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Abstract. In 1970 Gallagher introduced the concept of commutativity degree of finite
groups. Then some authors extend this concept to some variety of groups. In this paper,
we define commutativity degree and p-commutativity degree with respect to Burnside
variety of groups and study their subgroups and some properties of finite groups in this
variety.
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1. Introduction

Through this paper we assume that all groups are finite. In [1] Gallagher intro-
duced the concept of commutativity degree of finite groups. Lescot [4] defined
commutativity degree on abelian variety and Moghaddam [5] defined commuta-
tivity degree with respect to the nilpotent variety. In this paper, we define the
commutativity degree with respect to Burnside variety for any prime number
p and study some results of Lescot in 1995 and Moghadam in 2005 (see [4,5]).
Also we define subgroup commutativity degree with respect to Burnside variety
of groups and investigate some properties of Tarnauceanu in [7]. Finally, we de-
fine p-commutativity degree and also subgroup p-commutativity degree of finite
groups.

Let F be a free group freely generated by a countable set X = {z1,x2,...} and
V' a non-empty subset of F. Let V be a variety of groups defined by the set of
laws V. There exists two important subgroups associated to a given group G
with respect to a variety, as follows

V(G) =< 0(917927 791”)’91 € Ga 1 S ? S v € V>

V*G) ={g € Glv(g1,92, -, 9iGs s gr) = V(91,925 -, gr) |g: € G, 1 < i <ryv eV}

*. Corresponding author
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which are called verbal subgroup and marginal subgroup of G with respect
to the variety V. Now, if we take v(z) = 2P, then this word corresponds to
the Burnside variety B that means all groups of exponent p. The marginal
subgroup corresponding to B is the set of all central element of exponent p, that
is, V*(G) = {x € Z(G)|aP = 1} and the verbal subgroup is V(G) = {¢?|g € G}.

Definition 1.1. Let V be a variety of groups defined by the set of laws V', and
let G and H be two groups. Then the pair (¢1,¢2) is said to be V-isologism
between G and H, and we say that G and H are V-isologic, if ¢y : % — %
and ¢9 : V(G) — V(H) are isomorphisms such that for all v(zy,za,...,2,) € V
and for all (g1, 92, ..., 9-) € G, we have ¢ov(g1, g2, ..., gr) = v(h1, ..., h;) whenever
h; € <Z>1(gZV*(G)), i=1,....r.

It is easy to see that G and H are n-isoclinic, when V is the variety of all
nilpotent groups of class atmost n.

2. Commutativity degrees of finite groups in Burnside variety

In this section we define the commutativity degree of finite groups with respect
to Burnside variety. Let G be a group and B be Burnside variety, then commu-
tativity degree of group G with respect to Burnside variety is called B-degree
and is as follows

1
dg(G) = —|{zx ez’ =1
(@) |G||{ | H
obviously 0 < dg(G) < 1.

Clearly if G € B, then dp(G) = 1.
Theorem 2.1. If G and H are two isologic groups, then dg(G) = dp(H).

Proof. Let G and H be two isologic groups. Then there is a pair («, ) with

o V*G(G) — V*IE[H) and §: V(G) — V(H) and we have 8(¢?) = (a(gV*(G))P,

such that the following diagram is commutative

G H
VH(G)  V(H)
ag 4 ag 4

V(G)— V(H) .
Where, ag(gV*(G)) = ¢? and ag(hV*(H)) = h?,
G|

@ gt =
_ V*(1G)|Hx € Glag(@V*(G)) = 1}]
= 2V (@) € gy 1Pac(@V(G)) = 1}
— {zV*(Q) € laga(zV*(G)) = 1}

V(@)
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* H *
— V() € s lan (00 (1) = 1)
* H -
— () € i = 1)
_ byl
BRI TS T

so dg(G) = dp(H).

In order to simplify our notation, we define the Burnside sign function by

¢B G — {0,1}

1, zP=1
¢B={ ¢
0, 2P # 1g.

So, d5(G) = by Ve d(2).

Theorem 2.2. Let G be a group and N be a normal subgroup of G, then

G
%
Proof. If x ¢ N and 2P € N then ¢g(x) = 0 but ¢g(xN) =1,

dg(G) < dg(N)dg(

|Glds(G) = [{z € GlaP = 1}|

= o5()

el
=> Y ds@) < > o8y))_ osx)
se% TES y:mNG% TeN

G G
=|= —)|N N
I 198(5) 1N |¢5(N)
which complete the proof.
Corollary 2.3. Let GG be a group and N is a normal subgroup of G, then
dp(G) = dp(N)

and

In the following theorem we show that B-degree of a direct product of groups
is the same as the product of those of direct product.

Theorem 2.4. If G and H are two groups, then

dB(H X G) = dlg(H) X dB(G)
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Proof. By definition we have
1
IH G|
_ Hhe Hp? =1} [{g € Glg" = 1}
| H| G|
= dp(H) x dp(G),
which complete the proof.

ds(H x G) = {(h,9) € H x G|(h,g)" = 1}

Corollary 2.5. If ¢ is a prime number and (p,q) = 1 and G is a g-group, then
Glds(G) = 1.

Now we introduce subgroup commutativity degree with respect to Burnside
variety. The lattice formed by all subgroups of a group G will be denoted by
L(G) and will be called the subgroup lattice of the group G (see also [8]). Recall
that L(G) is a complete bounded lattices with respect to set inclusion, having
initial element the trivial subgroup {1} and final element G, and its binary
operations A, V are defined by HAK = HNK, HV K =< HU K >, for all
H, K € L(G). Now, we define the subgroup Burnside commutativity degree by

sds(G) = ——|[{H € L(G)|H" = 1}

1
|L(G)]

and the Burnside sign function will be define as following:

(bB : L(G) - {07 1}7

1, HP =1
¢>B(H)_{O Y 21

SO

1
#i6(6) = [y 2 ¢stiD)

Corollary 2.6. If G is a g-group where ¢ | p, then sdg(G) = 1.
Theorem 2.7. Let N be a normal subgroup of a group G, then

1 G
@) * OLED! + sds(N)|L(N)| ~ 1),

Proof. Let N be a normal subgroup of G and 4 = {H € L(G)|N C H}
andAs = {H € L(G)|H C N}. but A1 UAs C L(G) so

sdp(G) Z ¢(H

HGA UA>

Z ¢s(H)+ Y os(H

HeA HeAs

SdB(G) >
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We can calculute the right side of (1) as follows

@) Y onl) = sl L(5)]

HeA;
3) S es(H) = S 6s(H) - ¢5(N) > sds(N)|L(N)| - 1
HeAs HeAsUN

by insertion (2) and (3) in (1), the result hold.

Corollary 2.8. (i) If N and % are g- groups where ¢ | p, then

SdB(G) >

G
gy (LG + 120 = 1),

(73) If N is a normal subgroup of prime index in G, then

sdi(G) > o (Glsdi( ) + sds(N)IL(N)| ~ 1)

IL(G)]

(731) If N is a normal subgroup of index ¢ in G where ¢ | p, then

sdp(G) = (sdp(N)|L(N)| +1);

1
[L(G)]
(iv) If (G;)%_ is a family of finite groups with coprime orders, then

sdi (<1 Gi) = Ty 5d5(Gi);

(v) If G is a finite nilpotent group and (p;)i=1,. r are the sylow subgroups
of GG, then
sdp(G) = 7f_ sdp(Gy).

3. p-commutativity degrees of finite groups

In this section we define p-commutativity degree and subgroup p-commutativity
degree of finite groups. Let G be a finite group then the p-commutativity degree,
d,(G), is defined as follows

dp(G) = |G,gl{(fﬂ ) € GP|[a?,y?] = 1}

= GElley) € Gy = yar)
obviously if G € B then d,(G) = 1, otherwise 0 < d,(G) < 1.
In the following Lemma we state some properties of dp(G).

Lemma 3.1. Let G and H be two isoclinic groups then d,(G) = d,(H).
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Proof. Since G and H are isoclinic, the following diagram is commutative

G G H H
Z2(G) " 2(G)  Z(H) " Z(H)

iag \LGH

G H'

9 _2q,(G) = ,Z(g),z{(m,y) € G|la?, ) = 1)

={(22(G),y2(G)) € (Z(GG))Qabzac(:v”Z(G),ypZ(G)) =1}

— () € <Zf(;)>2|¢2<aa<w,np>> — 1

— () € <ZfG)>2|aH<¢%<<vp,np>>> —1)

—{(a.p) € <Z(Hm>2|aH<aPZ<H>,ﬁpz<H>> —1)
1
AGE
H

Iml%(m

{(a, B) € H?|[a?, B%] = 1}

so dp(G) = dp(H).
Definition 3.2. We define the function f, by

fp:GxG—{0,1}

1, [2P,yP] =1

fo(@,y) = {0, [P, yP] # 1

S0 dp(G) = ﬁ Z(az,y)EGXG fp(.%',y)

In 1970 Gallagher [1] proved that if G is a finite group with a normal sub-
group N, then d(G) < d(N)d(%). Now we generalize this result for the class
of all group G in which the centralizer p-element is normal in G. Such group is
called CN-group.

Lemma 3.3. Let G be a CN-group or centralizer p-element with a normal

subgroup N, then
1 G
d =3 d .

zeG
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Proof. Let y P = y?Cq(2P) for any z,y € G,

GPdy(G) = [{(x,y) € G*|la”,y"] = 1} = Y Hy € Gly? € Ca(a")}]

zeG
= 1€ iy = D1Cate”)
p G “
= 3 1666y
G
= %|G|d8(CG($p))’

which complete the proof.

Theorem 3.4. Let G be a CN-group then for any normal subgroup N

Proof. It is clear that if two elements zP and y” are commutative, then &P N
and yP N are commutative. Now for any x € G

Ca(P) »

(4) N - C% (zPN)
on the other hand we know

G

=) >
(5) dp(;) = dB(G)
by Lemma 1.4,

1 G
6 d,(G) = — E dp(——

it is obvious Cn(2P) = Cg(2P) N N for any x € G, so

N Cg(aP)N . G
Cn(zP)  Cg(aP) Ca(xP)

and so,
G G
(8) Cg(zP) ~ N
N 7 Cg(zP)N
Cn(zP) N
Now by (1),
(£)
(G %
) Gg@N) — Cg(aPN)
Cat N
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by (3) and (4),

|Gldy(G

and we know |G| =

N (CG((;xp))
a:eZG ds Cn(zP) s (CNQ;p))

ZdB )

zeG

N (%)
= Z dB(CN(IL‘p) )da( (CG(gP)N)

zeG
N G
< erGdB(CN(xp)dB(Cg (]:\;pN))
el
|G|d,(G ;dea (@) B(CQ(ZPN))
N G
y=g§gG dB(CN(xp))dB(C% (NpN))
N

= INldp(V) | 1y )

N||£| so the proof is complete.
N p p

537

In the following theorem, we show that p-degree of a direct product of groups
is the same as the product of those of direct product.

Theorem 3.5. If G and H are two groups, then

dy(H x G) = dp(H) x dy(G).

Proof. By theorem 1.5, we have

do(H x G) = — S ds( GxH

]H X G| Coxm(aP,yP)

(z,y)eGxH

1 G H
R Z (Gt Cewr)

y)EGXH
1 G H
~ )EZGXHd“cG(mp)) e >)

o
yG|Z chp IHIZ Caly)

= dp(H) x dp(G)
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which complete the proof.

Lemma 3.6. If r is number of the conjugacy classes of V(G), then

rV(G)]
G2

dp(G) =

Proof Let ¢, ¢, ..., ¢, be conjugacy classes of V/(G) fori € {1,...,r} and 2¥ € ¢;.
For any y! € ¢; there is g? € V(G) such that g=Palg? = y¥ so

Cve) (1)) = Cy e (2F)

now we have

GPdy(G) = [{(z,y) € G*|aPy? = yPaP}| > [{(z,y) € V(G) x V(G)|aPy” = yPaP}]

r

—ZGV )ICv(c w”r—ZZer @)= lellV(Q) : ¢
i=1 xPEc; =1
er )| =rV(G)]

and the proof is complete.
Corollary 3.7. If K(V(G)) is number of the conjugacy classes of V(G), then

G2

K(V(Q)) < VG)

Corollary 3.8. If GG is free of initial member of order p, then the above equality
is pointed.

Corollary 3.9. If G is g-group where (p,q) = 1, then

Proof. G is a g-group that (p,q) =1 so, V(N) = (NP), V(%) = (%)p

G
() = KO R E)
IV G
e S

since |G| = |V(G)| = |V(N)HV(%)| so the result hold.
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Definition 3.10. For two subgroups H and K of finite group G, HK € L(G) if
and only if K H = HK it means H and K are commutative. So HPK? € L(G) if
and only if HPK? = KPHP for any prime number of p. We define the subgroup
p-commutativity degree sd,(G) of a finite group G, by

{(H,K) € L(G) x L(G)|HPK? = KPHP}|
|L(G)?| '

sdp(G) =

It is clear that, 0 < sd,(G) < 1. Now for any subgroup H of G we define

where

C,(H) = {k € L(G)|H"K? = KPHP}.

In order to simplify our notation, we define the following function

fP : L(G)2 - {Ov 1}

1, HPKP = KPHP

fUH, K) = {0, HPKP £ KPHP

obviously |Cp(H) = > kep e f(H, K), for any H € L(G), so

sdp(G):|L(é>2‘ > f(HK).

H,KeL(G)

Theorem 3.11. If (Gi)f:1 be a family of finite groups having coprime orders,
then

sdyp(xF1Gy) = iy sdy(Gi).

Corollary 3.12. If G is a finite nilpotent group and (p;)i=1,. r are the sylow
subgroups of G, then

sdg(G) = 7t sdp(Gy).

Theorem 3.13. Let N be a normal subgroup of a group G, then

sy(G) > eaalILV) + IL(PI =17 + (s (V) = DLV
F (s (50) = DILCP)
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Proof. Let N be a normal subgroup of G and A; = {H € L(G)|N C H}
andAs = {H € L(G)|H C N} but 41 U A3 C L(G) so

sdp(G) > 1 Z f(H,K)

2
‘L(G)’ H,KeA1UA2

1
(10) :W( Z f(H,K)

H7KEA1

+ Y qEE)+2 Y Y fHK))

H,K€A2 H€A1 KGAQ

We can calculute the right side of (1) as follows

G G
> fHK) = sdy(0) L5
H,KeA;
> fHE)= > fHEK)-2 Y  f(HN)+1
H,KEA, H,KcA3UN H,KeAsUN

= sdy(N)|L(N)|* = 2|L(N)| + 1

and

23" 3 F(H,K) = 24i]|As] = 2ALCHILN)| - 1)

x€A1 x€A2
so by (1) the reuslt is hold.
Corollary 3.14. If N is a normal subgroup of G such that N and % are p-
abelian groups, then
[L(N)| + [L(§)] — 1)2
IL(G)|

Now we can expand the definition of ssd(G) to ssdy(G). Let, GP =V (G) =

{g"|g € G}, then

sdp(G) == (

(z,y) € G?|[aP, yP] = 1]
|G|?
1

= W Z ’CV(G) (=P)],
zeG

dp(G) -

where
CV(G) (xp) = {yp € V(G)v H]"pa yp] = 1}
If we take a subgroup H in G, denoted by d,(H, G) as follows
€ H x Glla? ) = 1}
|G|
Z |Cy () (hP)]

heH

o - M)

1
|GIH]
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where d,(G,G) = dp(G), so we define the relative subgroup p-commutativity
degree of a subgroup H of G

_ L PP _ PP
sdp(H,G) = WH(HI,GQ € L(H1) x L(G1)|H{GY = G{HY }|
sdp(G) = sd,(G,G) and also we can define sd,(H, K) for any group of G. But
we know that by given subgroups H and K of G, the product HPK? is not

always a subroup of G.

Now H and K p-permute if HPK? = KPHP and must be p-permutable in G,
if HP permutes with every power of p of subgroup of G. We will define strong
subgroup p-commutativity degree of G by

H,K) € L(G) x L(G)|[H?, K?] = 1}|
[L(G)?

ssd,(G) = I

it is easy to see that
1

66 = LGP

Z |commy_q(H)].

HeL(G)

Where
commy_q(H) = {k € L(G)|[H?, K*] = 1}.

It is obviuos that sd,(G) = 1 if and only if any subgroups of G be p-permutable.
for a finite group G, ssdp(G) < sd(G) because we have

ssdy(G) =

1
> leommy,_q(H)| < @R > ICH(H)| = sdy(G)
HeL(C) HEL(G)

IL(G)[?
and it means
H{(H,K) € L(G)xL(G)|HPKP=KPHP}|>|{(H, K)eL(G)x L(G)|[H?, K?] = 1}|.

Theorem 3.15. If H and K are two subgroups of G, then

GI?
ssdp(G)<‘L(G)|2 > dy(H K).
H,KeL(G)
Proof.
1

ssd,(G) = W{(H, K) € L(G) x L(GQ)|[H?, K?] = 1}|

1
< E H||K|dy,(H, K
H,KeL(G)

1 2
— 5 E dy(H, K
< |L(G)|2 ‘G’ p( ’ )
H,KeL(G)

and the result is obtained.
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In general, L(G1 x G2) # (G1) x L(G2), and if G} and G2 having coprime
orders then the equality is obtained and if If (Gi)f':l be a family of finite groups
having coprime orders, then

ssdy(xK_1Gy) = 7k s5d,(Gy).

Theorem 3.16. If H and K are two groups of GG, then

sdy(@) = —=— 3 | Crae ().

2
LG i) hen

Proof.

ﬂ Cy ) (") = Cyxy(V(H)) € Cp(H)

heH
SO

ST G < > G (H))

HeL(G) heH HeL(G)

and the result hold.

Theorem 3.17. If H and K are two groups of GG, then
> GHKIH|K > Y [ Cyu (k).
H,KeL(G) H,KeL(G) heH

Proof. The proof is obviouse with the following inequality

> Cvay (B = | () Criaey (D))

heH heH
Corollary 3.18. For any subgroups L and M of H that H is a subgroup of G,

1

|L(G)[2 Y. 1N Cvan )] < sdy(H) < sdy(G).
LeL(H) leL
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