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Abstract. In 1970 Gallagher introduced the concept of commutativity degree of finite
groups. Then some authors extend this concept to some variety of groups. In this paper,
we define commutativity degree and p-commutativity degree with respect to Burnside
variety of groups and study their subgroups and some properties of finite groups in this
variety.

Keywords: commutativity degree, Burnside variety, p-commutativity degree.

1. Introduction

Through this paper we assume that all groups are finite. In [1] Gallagher intro-
duced the concept of commutativity degree of finite groups. Lescot [4] defined
commutativity degree on abelian variety and Moghaddam [5] defined commuta-
tivity degree with respect to the nilpotent variety. In this paper, we define the
commutativity degree with respect to Burnside variety for any prime number
p and study some results of Lescot in 1995 and Moghadam in 2005 (see [4,5]).
Also we define subgroup commutativity degree with respect to Burnside variety
of groups and investigate some properties of Tarnauceanu in [7]. Finally, we de-
fine p-commutativity degree and also subgroup p-commutativity degree of finite
groups.
Let F be a free group freely generated by a countable set X = {x1, x2, ...} and
V a non-empty subset of F. Let V be a variety of groups defined by the set of
laws V . There exists two important subgroups associated to a given group G
with respect to a variety, as follows

V (G) =< v(g1, g2, ..., gr)|gi ∈ G, 1 ≤ i ≤ r, v ∈ V >

V ∗(G) = {g ∈ G| v(g1, g2, ..., gig, ..., gr) = v(g1, g2, ..., gr) |gi ∈ G, 1 ≤ i ≤ r, v ∈ V }
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which are called verbal subgroup and marginal subgroup of G with respect
to the variety V. Now, if we take v(x) = xp, then this word corresponds to
the Burnside variety B that means all groups of exponent p. The marginal
subgroup corresponding to B is the set of all central element of exponent p, that
is, V ∗(G) = {x ∈ Z(G)|xp = 1} and the verbal subgroup is V (G) = {gp|g ∈ G}.

Definition 1.1. Let V be a variety of groups defined by the set of laws V , and
let G and H be two groups. Then the pair (ϕ1, ϕ2) is said to be V-isologism
between G andH, and we say that G andH are V-isologic, if ϕ1 :

G
V ∗(G) →

H
V ∗(H)

and ϕ2 : V (G) → V (H) are isomorphisms such that for all v(x1, x2, ..., xr) ∈ V
and for all (g1, g2, ..., gr) ∈ G, we have ϕ2v(g1, g2, ..., gr) = v(h1, ..., hr) whenever
hi ∈ ϕ1(giV

∗(G)), i=1,...,r.
It is easy to see that G and H are n-isoclinic, when V is the variety of all
nilpotent groups of class atmost n.

2. Commutativity degrees of finite groups in Burnside variety

In this section we define the commutativity degree of finite groups with respect
to Burnside variety. Let G be a group and B be Burnside variety, then commu-
tativity degree of group G with respect to Burnside variety is called B-degree
and is as follows

dB(G) =
1

|G|
|{x ∈ |xp = 1}|

obviously 0 < dB(G) ≤ 1.
Clearly if G ∈ B, then dB(G) = 1.

Theorem 2.1. If G and H are two isologic groups, then dB(G) = dB(H).

Proof. Let G and H be two isologic groups. Then there is a pair (α, β) with
α : G

V ∗(G) −→
H

V ∗(H) and β : V (G) −→ V (H) and we have β(gp) = (α(gV ∗(G))p,
such that the following diagram is commutative

G

V ∗(G)
−→ H

V ∗(H)
aG ↓ aH ↓
V (G) −→ V (H) .

Where, aG(gV
∗(G)) = gp and aH(hV ∗(H)) = hp,

|G|
|V ∗(G)|

dB(G) =
1

|V ∗(G)|
|{x ∈ G|xp = 1}|

=
1

V ∗(G)|
|{x ∈ G|aG(xV ∗(G)) = 1}|

= |{xV ∗(G) ∈ G

V ∗(G)
|βaG(xV ∗(G)) = 1}|

= |{xV ∗(G) ∈ G

V ∗(G)
|aHα(xV ∗(G)) = 1}|
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= |{hV ∗(H) ∈ H

V ∗(H)
|aH(hV ∗(H)) = 1}|

= |{hV ∗(H) ∈ H

V ∗(H)
)|hp = 1}|

=
1

|V ∗(H)|
|{h ∈ H|hp = 1}| = |H|

|V ∗(H)|
dB(H)

so dB(G) = dB(H).

In order to simplify our notation, we define the Burnside sign function by

ϕB : G → {0, 1}

ϕB =

{
1, xp = 1G

0, xp ̸= 1G.

So, dB(G) = 1
|G|

∑
x∈G ϕB(x).

Theorem 2.2. Let G be a group and N be a normal subgroup of G, then

dB(G) ≤ dB(N)dB(
G

N
).

Proof. If x /∈ N and xp ∈ N then ϕB(x) = 0 but ϕB(xN) = 1,

|G|dB(G) = |{x ∈ G|xp = 1}|

=
∑
x∈G

ϕB(x)

=
∑
s∈G

N

∑
x∈s

ϕB(x) ≤
∑

y=xN∈G
N

ϕB(y)
∑
x∈N

ϕB(x)

= |G
N

|ϕB(
G

N
)|N |ϕB(N)

which complete the proof.

Corollary 2.3. Let G be a group and N is a normal subgroup of G, then

dB(G) ≥ dB(N)

and

dB(G) ≤ dB(
G

N
).

In the following theorem we show that B-degree of a direct product of groups
is the same as the product of those of direct product.

Theorem 2.4. If G and H are two groups, then

dB(H ×G) = dB(H)× dB(G).
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Proof. By definition we have

dB(H ×G) =
1

|H ×G|
|{(h, g) ∈ H ×G|(h, g)p = 1}|

=
1

|H||G|
|{(h, g) ∈ H ×G|(hp, gp) = (1H , 1G)}|

=
|{h ∈ H|hp = 1}|

|H|
|{g ∈ G|gp = 1}|

|G|
= dB(H)× dB(G),

which complete the proof.

Corollary 2.5. If q is a prime number and (p, q) = 1 and G is a q-group, then

|G|dB(G) = 1.

Now we introduce subgroup commutativity degree with respect to Burnside
variety. The lattice formed by all subgroups of a group G will be denoted by
L(G) and will be called the subgroup lattice of the group G (see also [8]). Recall
that L(G) is a complete bounded lattices with respect to set inclusion, having
initial element the trivial subgroup {1} and final element G, and its binary
operations ∧, ∨ are defined by H ∧K = H ∩K, H ∨K =< H ∪K >, for all
H,K ∈ L(G). Now, we define the subgroup Burnside commutativity degree by

sdB(G) =
1

|L(G)|
|{H ∈ L(G)|Hp = 1}|

and the Burnside sign function will be define as following:

ϕB : L(G) → {0, 1},

ϕB(H) =

{
1, Hp = 1

0, Hp ̸= 1

so

sdB(G) =
1

|L(G)|
∑

H∈L(G)

ϕB(H).

Corollary 2.6. If G is a q-group where q | p, then sdB(G) = 1.

Theorem 2.7. Let N be a normal subgroup of a group G, then

sdB(G) ≥ 1

|L(G)|
(sdB(

G

N
)|L(G

N
)|+ sdB(N)|L(N)| − 1).

Proof . Let N be a normal subgroup of G and A1 = {H ∈ L(G)|N ⊆ H}
andA2 = {H ∈ L(G)|H ⊂ N}. but A1 ∪A2 ⊆ L(G) so

sdB(G) ≥ 1

|L(G)|
∑

H∈A1∪A2

ϕB(H)

=
1

|L(G)|
(
∑
H∈A1

ϕB(H) +
∑
H∈A2

ϕB(H).(1)
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We can calculute the right side of (1) as follows∑
H∈A1

ϕB(H) = sdB
G

N
|L(G

N
)|,(2)

∑
H∈A2

ϕB(H) =
∑

H∈A2∪N
ϕB(H)− ϕB(N) ≥ sdB(N)|L(N)| − 1(3)

by insertion (2) and (3) in (1), the result hold.

Corollary 2.8. (i) If N and G
N are q- groups where q | p, then

sdB(G) ≥ 1

|L(G)|
(|L(G

N
|+ |L(N)| − 1),

(ii) If N is a normal subgroup of prime index in G, then

sdB(G) ≥ 1

|L(G)|
(2|sdB(

G

N
) + sdB(N)|L(N)| − 1);

(iii) If N is a normal subgroup of index q in G where q | p, then

sdB(G) ≥ 1

|L(G)|
(sdB(N)|L(N)|+ 1);

(iv) If (Gi)
k
i=1 is a family of finite groups with coprime orders, then

sdB(×k
i=1Gi) = πk

i=1sdB(Gi);

(v) If G is a finite nilpotent group and (pi)i=1,...,k are the sylow subgroups
of G, then

sdB(G) = πk
i=1sdB(Gi).

3. p-commutativity degrees of finite groups

In this section we define p-commutativity degree and subgroup p-commutativity
degree of finite groups. Let G be a finite group then the p-commutativity degree,
dp(G), is defined as follows

dp(G) =
1

|G|2
|{(x, y) ∈ G2|[xp, yp] = 1}|

=
1

|G|2
|{(x, y) ∈ G2|xpyp = ypxp}|

obviously if G ∈ B then dp(G) = 1, otherwise 0 < dp(G) ≤ 1.

In the following Lemma we state some properties of dp(G).

Lemma 3.1. Let G and H be two isoclinic groups then dp(G) = dp(H).
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Proof. Since G and H are isoclinic, the following diagram is commutative

G

Z(G)
× G

Z(G)

aG

��

// H

Z(H)
× H

Z(H)

aH

��
G′ // H ′

| G

Z(G)
|2dp(G) =

1

|Z(G)|2
{(x, y) ∈ G2|[xp, yp] = 1}

= {(xZ(G), yZ(G)) ∈ (
G

Z(G)
)2|ϕ2aG(x

pZ(G), ypZ(G)) = 1}

= {(γ, η) ∈ (
G

Z(G)
)2|ϕ2(aG(γ

p, ηp)) = 1}

= {(γ, η) ∈ (
G

Z(G)
)2|aH(ϕ2

1((γ
p, ηp))) = 1}

= {(α, β) ∈ (
H

Z(H)
)2|aH(αpZ(H), βpZ(H)) = 1}

=
1

|Z(H)|2
{(α, β) ∈ H2|[αp, βp] = 1}

| H

Z(H)
|2dp(H)

so dp(G) = dp(H).

Definition 3.2. We define the function fp by

fp : G×G → {0, 1}

fp(x, y) =

{
1, [xp, yp] = 1

0, [xp, yp] ̸= 1

so dp(G) = 1
|G|2

∑
(x,y)∈G×G fp(x, y).

In 1970 Gallagher [1] proved that if G is a finite group with a normal sub-
group N , then d(G) ≤ d(N)d(GN ). Now we generalize this result for the class
of all group G in which the centralizer p-element is normal in G. Such group is
called CN-group.

Lemma 3.3. Let G be a CN-group or centralizer p-element with a normal
subgroup N , then

dp(G) =
1

|G|
∑
x∈G

dB(
G

CG(xp)
).
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Proof. Let y−p = ypCG(x
p) for any x, y ∈ G,

|G|2dp(G) = |{(x, y) ∈ G2|[xp, yp] = 1}| =
∑
x∈G

|{y ∈ G|yp ∈ CG(x
p)}|

=
∑
x∈G

|{ȳ ∈ G

CG(xp)
|ȳp = 1̄}||CG(x

p)|

=
∑
x∈G

|CG(x
p)|| G

CG(xp)
|dB(

G

CG(xp)
)

=
∑
x∈G

|G|dB(
G

CG(xp)
),

which complete the proof.

Theorem 3.4. Let G be a CN-group then for any normal subgroup N

dp(G) ≤ dp(N)dp(
G

N
).

Proof. It is clear that if two elements xp and yp are commutative, then xpN
and ypN are commutative. Now for any x ∈ G

(4)
CG(x

p)

N
⊆ CG

N
(xpN)

on the other hand we know

(5) dB(
G

N
) ≥ dB(G)

by Lemma 1.4,

(6) dp(G) =
1

|G|
∑
x∈G

dB(
G

CG(xp)
)

it is obvious CN (xp) = CG(x
p) ∩N for any x ∈ G, so

(7)
N

CN (xp)
∼=

CG(x
p)N

CG(xp)
▹

G

CG(xp)

and so,

(8)

G
CG(xp)

N
CN (xp)

∼=
G
N

CG(xp)N
N

.

Now by (1),

(9)

(G
N
)

(
CG(xp)N

N
)

CG
N

(xpN))

(
CG(xp)N

N
)

∼=
G
N

CG
N
(xpN)
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by (3) and (4),

|G|dp(G) =
∑
x∈G

dB(
G

CG(xp)
) ≤

∑
x∈G

dB(
N

CN (xp)
)dB(

( G
CG(xp))

( N
CN (xp))

by (5),

=
∑
x∈G

dB(
N

CN (xp)
)dB(

(GN )

(CG(xp)N
N )

by (2) and (6),

≤
∑
x∈G

dB(
N

CN (xp)
dB(

G
N

CG
N
(xpN)

)

by (3),

|G|dp(G) ≤
∑
x∈N

dB(
N

CN (xp)
)dB(

G
N

CG
N
(xpN)

)

∑
y=xN∈G

N

dB(
N

CN (xp)
)dB(

G
N

CG
N
(xpN)

)

≤
∑
x∈N

dB
N

CN (xp)

∑
y∈G

N

dB(
G
N

CG
N
(xpN)

)

= |N |dp(N)|G
N

|dp(
G

N
)

and we know |G| = |N ||GN | so the proof is complete.

In the following theorem, we show that p-degree of a direct product of groups
is the same as the product of those of direct product.

Theorem 3.5. If G and H are two groups, then

dp(H ×G) = dp(H)× dp(G).

Proof. By theorem 1.5, we have

dp(H ×G) =
1

|H ×G|
∑

(x,y)∈G×H

dB(
G×H

CG×H(xp, yp)
)

=
1

|H||G|
∑

(x,y)∈G×H

dB(
G

CG(xp)
× H

CG(yp)
)

=
1

|H||G|
∑

(x,y)∈G×H

dB(
G

CG(xp)
)× dB(

H

CG(yp)
)

=
1

|G|
∑
x∈G

dB(
G

CG(xp)
)
1

|H|
∑
y∈H

dB(
H

CG(yp)
)

= dp(H)× dp(G)
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which complete the proof.

Lemma 3.6. If r is number of the conjugacy classes of V (G), then

dp(G) =
r|V (G)|
|G|2

Proof. Let c1, c2, ..., cr be conjugacy classes of V (G) for i ∈ {1, ..., r} and xpi ∈ ci.
For any ypi ∈ ci there is gp ∈ V (G) such that g−pxpi g

p = ypi so

CV (G)(y
p
i ) = CV (G)(x

p
i )

now we have

|G|2dp(G) = |{(x, y) ∈ G2|xpyp = ypxp}| ≥ |{(x, y) ∈ V (G)× V (G)|xpyp = ypxp}|

=
∑
xp

∈ V (G)|CV (G)(x
p)| =

r∑
i=1

∑
xp∈ci

|CV (G)(x
p)| =

r∑
i=1

|ci|[V (G) : ci]

r∑
i=1

|V (G)| = r|V (G)|

and the proof is complete.

Corollary 3.7. If K(V (G)) is number of the conjugacy classes of V (G), then

K(V (G)) ≤ |G|2

|V (G)
.

Corollary 3.8. If G is free of initial member of order p, then the above equality
is pointed.

Corollary 3.9. If G is q-group where (p, q) = 1, then

dp(N)dp(
G

N
) =

K(V (N))K(V (GN ))

|G|
.

Proof. G is a q-group that (p, q) = 1 so, V (N) = (Np), V (GN ) = (GN )p

dp(N)dp(
G

N
) =

|Np|
|N |2

K(Np)
|(GN )p|
|GN |2

K(V (
G

N
))

|V (N)||V (GN )

|G|2
K(V (N))K(V (

G

N
))

since |G| = |V (G)| = |V (N)||V (GN )| so the result hold.



SOME NEW RESULTS RELATED TO SUBGROUP COMMUTATIVITY DEGREES ... 539

Definition 3.10. For two subgroups H and K of finite group G, HK ∈ L(G) if
and only if KH = HK it means H and K are commutative. So HpKp ∈ L(G) if
and only if HpKp = KpHp for any prime number of p. We define the subgroup
p-commutativity degree sdp(G) of a finite group G, by

sdp(G) =
|{(H,K) ∈ L(G)× L(G)|HpKp = KpHp}|

|L(G)2|
.

It is clear that, 0 < sdp(G) ≤ 1. Now for any subgroup H of G we define

sdp(G) =
1

|L(G)2|
∑

H∈L(G)

|Cp(H)|,

where

Cp(H) = {k ∈ L(G)|HpKp = KpHp}.

In order to simplify our notation, we define the following function

fp : L(G)2 → {0, 1}

f(H,K) =

{
1, HpKp = KpHp

0, HpKp ̸= KpHp

obviously |Cp(H) =
∑

K∈L(G) f(H,K), for any H ∈ L(G), so

sdp(G) =
1

|L(G)2|
∑

H,K∈L(G)

f(H,K).

Theorem 3.11. If (Gi)
k
i=1 be a family of finite groups having coprime orders,

then

sdp(×k
i=1Gi) = πk

i=1sdp(Gi).

Corollary 3.12. If G is a finite nilpotent group and (pi)i=1,...,k are the sylow
subgroups of G, then

sdB(G) = πk
i=1sdB(Gi).

Theorem 3.13. Let N be a normal subgroup of a group G, then

sdp(G) ≥ 1

|L(G)|2
[(|L(N)|+ |L(G

N
)| − 1)2 + (sdp(N)− 1)|L(N)|2

+ (sdp(
G

N
)− 1)|L(G

N
)|2].
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Proof . Let N be a normal subgroup of G and A1 = {H ∈ L(G)|N ⊆ H}
andA2 = {H ∈ L(G)|H ⊂ N} but A1 ∪A2 ⊆ L(G) so

sdp(G) ≥ 1

|L(G)|2
∑

H,K∈A1∪A2

f(H,K)

=
1

|L(G)|2
(

∑
H,K∈A1

f(H,K)(10)

+
∑

H,K∈A2

f(H,K) + 2
∑
H∈A1

∑
K∈A2

f(H,K)).

We can calculute the right side of (1) as follows∑
H,K∈A1

f(H,K) = sdp(
G

N
)|L(G

N
)|2

∑
H,K∈A2

f(H,K) =
∑

H,K∈A2∪N
f(H,K)− 2

∑
H,K∈A2∪N

f(H,N) + 1

= sdp(N)|L(N)|2 − 2|L(N)|+ 1

and

2
∑
x∈A1

∑
x∈A2

f(H,K) = 2|A1||A2| = 2|L(G
N

)|(|L(N)| − 1)

so by (1) the reuslt is hold.

Corollary 3.14. If N is a normal subgroup of G such that N and G
N are p-

abelian groups, then

sdp(G) =≥ (
|L(N)|+ |L(GN )| − 1

|L(G)|
)2.

Now we can expand the definition of ssd(G) to ssdp(G). Let, Gp = V (G) =
{gp|g ∈ G}, then

dp(G) =
|(x, y) ∈ G2|[xp, yp] = 1|

|G|2

=
1

|G|2
∑
x∈G

|CV (G)(x
p)|,

where
CV (G)(x

p) = {yp ∈ V (G), |[xp, yp] = 1}.
If we take a subgroup H in G, denoted by dp(H,G) as follows

dp(H,G) =
|{(x, y) ∈ H ×G|[xp, yp] = 1}|

|H||G|

=
1

|G||H|
∑
h∈H

|CV (G)(h
p)|
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where dp(G,G) = dp(G), so we define the relative subgroup p-commutativity
degree of a subgroup H of G

sdp(H,G) =
1

|L(G)||L(H)|
|{(H1, G1) ∈ L(H1)× L(G1)|Hp

1G
p
1 = Gp

1H
p
1}|

sdp(G) = sdp(G,G) and also we can define sdp(H,K) for any group of G. But
we know that by given subgroups H and K of G, the product HpKp is not
always a subroup of G.
Now H and K p-permute if HpKp = KpHp and must be p-permutable in G,
if Hp permutes with every power of p of subgroup of G. We will define strong
subgroup p-commutativity degree of G by

ssdp(G) =
|{(H,K) ∈ L(G)× L(G)|[Hp,Kp] = 1}|

|L(G)|2

it is easy to see that

ssdp(G) =
1

|L(G)|2
∑

H∈L(G)

|commp−G(H)|.

Where
commp−G(H) = {k ∈ L(G)|[Hp,Kp] = 1}.

It is obviuos that sdp(G) = 1 if and only if any subgroups of G be p-permutable.
for a finite group G, ssdp(G) ≤ sd(G) because we have

ssdp(G) =
1

|L(G)|2
∑

H∈L(G)

|commp−G(H)| ≤ 1

|L(G)|2
∑

H∈L(G)

|Cp(H)| = sdp(G)

and it means

|{(H,K) ∈ L(G)×L(G)|HpKp=KpHp}|≥|{(H,K)∈L(G)×L(G)|[Hp,Kp] = 1}|.

Theorem 3.15. If H and K are two subgroups of G, then

ssdp(G) <
|G|2

|L(G)|2
∑

H,K∈L(G)

dp(H,K).

Proof.

ssdp(G) =
1

|L(G)|2
{(H,K) ∈ L(G)× L(G)|[Hp,Kp] = 1}|

≤ 1

|L(G)|2
∑

H,K∈L(G)

|H||K|dp(H,K)

<
1

|L(G)|2
∑

H,K∈L(G)

|G|2dp(H,K)

and the result is obtained.
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In general, L(G1 × G2) ̸= (G1) × L(G2), and if G1 and G2 having coprime
orders then the equality is obtained and if If (Gi)

k
i=1 be a family of finite groups

having coprime orders, then

ssdp(×k
i=1Gi) = πk

i=1ssdp(Gi).

Theorem 3.16. If H and K are two groups of G, then

sdp(G) ≥ 1

|L(G)|2
∑

H∈L(G)

|
∩
h∈H

CV (K)(h
p)|.

Proof. ∩
h∈H

CV (K)(h
p) = CV (K)(V (H)) ⊆ Cp(H)

so ∑
H∈L(G)

|
∩
h∈H

CV (K)(h
p)| ≤

∑
H∈L(G)

|Cp(H)|

and the result hold.

Theorem 3.17. If H and K are two groups of G, then∑
H,K∈L(G)

dp(H,K)|H||K| ≥
∑

H,K∈L(G)

|
∩
h∈H

CV (K)(h
p)|.

Proof. The proof is obviouse with the following inequality∑
h∈H

|CV (K)(h
p)| ≥ |

∩
h∈H

CV (K)(h
p)|.

Corollary 3.18. For any subgroups L and M of H that H is a subgroup of G,

1

|L(G)|2
∑

L∈L(H)

|
∩
l∈L

CV (M)(l
p)| ≤ sdp(H) ≤ sdp(G).
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