled fixed
point theorems.

Theorem 2.3 (Bhaskar and Lakshmikantham [5], Theorem 2.1). Let (X, <) be
a partially ordered set and suppose there is a metric d on X, such that (X, d) is
a complete metric space. Let F: X x X — X be a continuous mapping having
the mized monotone property on X. Assume there exists a k € [0,1) with

(2.3.1) d(F(z,y), F(u,v)) < g(d(x, u) 4+ d(y,v))

for each x > u and y < v.
If there exist xo,yo € X such that xg < F(xo,y0) and yo > F(yo, o), then
there exist x,y € X such that v = F(z,y) and y = F(y,x).

Theorem 2.4 (Bhaskar and Lakshmikantham [5], Theorem 2.2). Let (X, <) be
a partially ordered set and suppose there is a metric d on X, such that (X, d) is
a complete metric space.Assume that X has the following property:
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i) if a non decreasing sequence {x,} — x, then x, <z, for alln € N.

i1) if a non increasing sequence {y,} — y,then y < y,, for alln € N.

Let F: X x X — X be a continuous mapping having the mixed monotone
property on X. Assume that there exists a k € [0,1) with

d(F(z,y), F(u,v)) < g(d(x,u) +d(y,v)) for all x,y,u,v € X,

for which x > u and y < v.
If there exists xo,yo € X such that xo < F(zg,y0) and yo > F(yo,xo),then
there exist x,y € X such that x = F(x,y) and y = F(y, x).

Definition 2.5. (V. Lakshmikantham and L. Ciric [13]). Let (X, <) be a par-
tially ordered set and F' : X x X — X and g : X — X. The mapping F' is
said to have the mixed g-monotone property, if F' is monotone g-non decreasing
in its first argument and is monotone g-non increasing in its second argument,
that is, for any x,y € X

x1,22 € X, g(x1) < g(x2) = F(x1,y) < F(x2,y)

and
y,y2 € X, 9(y1) < 9(y2) = F(x,y1) > F(z,92).

Definition 2.6 (Lakshmikantham and Ciric [12]). Let X be a nonempty set.
An element (z,y) € X x X is called a coupled coincidence point of a mapping
F:XxX—>Xandg: X — X,ifx=g(x)=F(x,y) and y = g(y) = F(y,x).

Definition 2.7 (Lakshmikantham and Ciric [12]). Let X be a nonempty set
and FF: X x X —- X, g: X — X. Wesay F and g are commutative, if

9(F(z,y)) = F(g(z),9(y)), for all 2,y € X.

Theorem 2.8 (Lakshmikantham and Ciric [12], Theorem 2.1). Let (X, <) be a
partially ordered set and suppose there is a metric d on X, such that (X,d) is
a complete metric space. Assume there is a function ¢ : [0,00) — [0,00) with
o(t) < t and lim,_+ @(r) < t for each t > 0,and also suppose that F': X x X —
X and g : X — X are such that F has the mized g-monotone property and

d(g(z), g(u)) + d(g(y), g(v))>
5 ,

for all x,y,u,v € X for which g(z) < g(u) and g(y) > g(v).

Suppose F(X x X) C g(X), g is continuous and commutes with F' and also
suppose either

(a) F is continuous (or)

(b) X has the following property.

i) if a non decreasing sequence {x,} — x, then x, <z, for alln € N.

i1) if a non increasing sequence {y,} — vy, then y < y,, for alln € N.

If there exist xg,yo € X such that g(xo) < F(xo,y0) and g(yo) > F(yo,x0),
then there exist x,y € X such that g(z) = F(x,y) and g(y) = F(y,x), that is,
F and g have a coupled coincidence point.

(2.8.1) d(F(z,y), F(u,v)) < <
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Theorem 2.9 (Lakshmikantham and Ciric [12], Theorem 2.2). In addition to
the hypothesis of Theorem 2.8, suppose that F and g are commutative and
for every (x,y),(z,t) € X x X, there exists a (u,v) € X x X such that
(F(u,v), F(v,u)) is comparable to (F(z,y), F(y,x)) and (F(z,t), F(t,z)).Then
F and g have a unique coupled common fixed point, that is, there exists a unique
(z,y) € X x X such that

r=g(r) = F(z,y) and y = g(y) = F(y, x).

In 2013, Sintunavarat and Kumam [16] gave an extension of the result of
Bhaskar and Lakshmikantham [5] , Lakshmikantham and Ciric [13]. They used
this concept to establish the existence of coupled coincidence point and coupled
common fixed point theorem.

Theorem 2.10 (Sintunavarat and Kumam [16], Theorem 2.1). Let (X, <) be
a partially ordered set and suppose there is a metric d on X, such that (X,d)
is a complete metric space. Assume there is a function ¢ : [0,00) — [0,00)
with ¢(t) < t and lim,_,.+ p(r) < t, for each t > 0 and also suppose that
F: X xX — X is such that F' has the mixed monotone property and

d(xz,u) + d(y,v)
)

(2.10.1) d(F(z,y), F(u,v)) < ¢ <

for all x,y,u,v € X for which x <wu and y > v.

Suppose either

(a) Fis continuous (or);

(b) X has the following property.

i) if a non decreasing sequence {x,} — x, then x, <z for alln € N;

i1) if a non increasing sequence {y,} — vy, then y <y, for alln € N.

If there exist xo,y0 € X such that xo < F(zo,y0) and yo > F(yo,x0), then
there exist v,y € X such that x = F(x,y) and y = F(y,x), that is, F has a
coupled fixed point.

Theorem 2.11 (Sintunavarat and Kumam [16], Theorem 2.2). In addition to
the hypothesis of Theorem 2.10, suppose that for every (z,y),(z,t) € X x X,
there exists a (u,v) € X x X, which is comparable to (x,y) and (z,t). Then F
has a unique coupled fixed point.

Corollary 2.12 (Sintunavarat and Kumam [16], Corollary 2.4). Let (X, <) be
a partially ordered set and suppose there is a metric d on X, such that (X,d)
is a complete metric space. Suppose that F': X x X — X and g: X — X are
such that F' has the mized g-monotone property and assume there is a k € [0, 1)
such that

(2.12.1) d(F(z,y), F(u,v)) < Z(d(g(z), g(u)) + d(g(y), 9(v))),

for all x,y,u,v € X for which g(z) < g(u) and g(y) > g(v).

k
2
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Suppose F(X x X) C g(X), g is continuous and suppose either

(a) F is continuous (or)

(b) X has the following property.

i) if a non decreasing sequence {x,} — x, then x, < x for alln € N.

i1) if a non increasing sequence {y,} — vy, then y <y, for alln € N.

If there exist xg,yo € X such that g(xzo) < F(z0,y0) and g(yo) > F(yo,x0),then
there exist z,y € X such that g(x) = F(z,y) and g(y) = F(y,x), that is, F and
g have a coupled coincidence fixed point.

3. Main result

In this section, we improve the results in section 2, by replacing the conditions
(i) ¢(t) < t and (ii). lim,_,;+ @(r) < t by the single condition: ¢(t+0) < ¢, and
the average in the argument of ¢ by maximum.

We introduce the class ® of functions as follows:

& ={p/p:[0,00) = [0,00),p is increasing and p(t+0) <tV ¢ > 0}.

We observe that ¢ € ® = ¢(t) <t and lim,_,+ p(r) <tV t > 0.
Now we prove our main result.

Theorem 3.1. Let (X, <) be a partially ordered set and suppose there is a
metric d on X, such that (X,d) is a complete metric space. Assume there is
an increasing function ¢ : [0,00) — [0,00) with ¢(t 4+ 0) < t for each t > 0,
and also suppose that F': X x X — X s such that F' has the mixed monotone
property and

(3.1.1) d(F(z,y), F(u,v)) < ¢o{max(d(z,u),d(y,v))},

for all z,y,u,v € X for which x <wu and y > v. Suppose either

a) F is continuous (or);

b) X has the following property.

i) if a non decreasing sequence {x,} — x, then x, <z, for alln € N.

i1) if a non increasing sequence {y,} — vy, then y <y, for alln € N.

If there exist xo,y0 € X such that xo < F(zo,y0) and yo > F(yo,x0), then
there exist x,y € X such that x = F(z,y) and y = F(y,x), that is, F has a
coupled fixed point.

Proof. Suppose
(3.1.2) ug < F(ug,vo) and vg > F(vg, up).

Define the sequences {u,} and {v,} by u1 = F(ug,vo) and v1 = F(vog,ug).

In general up4+1 = F(up,vy,) and vy = F(vp, uy), for n =0,1,2, ...

From (3.1.2), up < F(ug,vo) = ui. Therefore ug < uy and vy > F(vg,up) =
v1. Therefore vg > v1. Now uy = F(uj,v1) > F(ug,v1) > F(ug,v0) = uy.
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Therefore ug > uy. And vy = F(vi,u1) < F(vg,u1) < F(vg,up) = vy. Therefore
ve < w1. Similarly ug > ug and vy < vy. In general up 1 > up and vp41 < vy
Therefore

up Sup Sug <. S Up S Uptd

and
Vg 2V 2 V2... 2 Uy 2 Unitl-

Therefore {u,} is T and {v,} is | . First we show that {u,} and {v,} are Cauchy
sequences. If possible assume either {u, } or {v,} fails to be Cauchy. Then either

lm  d(um,un) # 0

m,n—o0
or

lim  d(vp,,vy) # 0.

m,n—00
Therefore,

max{ lim d(um,u,), Um d(vm,,v,)} #0,
m,n—00 m,n—00

ie

m,lrlzgloo max{m,l'rltgloo d(um’ un)’ m}?lzIEoo d(’Um, Un)} ?é 0,

i.e, there exist ¢ > 0, for which we can find sub sequences {my} and {ny} of
positive integers with nj; > my > k such that

(3.1.3) max{d(Um, , Un, ), d(Vm, , Vn, )} > €.

Further, we choose {ny} to be the smallest positive integer such that ny > my
satisfying (3.1.1).
Hence, we have max{d(u,,, , un, ), d(Vm,,vn,)} > € and

(3.1.4) max{d(um,, Un,—1), d(Vm, , Un,—1)} < €.

Now, we prove that
L limg_yoo max{d(un, , um, ), d(Vn,, Vm, )} = €;
IT. limg—y oo max{d(un, —1, Umy—1)s A(Vny—1, Vmy—1)} = €;
III. limg_s oo max{d(wm, , Un,—1), d(Vm, , Un,—1)} = €.
First we prove I:
From the triangular inequality we have

(3.1.5) d(tny, Umy,) < d(Uny,, Ung—1) + d(Ung—1,Um, ) < d(Up,, Un,—1) + €
and

(3.1.6) (U, Vmy) < d(Upy, Uny—1) + d(Vng—1,Vm,) < d(Un,,, Un,—1) + €.
From (3.1.3),(3.1.5) and (3.1.6)

(3.1.7) e < max{d(un,, Um,), d(Vn,, Vm,, )} < max{d(un,, Um, ), d(Vn,, Vn,—1)}-
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On letting & — oo,

e < lim max{d(un,, Um,), d(Vn,,Vm,)} < €.
k—o00

Therefore

klglolo max{d(unka umk)’ d(vnk ’ vmk)} =€

Therefore (I) holds.
Now we prove II:

d(unkfly umkfl) < d(umkfly umk) + d(umkaunkfl)
< d(Umy—1,Um,,) +€ ( by (3.1.4))

and
d(vnk_17vmk_1) < d(vmk_h Umk) + d(vmmvmc—l)
< d(Vmy—1,m,) +€ ((by (3.1.4)).
Therefore
max{d(unk—lu umk—l)y d(vnk—la Umk—l)}
< Maz{d(wmy,—1,Umy ), A(Vmy—1,Vm, ) } + €.
Therefore
(3.1.8) lim sup max{d(wn, —1, Umy—1), d(Vny—1, Vmy—1)} < €.
Now
d(unka umk) < d(unkaunk—l) + d(unk—la umk—l) + d(umk—la umk)
and
d(vnkyvmk) S d(”'f‘bkav’nk—l) + d(’Unk—h 'Umk—1> + d(vmk—la Umk)-
Therefore

{d(unk’ U’mk)’ d(vnk ’ vmk>} < max{d(unk ’ unk_1>7 d(vnk_17 Unk)}
+ maX{d(Unk_l, 'Umk—l)a d(vmk—la umk—l)}

+ maX{d(umk—h umk)v d(vmk_17 vmk)}
Letting £ — oo, we get

0 < liminf max{d(un,—1, Umy—1), A(Vn—1, Vmi—1)}

< lim sup max{d(tn,—1, Um;—1), d(Vny—1,Vm,—1)} < €.

Therefore
lim max{d(unk—l ) umk—1)7 d(vnk—l » Umy_q )} =e.
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Therefore (II) holds. Now

d(unka umk) < d(unkaunk—l) + d(unk—la umk)
< d(unkaunk—l) + d(unk—la umk—l) + d(umk—la umk)
and
d(vnkavmk) S d(vnkyvnk—l) + d(vnk—ly Umk)
S d(”nkyvnk—l) + d(”nk—h Umk—l) + d(vmk—la Umk)-
Therefore

max{d(unk ) umk)7 d(vnk ) Umk)} < max{d(unk ) Unk—l), d(vnk’ Unk—l)}
+ maX{d(unk—h umk)’ d(vnk_17 Umk)}
< max{d(uny, tny—1), d(Vny, Uny—1)}
+ max{d(un, -1, Umj—1), d(Vn,—1,Vm,—1)}

+ max{d(tm, —1, Um, ), d(Vm—1, Um,, ) }-
On letting £ — oo, from (I), (II), we get (III), since
e <0+ lim max{d(un,—1,Um, ), A(Vn,—1,Vm, )} < €.
Now we have

e < liminf max{d(un, —1, Umy—1); d(Vny—1, Vmy—1)}

< lim sup max{d(unkfb umk71)7 d('Unk,h ’Umkfl)} =&
Since Up,—1 > Um,—1 and vy, —1 < Uy, —1. From (3.1.1),we get

d(unkaumk) = d(F(Unk—lavnk—l)vF(umk—lvvmk—l))

3.1.9

( ) < pf{max{d(tun,—1,Um;—1), A(Vn,—1,Vm,—1)}}
similarly

(3.1.10) d(vnk’vmk) - d(F(Unk—l’umk—l)v F(Umk—launk—l))

< (P{max{d(vnk—la vmk—l)ad(umk—launk—l)}}.
From (3.1.9) and (3.1.10),we have

(3.1.11) e < sk < 0(pr) < pr-

Where s = max{d(un,,Um,),d(Vn,,Vm,)}. Therefore s, — e. and p, =
max{d(tn, —1,Umy—1), d(Vny—1,Vm,—1)}. On letting k — oo , from (3.1.11), we
have ¢ < limg(pg) < €. Therefore ¢ = lim p(px) < €, by (I), a Contradiction.
Hence {u,} and {v,} are Cauchy sequences. Suppose u, — u and v, — v.
Suppose (a) holds. Then F is continuous, hence u,+1 = F(up,v,) = F(u,v).
So u = F(u,v), since upy; — wu. Similarly vn11 = F(vg,un) — F(v,u). So
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v = F(v,u), since vy4+1 — v. Therefore (u,v) is a coupled fixed point of F. Now
suppose (b) holds. Then u,, <u and v, > v for all n.

d(up+1, F(u,v)) = d(F(up,vy), F(u,v))
< p{max (d(un, u), d(vn,v))}
< max{d(un,u),d(v,,v)} = 0 as n — 0o

ie, d(upy1, F(u,v)) — 0 as n — oo. ie, upt1 — F(u,v). So u = F(u,v).
Similarly v = F(v,u). Therefore (u,v) is a coupled fixed point of F.

Lemma 3.2. Under the hypothesis of Theorem 3.1, suppose (x,y) is a coupled
fixed point of F and (u,v) is comparable to (x,y). Write up = u and vg = v
and construct the sequences {un} and {v,} by upt1 = F(up,vn) and vy =
F(vp,uy) forn =0,1,2,3,... Then {u,} and {v,} are Cauchy sequences and
{un} — = and {v,} — y.

Proof. Case (i): Suppose (u,v) > (z,y), so that

(3.2.1) u>xand v <y.
Write
(3.2.2) ugp = u and vy = v,

and construct the sequences {u,} and {v,} by
(3.2.3) Unt1 = F(un,vn) and vpp1 = F(vp, uy).

From (3.2.1) and (3.2.2) up > z and vy < y for every n. Now we have to show
that w, > z and v, < y for every n. From (3.2.3),u; = F(ug,vo) > F(z,v9) >
F(z,y) = x. Therefore u; > z. And v; = F(vo,up) < F(y,up) < F(y,x) = y.
Therefore v; < y. Similarly us > x and v < y. Hence by induction u, > x and
v, <y for every n.
As in theorem 3.1, we can show that {u,} and {v,} are Cauchy sequences.
Suppose {u,} — a and {v,} — b. Now

d(un+1,x) = d(F(umvn)vF(x?y))

(3.2.4) < p{max (d(un, v),d(vn,y))}
< max{d(un,x),d(vn,y)} ( since u, > x and v, < y)

and

d(vn+1a y) = d(F(Um un)v F(yv 1}))
(3.2.5) < @{maX (d(vn,y),d(un,x))}
< max{d(vn,y), d(un,x)} ( since u, > x and v, < y).
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Write A,, = max{d(un,x),d(v,,y)}. Then by (3.2.4) and (3.2.5)
(3.2.6) Api1 < p(An) < Ay,

Write lim,, o0 Ay, = . Then by (3.2.6), limp(A4,,) = a. But by hypothesis
limp(Ay,) = ¢(a+0) < a, if @ > 0, which is a contradiction. Therefore o = 0.
Therefore lim,,_,o A, = 0. Therefore

(3.2.7) max{d(uny1,2),d(vny1,y)} — 0 as n — oo.

Therefore d(up+1,2) = 0 and d(vy41,y) = 0 ied(a,x) = 0 since up4+1 — a.
Therefore a = = and d(b,y) = 0 since vp41 — b. Therefore b = y. Therefore
{up} — x and {v,} —v.
Case (ii): Suppose (u,v) < (x,y).
Then v < 2z and v > y. We assume that (ug,v9) = (u,v) < (x,y).
Now u; = F(ug,v9) < F(z,v9) < F(x,y) = x. Therefore uy < z and
)

vy = F(vg,ug) > F(y,ug) > F(y,x) = y . Therefore v; > y. Similarly
ug = F(up,v1) < F(z,v1) < F(x,y) = x. Therefore ug < z and vy =
F(vi,u1) > F(y,u1) > F(y,z) = y. Therefore v > y. Thus by induction

follows that u,, < x and v,, >y for every n. As in Theorem (3.1), we can show
that {u,} and {v,} are Cauchy sequences. Suppose {u,} — a and {v,} — b .
Now

d(un+1, .I') = d(F(un; Un)v F<x7 y))
< ¢p{max (d(un, ), d(vn,y))}
< max{d(un, ), d(v,,y)} (since u, >z and v, < y)

and

d(vn-i-l? y) = d(F(Um un)a F(y> iL'))
< p{max (d(vn,y), d(un, z))}
< max{d(vn,y),d(u,,x)} (since u, > = and v, < y).

Therefore max{d(un+1,2),d(vn41,y)} = 0asn — oo (asin (3.2.7)) i.e, d(upt1, x)
= 0 and d(vp41,y) = 0 i.e, d(a,z) = 0 since up4+1 — a. Therefore a = x, and
d(b,y) = 0 since vy+1 — b. Therefore b =y, {u,} — = and {v,} — y. O

Theorem 3.3. In addition to the hypothesis of Theorem 3.1, suppose that for
every (z,y), (z,t) € X x X, there exists a (u,v) € X X X, which is comparable
to (z,y) and (z,t). Then F has a unique coupled fized point.

Proof. Suppose (z,y) and (z,t) are coupled fixed points of F.

Suppose (u,v) is comparable with (z,y) and (z,t). Let {u,} and {v,} be as
in Lemma 3.2, since (u,v) is comparable with (z,y), {u,} — = and {v,} — v.
Similarly, since (u,v) is comparable with (z,t) , again by Lemma 3.2, {u,} — =
and {v,} — t. Therefore x = z and y = t. Therefore F' has a unique coupled
fixed point. O



444 K. RAVIBABU, CH. SRINIVASA RAO axp CH. RAGHAVENDRA NAIDU

Theorem 3.4. Let (X, <) be a partially ordered set and suppose there is a
metric d on X, such that (X,d) is a complete metric space. Assume there is an
increasing function ¢ : [0,00) — [0,00) with p(t +0) < t for each t > 0, and
also suppose that ' : X x X — X and g : X — X are such that F' has the mized
g-monotone property and

(34.1) d(F(z,y), F(u,v)) < p{max(d(g(z), g(w)), d(9(y), 9(v)))},

for all x,y,u,v € X for which g(x) < g(u) and g(y) > g(v).

Suppose that F(X x X) C g(X), g is continuous and commutes with F and
also Suppose either

a) F is continuous (or);

b) X has the following property.

i) if a non decreasing sequence {x,} — x, then x, < x for alln € N.

i1) if a non increasing sequence {y,} — vy, then y <y, for alln € N.

If there exist xo,yo € X such that g(zo) < F(zo,y0) and g(yo) > F(yo,x0),
then there exist x,y € X such that g(z) = F(z,y) and g(y) = F(y,x), that is,
F and g have a coupled coincidence point.

Proof. Suppose that xg,yg € X such that

(3.4.2) g(wo) < F(wo,90) and g(yo) > F(yo, zo).
Since
(3.4.3) F(X x X) C g(X)

we can choose z1,y1 € X such that g(xz1) = F(x0,%0) and g(y1) = F(yo,x0).
Again from (3.4.3), we can choose z2,y2 € X such that g(z2) = F(z1,y1)
and ¢g(y2) = F(y1,z1). Continuing this process, inductively we construct the
sequences {g(x,)} and {g(y,)} in X such that

(3.4.4) 9(xnt1) = F(zn,yn) and g(yn+1) = F(Yn,xn) for n=0,1,2.....
We show that

(3.4.5) g(zyn) < g(xpyr) for n=10,1,2, ...

and

(3.4.6) 9(yn) > g(yn+1) for n =10,1,2, ...

(
From (3.4.2), g(x0) < F(z0,y0) and g(yo) > F(yo,x0). Therefore from (3.4.3),
(y

g(z1) = F(x0,y0) and g(y1) = F(yo,x0). Therefore g(xg) < g(x1) and g(yo) >
g(y1). Thus (3.4.5) and (3.4.6) hold for n = 0. Suppose that (3.4.5) and (3.4.6)

hold for some n > 0. Then, since g(z5) < g(xn+1) and g(yn) > g(yn+1), and as
F has the mixed g-monotone property, from (3.4.3),

(347) .g(anrl):F(-Tnayn)SF(anrlayn)vF(ynJrlaxn)SF(yna-’En):g(ynJrl)-
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Again from (3.4.3),

g(anrQ) = F(anrlaynJrl) > F('InJrlayn)?

(3.4.8)
F(ynJrlal'n) > F(yn+1,$n+1) = g(yn+2)-

From (3.4.7) and (3.4.8), we get g(zn+1) < g(Tn+2) and g(Yn+1) > 9(yn+2)-
Thus by mathematical induction we conclude that (3.4.5) and (3.4.6) hold for
all n > 0. Therefore

(3.4.9) g(zo) < g(z1) < g(x2) < ... 9(zn) < g(zps1) < ..o
and
(3.4.10) 9(yo) > g(y1) > g(y2) > --.9(yn) > 9(Yny1) > ...

Therefore {g(zy)}is 1 and {g(yn)}is |.
Denote 6, = max{d((g9(xn), 9(zn+1)),d((9(yn), 9(Yn+1))}. We show that

(3.4.11) S < @(0n—1).
Since g(xn—1) < g(zy) and g(yn—1) > g(yn) from (3.4.3) and (3.4.1), we have

d((9(zn), 9(znt1)) = d((F(Zn-1,Yn-1), (F (0, yn))

(3.4.12) < p{max((d(g(wn-1),9(zn)), (d(9(yn-1), 9(yn)))}
= ‘P(&n—l)‘
Similarly
d((9(yn), 9(Yn+1)) = d(F(Yn—1,Tn-1), (F(Yn, Tn))
(3.4.13) < p{max((d(g(yn-1), 9(¥n)), (d(g(zn-1), 9(zn)))}
= p(dn-1)-

From (3.4.12) and (3.4.13) we obtain (3.4.11). From (3.4.11),since ¢(t) < ¢ for
t > 0, it follows that sequence {J,,} is monotone decreasing. Therefore there is
some § > 0 such that lim,, ,» 6, = 6. We show that § = 0. Suppose to the
contrary that 6 > 0. Then taking the limit as n — oo on both sides of (3.4.11),
we have § = lim, 00 0y, < limy 00 p(0p—1) = ©(d + 0) < §, a contradiction.
Thus § = 0,

(3.4.14) lim {max((d(g(zn), 9(Tn+1)),d(g(Yn), 9(Yn+1)))} = 0.

n—o0

Now we prove that {g(x,)} and {g(y,)} are Cauchy sequences.

Suppose to the contrary that at least one of {g(zy)} or {g(y,)} is not a
Cauchy sequence.

Then there exist an € > 0, and two sub sequences of integers {l;} and {my},
myg >l > k with

(3.4.15) 7 = max(d(g(z1, ), 9(xm,)), d(9(y1,.), 9(ym,)) > € for k =1,2,3...
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We may also assume

(3.4.16) max (d(g(xzk% g(xmk))’ d(g(ylk)7 g(ymk)) <e

by choosing my, to be the smallest number exceeding [j, for which(3.4.15) holds.
From (3.4.15), (3.4.16) and by the triangular inequality

e < max{(d(g(x1,), 9(Tm,—1)) + d(g(Tmi—1); 9(Tm;)))s
(d(9(yi)s 9(Ymi—1)) + d(GYmp—1)5 9(Ymy,)) }-

Taking the limit as k — oo we get by (3.4.14)

(3.4.17) lim 7, = €'

k—o0

Since from (3.4.3) and (3.4.1), g(x,) < g(zm,) and g(yi,) > g(ym, ) we have

(d(g(xlkﬂ)?g(xmkﬂ)) = d(F(xlk7ylk)7 F(xmk’ymk)

(3.4.18) < p{max((d(g(z1,), 9(Tmy))s d(9(Yi,.)> 9(Ymy ) }
= (k).
Similarly
(d(g(ylk+1)7g(ymk+1)) = d(F(ylk’xlk)’F(ymk’xmk)
(3.4.19) < p{max((d(g(y1,), 9(ymy.)), d(g(z1,,); 9(Xmy ) }
= (1)

From (3.4.18) and (3.4.19), € < 1441 < ¢(rg). Taking k — oo, using (3.4.14)
and (3.4.17) we get

e < lim (¢(rx)) = ¢(e +0) <€, a contradiction.
k—ro0

Thus our supposition is wrong. Therefore {g(z,)}and {g(y,)} are Cauchy se-
quences. Since X is complete,there exist x,y € Xsuch that

(3.4.20) lim g(x,) =z and lim g(yn) =y.
n—oo

n—oo

From (3.4.20) and continuity of g,
(3.4.21) Jim_g(g(2a)) = g(2) and  lim g(g(yn)) = 9(y)-
Since F' and g commute, from (3.4.21)

(3.4.22) 9(9(xn+1)) = 9(F (Zn,yn)) = F(9((xn), 9(yn))

and

(3'4'23) g(g(yn+1)) = g(F(yna$n)) = F(g((yn)ag($n))
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We show that g(z) = F(z,y) and g(y) = F(y, z).
Suppose (a) holds. Taking the limit as n — oo in (3.4.22) and (3.4.23) by
(3.4.20),(3.4.21) and continuity of F, we get

g(x) = lim g(g(xn+1)) = lim F(g((xn), 9(yn))

n—o0 n—o0

= F(lim g((zn), lim g(yn))

n—oo

= F(z,y)
and

9(y) = lim g(g(yn+1)) = lim F(g((yn), 9(xn))
= F(lim g((yn), lim g(zn))
= F(y,z).

Therefore g(z) = F(z,y) and g(y) = F(y, x).

Suppose (b) holds. Since {g(z,)} is non decreasing and g(z,) — z and
{9(yn)} is non increasing and ¢(y,) — y from hypothesis we have g(z,) < z
and ¢(yn) > vy, for all n. Then by the triangular inequality (3.4.22),(3.4.23) and
(3.4.1),we get

d(g(x), F(x,y))) < d(g(2), 9(9(xn+1))) + d(g

{d(g(x), 9(g(zn41))) + d(F(g(2n), 9(yn))), F(2,y))}

{d(g(x), 9(g(wn+1)))+

p(max(d(g(g(zn), 9(x))), d(9(g(yn), 9(y))))} = 0 as n — oc.

Therefore d(g(z), F(x,y))) < 0. Therefore g(z) = F(x,y). Similarly g(y) =
F(y,x). Therefore F and g have a coupled coincidence point. O

(9(Tnt1)), F(z,9))

IN

Lemma 3.5. Suppose (x,y) is coupled coincidence point of F and g and (g(u), g(v))
is comparable with (g(x),g(y)). Write uop = u and vo = v and construct the se-
quences {g(un)} and {g(vn)} by g(unt1) = F(un,vn) and g(vnt1) = F(vn, un)
forn=20,1,2,..... Then g(un) — g(z) and g(v,) — g(y).

Proof. Case (i): (g(w),g(v)) < (9(2), 9(»))- Then g(u) < g(z) and g(v) > 9(y)
Write up = u and vy = v. Then (g(o),g(v0)) = (9(u), 9(v)) < (9(), 9(1))-
Therefore g(ug) < g(x) and g(vg) > g(y). Choose ui,v1 such that g(uq)
F(ug,v0) and g(v1) = F(vg,up). Therefore g(ui) = F(ug,vo) < F(z,v0)
F(x,y) = g(x). Therefore g(u1) < g(x) and g(v1) = F(vo,uo) > F(y,uo)

§(y, ) = g(y). Therefore g(v1) > g(y). In general (g(un), g(vn)) < (9(),9(y)-

<
<

d(g(un), g9(z)) = d(F(un-1,vn-1), F'(,y))
< p{max(d(g(un-1),9()), d(g(vn-1),9(y)))}
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and

d(g(vn), 9(y)) = d(F(vn-1,un—1), F(y,z))
< p{max(d(g(vn-1),9(y)), d(g(un-1),9(z)))}.

Let 7, = max{d(g(un), 9(x)),d(g(vn),9(y))} < @(rg—1) < rr—1. Therefore {ry}
is a decreasing sequence. Suppose 1 | «a. Hence 1, < @(rg_1) < rg_1.
Letting k& — oo,we get limg00 p(1x) = . But by hypothesis lim p(ry) =
e(a+0) < a, if @ > 0. Therefore o« = 0. Therefore limy_, o, = 0. Therefore
max{d(g(un),g(z)),d(g(vs),9(y))} — 0 as n — oco. Therefore d(g(uy),g(z)) —
0 as n — oo and d(g(vn),g(y)) — 0 as n — oo. Therefore g(u,) — g(x) and
9(vn) = 9(y)-

Case(ii): Suppose (g(u), g(v)) > (g(x), g(y)). In this case the proof is similar
to case (i). O

Theorem 3.6. In addition to the hypothesis of Theorem 3.4, suppose (x,y), (z,1)
€ X x X = there exist u,v € X x X such that (g(u),g(v)) is comparable
with (g(x),g(y)) and (g(2),9(t)). Then F and g have unique coupled coincidence
point,in the sense that g(x) = g(z) and g(y) = g(t).

Proof. Suppose (z,y)and(z,t) are coupled coincidence points of F and g.
Suppose (g(u), g(v)) is comparable with (g(x), g(y)) and (g(2), g(t)).
Let {u,} and {v,} be in Lemma 3.5,g(u,) — g(x) and g(v,) — g(y).
Similarly, since (g(u), g(v)) is comparable with (g(z), g(t)), again by Lemma
3.5, g(un) — g(2) and g(vy) — g(t). Therefore g(x) = g(z) and g(y) = g(t).
Now F(z,y) = g(z) = g(2) = F(2,t) and F(y,z) = g(y) = g(t) = F(t,z). O

Note: In view of the comment made at the beginning of this section, The-
orem 2.3, 2.4, 2.8, 2.10 and 2.11 follow as corollaries to Theorems 3.1, 3.3, 3.4
and 3.6 of this section.

Corollary 3.7. Let (X, <) be a partially ordered set and suppose there is a
metric d on X, such that (X,d) is a complete metric space. Suppose that F :
XxX — X andg: X — X are such that F has the mized g-monotone property
and assume there is a k € [0,1) such that

d(F(z,y), F(u,v)) < k{max(d(g(x), g(u)), d(g(y), 9(v)))},

for all x,y,u,v € X for which g(x) < g(u) and g(y) > g(v).

Suppose that F(X x X) C g(X), g is continuous and also Suppose either

(a) F is Continuous (or);

(b) X has the following property.

i) if a non decreasing sequence {x,} — x,then x, < x for alln € N.

i1) if a non increasing sequence {y,} — y,then y <y, for alln € N.

If there exist xg,yo € X such that g(xg) < F(z0,y0) and g(yo) > F(yo,xo),
then there exist x,y € X such that g(z) = F(x,y) and g(y) = F(y,x), that is,
F and g have a coincidence point.
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Proof. Taking ¢(t) = kt where k € [0,1) in Theorem 3.4, we obtain Corollary
3.7. U
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