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Abstract. In this introductory note we define the concept of left almost polygroups
and provide several examples. We also discuss the quotient structure and isomorphism
theorems for left almost polygroups.
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1. Introduction

The work on left almost structures starts with the notion of left almost semi-
groups (abbreviated as LA-semigroups) defined by Kazim and Naseeruddin [§]
in 1972. This structure, known also as Abel Grassmann-groupoid (abbreviated
as AG-groupoid), is a groupoid where the left invertive law holds. Later on,
Mushtaq and Kamran [10] introduced a new concept of a non-associative group,
called the left almost group (LA-group).

The idea of defining left almost hyperstructures belongs to Hila and Dine
[7], who proposed the study of left almost semihypergroups, further explored by
Yaqoob et al. [11] and Amjad et al. [1]. Recently, in 2015, Gulistan et al. [6]
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extended it in the form of H,-LA-semigroups, where the weak left invertive law
holds.

The theory of polygroups has been initiated by Comer [2, 3, 4], who ap-
plied these quasicanonical hypergroups in color schemes theory, graph theory
or cylindric algebras. A comprehensive overview of the most relevant results on
polygroups is summarized in Davvaz’ book [5].

The aim of this introductory note is to define the concept of left almost
polygroups (abbreviated LA-polygroups). In particular, we study some basic
properties of them, related with their subhyperstructures, and propose new
constructions of such polygroups. Results concerning the homomorphism prob-
lems related to the left almost polygroups are covered in Section 4. The paper’
conclusions are gathered in the last section.

2. Preliminaries

In this section, we first recall some basic definitions and results concerning LA-
semigroups, and then we focus on those related to polygroups.

A groupoid (S, ) is called a left almost semigroup (abbreviate LA-semigroup)
[8], if it satisfies the left invertive law: (a-b)-c = (c-b)-a, for all a,b,c € S.

It is well known [8] that, in an LA-semigroup (S, -) the medial law (a - b) -
(c-d)=1(a-c)-(b-d), for all a,b,c,d € S holds, too. If the LA-semigroup S
contains a left identity, the paramedial law (a-b) - (c¢-d) = (d-c)- (b-a), for all
a,b,c,d € S, is valid. Moreover, is such an LA-semigroup, by using the medial
law, we get a- (b-¢c) =b-(a-c), for all a,b,c,d € S.

Extending the left invertive property to hyperstructures, one obtained the
following notion.

Definition 1 ([7, 11]). A hypergroupoid (S, o), which is left invertive, that is
(roy)oz=(zoy)ox, forall x,y,z € S, is called an LA-semihypergroup.

Example 1 ([11]). Let S = Z. If we define on S the following hyperproduct
xoy=y—x+ 3Z, where x,y € Z, then (S, 0) becomes an LA-semihypergroup.

Definition 2 ([2]). A hypergroup (H,o) is called a polygroup if
(i) there exists e € H such thateox =x =z oe, for allx € H,

(ii) for all x € H there exists an unique element, say x=' € H, such that
ee:pox_lﬂx_lox,

(iii) for allz,y,2 € H, z€xoy=a €20y ! =ycatoz

3. Left almost polygroups

In this section, we introduce and study some properties of the concept of left
almost polygroup (abbreviate LA-polygroup) and provide some examples on
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how to construct new such hyperstructures. We also discuss some useful results
related to LA-polygroups.

Definition 3. A multivalued system (P,o,e,”'), wheree € P, ~' : P — P
and o : P x P — P*(P) is called an LA-polygroup, if, for all x,y,z € P, the
following axioms hold:

() left invertive law: (xoy)oz = (zoy)oux,

(13) reproducibility axiom: o P =Pox = P,

(iv) e€zoz tNa~tox (we call z7! the inverse of ),

1

)

(7i1) there exists a left identity e € P such that eo x = x,
)

(vV) x€Eyoz=—=yE€xo0oz".

In the above definition P*(P) is the set of all non-empty subsets of P and
e is just the left identity. The following elementary facts about LA-polygroups
follow easily from the above axioms e™! =e and (z71!)~! = z.

Example 2. Let P = {e,z,y} and the binary hyperoperation ”o” be defined
as in the following table:

o‘e z Y
e| e T Y
vy A{e,xy}t {zy}
ylz A{z,y} A{ezy}

Here all the elements of P satisfy the left invertive law and e is the left identity.
~1 is a unitary operation on P taken as
‘ e ¥y
-1 ‘ e T vy

Now, for the fifth condition in Definition 3, see the following calculations:
1

e = eoe = e = eoel = eoce = e

r = eox = e € wmox! = zox = {emvy}
y = eoy — e € yoy ' = yoy = {euxy}
Yy = =xToe - r = yoe_1 = yoe = T

e € zox = r = eox ! = eox = z

xr € zox = r € zox ! = zox = {euwxvy}
y € zox = r € yox !l = yox = {z,y}
xr € zoy = r € xzoy ! = zoy = {zx,y}
y € zoy = r € yoy ' = yoy = {emxy}
r = yoe - y = zoe ! = zoe = Yy

r € youx = y € wox ! = zox = {e vy}
y € you - y € yox ! = yox = {x,y}
e € yoy = y = eoy ! = eoy =y

x € yoy = y € woy ! = woy = {zy}
y € yoy = y € yoy ' = yoy = {ewy}
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Hence (P,o,e,~!) is an LA-polygroup.

Example 3. Consider a finite set P with at least 3 elements. Define a hyper-
operation "%” on P as follows:

xj, fori =1,

Tk, for j = land k = 2 — imod | P|,
Ti* Tj = L .

P fori=j,1#1,7#1,

P\{l‘l}, fOI'Z?é],Z?él,j#l

LAY

Then P under the hyperoperation ”%” forms an LA-polygroup with the left
identity 21 and ~! is a unitary operation on P taken as

‘.%‘1 Tro I3 . . . .Z'|p|

-1 ‘ Ty xT2 T3 . . . TP

Besides 7" is non-associative because {za} = (z2 * x1) * 21 # x2 * (x1 * x1) =
{x|p }. Consider P = {x1, 2,73, 24,25} Then under the binary hyperoperation
x defined above, P is an LA-polygroup. See the following Cayley’s table:

* I i) I3 T4 xIs
x| T1 Z2 xs3 Ty T5
T2 | Ty P {1‘2,1}3,3}4,%‘5} {x2,$3,$4,$5} {.%'2,$3,.’L‘4,{L‘5}
x3 | ©g {x2,x3,24,25} P {zo, x5, 24,25} {x2,23,24,25}
T4 | T3 {.%'2,.7}3,.224,.%5} {$2,$3,$4,1‘5} P {.%'2,.%’3,.1‘4,$5}
x5 | ko {xo,x3,24,25} {w2,x3, 24,25} {xe, 23,24, 75} P

One can see that ”+” satisfies the left invertive law, 21 is the left identity, ~! is

a unitary operation on P taken as

‘:El T2 I3 T4 Ty

_1\361 T2 X3 T4 s

but ”«” is non-associative because {xo} = (x2 * 1) * 21 # w2 * (x1 xx1) = {25}.

Theorem 1. Let (P,o,e,”') be an LA-polygroup satisfying the condition e =
aoa™!, for any a € P. Then P is a polygroup if and only if ao (boc) = (cob)oa
holds, for all a,b,c € P.

Proof. Let (P,o,e,”!) be a polygroup. Then, by associativity, we have (a o
b)oc=ao(boc) for all a,b,c € P, and since P is an LA-polygroup, it follows
that (aob)oc = (cob)oa, therefore ao (boc) = (cob)oa, foralla,b,ce P.
Conversely, suppose a o (boc¢) = (cob) o a holds, for all a,b,c € P.

(i) Since (P,o,e,”1) is an LA-polygroup, we have ao (boc) = (cob)oa =
(aob)oec.
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(ii) Based on the following identities aoe = ao(ece) = (eoe)oa = eoa = a,
it results that e is also the right identity.
(iii) Let a,b,c € P such that a €boc=b € aoc . Now,
c = eoc=(b"lob)oc
= (cob)ob ! (left invertive law)
= b lo(boc) (byao(boc)=(cob)oa)

C b o((aoc ) o0)
= b lo((cocHoa) (left invertive law)
= b lo(eoa)
= b loa.
We can conclude that (P,o,e,!) is a polygroup. O

Definition 4. A non-empty subset K of an LA-polygroup (P,o,e,™') is called
LA-subpolygroup of P if, under the hyperoperation in P, K itself forms an LA-
polygroup.

Example 4. Let P = {e,x,y, 2z} and the hyperoperation on P be defined in
the following table.

‘ T Y z
T Y z
{z,y} A{e,x} z

{e,y} A{z.y} z

z z {e,z,y}

N 8 0|0
Ny 0

Here all the elements of P satisfy the left invertive law and e is the left identity.
~1 is a unitary operation on P taken as

g
_1‘6

r Yy
y T
Besides P is not a polygroup since {z,y} = (xoe)oy #xo(eoy) = {e,x}. So
(P o,e,”!) is an LA-polygroup and K = {e, z,y} is an LA-subpolygroup of P.

Lemma 1. A non-empty subset K of the LA-polygroup (P,o,e,”') is an LA-
subpolygroup of it, if and only if the following relations are satisfied.

(1) For alla,be K = aobC K.

(ii) Foralla € K = a ! € K.

Proof. Let K be an LA-subpolygroup of P. Then relations (i) and (ii) are
obvious.

Conversely, suppose that relations (i) and (i) are true. Since K is a non-
empty subset of P, it follows that the left invertive law holds in K. Now from
(ii) we have the implication a € K = a~! € K, and from () it results that
e € aoa !t C K, for a,a! € K. Moreover, let ¢ € aob. It implies that
a € cob™! by (ii). Hence, K is an LA-subpolygroup of P. O



470 NAVEED YAQOOB, IRINA CRISTEA, MUHAMMAD GULISTAN axD SHAH NAWAZ

Lemma 2. In an LA-polygroup (P,o,e,~') the following laws holds:
(1) Medial law: (aob)o(cod)= (aoc)o(bod),
(71) ao(boc)=bo(aoc),
(ii) Paramedial law: (aob)o (cod) = (doc)o(boa), for all a,b,c,d € P.

Proof. Straightforward. O

Lemma 3. If K is an LA-subpolygroup of the LA-polygroup (P,o,e,~!), then,
for every a,b € P, we have:

(i) K=KoK.

(i) ec K =Koe=K.

(i) ao K = (K oa)oe,

(iv) (aob)o K =Ko (boa).

Proof. Straightforward. O

It is important to note that there is no concept of polygroup theoretic nor-
mality in LA-polygroups, meaning that we can factor an LA-polygroup by any
of its LA-subpolygroups. We know that if (P,o,e,~!) is a polygroup and K is
its subpolygroup, then (Koa)o (K ob) # Ko(aob), unless K is normal in P. But
for LA-polygroups we have no such condition because of the medial property,
that is, if K oa, K ob belong to P/K, then

(Koa)o(Kob)=(KoK)o(aob) (by the medial law)= K o (aob),
without having an extra condition on P.

Remark 1. An LA-polygroup can be partitioned only into right cosets (or left
cosets) and we do not require the two side decomposition.

Theorem 2. If (P,o,e,”!) is an LA-polygroup and K is an LA-subpolygroup
of P, then P/K = {K oa|a € P} is an LA-polygroup, too.

Proof. Let us define the hyperoperation in P/K as KoaX K ob= Ko (aob),
which is obviously closed.
(i) Let Koa, Koband K oc € P/K. Then one obtains

(KoaRKob)KKoc = Ko(aob)RKKoc
= Ko((aob)oc)=Ko((cob)oa)
= Ko(cob)RKoa
= (KocKKob)XKKoa.

(ii) There exists K oe € P/K such that Koe XK ob= Ko (eob) =K ob,
so K o e = K is the left identity in P/K.

(iii) Let Koa, Koband Koc € P/K such that Koa C KobXKoc = Ko(boc)
ie. Koa C Ko (boc), soa € boc. This implies that b € a o ¢! and
therefore K ob C K o (aoc™!). It results that K ob C K oaX K oc™!. Hence
P/K = {Koa:aé€ P} is an LA-polygroup. We conclude this section with
some constructions of LA-polygroups. O
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Definition 5. Let (Py,01,e1,” %) and (Py,09,e2,7 1) be two LA-polygroups. Then
on Py x Py we can define the hyperproduct as follows:

(al,bl) o (ag,bg) = {(C, d) | Cc € aj o1 ag, d € by 09 bQ},
for all (al,bl) , (CLQ,bQ) € P x Ps.

Proposition 1. The direct product of two LA-polygroups is an LA-polygroup,
too.

Proof. Straightforward. O

Corollary 1. If K1, Ko are LA-subpolygroups of the LA-polygroups Py, Py re-
spectively, then Ki x Ko is an LA-subpolygroup of Py X Py and (P x Py) /(K1 X
KQ) = Pl/Kl X PQ/KQ.

Definition 6. Let (P,o,e,”!) be an LA-polygroup, and let a,b € P. We write
awbifaoccCboc, for all c € P, and we call » a hyperorder on P.

If a » b and b » a, then we say a is hyperequal to b, and we write a ~ b. It is

”

clear that the relation ” ~” is an equivalence relation on P.

Proposition 2. Let (P,o,e,”!) be an LA-polygroup. We define the class [a] =
{b€ P |a~ b} represented by a, and let C (P) = {[a] | a € P} denote the set
of all classes of the elements in P. If we define the hyperoperation on C (P) as
[a] @ [0] = {[n] | n € ao b}, then (C(P),e,e,”1) is an LA-polygroup.

Proof. (i) Let [a],[b],[c] € C(P). One finds that

(la]efp])olc] = ({[n][neaocb})elc={[m]lmenoc}

= {lm][me(aob)oc}t={[m]|me(cob)oa}
{Im]|menoa} =({[n]|ne€cob})eld

— (e lt)al.

(i) Let [e] ,[a] € C'(P). Then ([e] o [a]) = ({[n] [n € eca}) = ({[n] | n=a}) =

[a]. (iii) Let [a],[b],[c] € C (P) and consider [a] € [b] ® [c] = {[z] |x € boc}.

Therefore, there exist y € [b] and z € [¢] such that € yoz, so y € zoz"1. This

implies that [y] € [z] ® [z7!], thus [b] € [a] @ [¢7!] . Hence (C(P),e,e,7!) is an

LA-polygroup. O

4. Homomorphisms of LA-polygroups

This section is devoted to the study of some homomorphism problems related
to LA-polygroups.

Definition 7. Let (Py,01,e1,” ') and (P, 09,e2,7 1) be two LA-polygroups. Let
f be a mapping from Py into Py such that f(e1) = ea. Then, f is called

(1) an inclusion homomorphism if f(x o1 y) C f(x) o2 f(y).

(i) a good homomorphism if f(xo1y) = f(z) o2 f(y).



472 NAVEED YAQOOB, IRINA CRISTEA, MUHAMMAD GULISTAN axD SHAH NAWAZ

Example 5. (i) Let P, = {e,z,y} and P» = {g,a,b} be two LA-polygroups
with the hyperoperations defined in the following tables:

o1 ‘ e x Y 09 ‘ g a b

e | e x Y g |lg a b
y A{x,y} {ex} a|b {a,b} P

y |z {ev y} {.Z', y} b |a Py {a7 b}

and let f: P — P, be defined by f(e) =g, f(x) = a, f(y) = b. Then, clearly,
f is an inclusion homomorphism.

(ii) Let P, = {e,z,y, 2z} and P> = {g,a,b, c} be two LA-polygroups with the
hyperoperations defined in the following tables:

ol‘e T Y z 02‘9 a b c
e |e x Y z g |lg a b c
vy {ows) {ewz) {oy) alc {abc} {ach {g.a.b}
y |z {ey,z} {zy.2} {z,y} b b Afact {g,b} {a,c}
z |z Azyy Azy} Aez} ¢ la {gbct {a,c} {abc}

and let f : P — P, be defined by f(e) = g, f(x) = a, f(y) = ¢, f(z) = b.
Then, clearly f is a good homomorphism.

Lemma 4. Let f be a good homomorphism from (Py,o01,e1,” 1) into (P, 09,e2,7%).
Let K1 and Ko be LA-subpolygroups of P1 and Ps, respectively. Then the fol-
lowing statements are valid.

(1) The image f(K1) of K1 under f is an LA-subpolygroup of Ps.

(ii) The inverse image f~1(K3) of Ko under f is an LA-subpolygroup of P;.

Proof. Straightforward. O

Lemma 5. Let f be a good homomorphism from (Py,o1,e1,” %) into (Ps, 09, €2,71).
Then:

(i) f(e1) = ez,

(i) fa=) < fla)~"

Proof. Straightforward. O

Lemma 6. Let f be a good homomorphism from (Py,o01,e1,” 1) into (P, 09,€2,71).
Then f is injective if and only if kerf = {e1}.

Proof. Let f be injective and assume that x € kerf. By Lemma 5, we have
f(e1) = ea. Therefore f(x) = ez = f(e1) = = = e; and hence ker f = {e; }.
Conversely, let ker f = {e1} and assume that f(z) = f(y) for z,y € P;. Now
considering f(z) = f(y), we have f(x) oy f(z™!) = f(y) o2 f(z71). It follows
that f(e1) € f(xz o1 271) = f(yor 27 1). So there exists t € y oy 2! such that
es = f(e1) = f(t). Thus e; =t € yo; 27!, whence = = y. O
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Theorem 3. Let f be a good homomorphism from (Py,01,e1,” 1) into (P, 09,e9,7 1)
with the kernel k, such that x is an LA-subpolygroup of (Pi,o01,e1,” ). Then
Pl/K, = PQ.

Proof. Let f be a good homomorphism, i.e f(e;) = ey and f(a o1 b) = f(a) oy
f(b), for all a,b € P;. Define a mapping A : Py /k — P by A(kx) = f(z), for all
x € P;. We first show that A is well-defined. For z,y € P, kx = ky = z 01
y~! C k. Let t € x 01 y~ L. Consequently, f(t) = ez and f(t) C f(z) oo f(y~!) =
f(z) o f(y)~t. Thus f(x) = f(y). Clearly X is onto. Now we have to show
that A is one to one. Suppose f(x) = f(y). Then ez € f(z o1 y~!) and so there
exists t € x o] y~! with ¢ € ker f. Therefore 2 o1 y~! C &, which implies that
kx = Ky, and so A is one to one. Now it remains only to prove that A is a good
homomorphism. Let kz, ky € P;/k. It results that A(kz oy ky) = AM(k(zo1y)) =
flxory) = f(x) og f(y) = AM(kx) o3 A(ky) and also A(ke1) = f(e1) = ea. Hence
Pl/li = PQ. O

Theorem 4. If K and N are LA-subpolygroups of the LA-polygroup (P,o,e,~ '),
then K/(NNK) =~ KN/N.

Proof. Let us define f : K — KN/N by f(k) = Nk, for all k € K. It is easy
to show that f is a good homomorphism. Since each element of K N/N has the
form of knN, where k € K and n € N, it follows that n/N = N. Therefore each
element of K N/N is of the form KN, which is the image of K under f. Hence
f is onto. Therefore, by Theorem 3, K/ker f 2 KN/N. Now we need to show
that ker f = NN K.

ker f = {ke K: f(k)=identity of KN/N}
— {keK:kN =N}
— [keK:keN}=NnNK.

Hence K/(NNK) =~ KN/N. O

Theorem 5. If K and N are LA-subpolygroups of the LA-polygroup (P,o,e,~!)
such that N C K, then (P/N)/(K/N) = P/K.

Proof. Let us define a mapping f : P/N — P/K by f(Na) = Ka, for any
a € P. It is easy to show that f is a good homomorphism. Since, for each
Na € P/N there exist Ka € P/K such that f(Na) = Ka, it results that the
mapping f is onto. So, by Theorem 3, (P/N)/ker f = P/K. Now we show that
ker f = K/N. This follows from the following identities:

kerf = {Na€ P/N:aecP and f(Na) = identity of P/K}
= {Na€P/N:a€P and Ka= K}
= {NaeP/N:aecK} =K/N.

Hence (P/N)/(K/N) = P/K. O
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5. Conclusions

Substituting in a polygroup the associativity with the left invertive law, one ob-
tains the notion of left almost polygroup, by short LA-polygroup. Most of the
properties of polygroups are valid also for LA-polygroups, but the normality con-
cept is different here. This means that an LA-polygroup may be factorize by any
of its LA-subpolygroup K, without asking K to be a normal LA-subpolygroup,
as it happens in polygroups framework. This property is assured by the me-
dial law, that holds in an LA-polygroup. Consequently, the three isomorphism
theorems are simplified for LA-polygroups, with respect to polygroups.
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