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Abstract. In this paper, a version of the Majda’s model for a two-steps reaction is
studied. Then by studying the stable and unstable manifolds of the resulted system of
ordinary differential equations, the existence of a heteroclinic orbit is proved.
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1. Introduction

Majda [7] wrote the Navier-Stokes equations of reacting flow for a one-step
reaction as a model which is expected to retain important aspects of the strongly
coupled interactions between the nonlinear motion of a gas mixture and chemical
reactions involving the different species of gas making up the mixture. This
model in the abstract form is as follows.
Q) {(U +42)i+ f(U)e = BUsu.

Zy = —ko(U)Z
where the unknown function U = U(z,t) is real valued( should be thought of
as a stand—in for density, velocity, and temperature), 0 < Z = Z(x,t) < 1
measures the fraction by mass of reactant (fuel) in a simple one-step reaction
scheme, the flux f is a nonlinear convex function, ¢ is the ignition function and
finally k,q, and B are positive constants measuring reaction rate, heat release,
and viscosity, respectively.

Following [3], we restrict attention to the Majda’s model for a two-steps

reaction scheme R — I, — P which is modeled by

/BTl‘:D = %T =+ {f(T)}x - QOZOx - QIZla:a
(2) Zoz = k191(T') 2o,
le = IQQ(I)Q(T)(ZO — Zl),

where k; > 0, j = 1,2 are constant, T temperature, Zp mass fraction of un-
burned gas (note that the completely unburned gas is Zy = 1 and a totally
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burned gas is Zy = 0), Z; mass fraction of intermediate gas (note that the com-
pletely intermediate gas is Z; = 1 and a totally intermediate gas is Z; = 0), 7 a
variable proportional to the arc length along the characteristics, the coordinate
x is not the space coordinate but is determined as a scaled space-time coor-
dinate representing distance to the reaction zone (the z-differentiation occurs
because Zp in (2) is convected at the much slower fluid velocity rather than
the much faster reacting shock speed (see [1] or [9] for details)), ¢; for j = 1,2
denote heats of reactions with either (i) go,q1 > 0 (exothermic/exothermic), or
(ii) g0 > 0,91 < 0 (exothermic/endothermic), and finally § > 0 is a lumped
viscosity-thermal-conductivity coefficient. The function ®;(7"), which is called
the “reaction rate function” is defined by:

0, for T < T,
(3) 21(T) =9 .,
o(T), for T >T;,

where ®'(T) is a smooth positive function and 7T; is the “ignition temperature”
of the reaction. A typical example for ®'(T') is the Arrhenius law, i.e. ®'(T) =
T7e~7 for some positive constants v and A. Notice that ®;(7') is discontinues
at the point T;. Moreover, ®o(7T) is ignition function of the usual form, so
®9(T) > 0 and is continuous. Also f(T') is a convex and strongly nonlinear
function satisfying (see [7])
@ %:a(T)>O,g;§>6>O,
im f(T) = +oo,
T—+o00

and for example you can choose f(T) = 3aT?,(a > 0) (see [9, page 1100]).

We study the existence of Chapman-Jouguet detonation wave for the system
(2) when this model involving two reactions which are exothermic, i.e. o, g1 > 0.
In order to prove the existence of travelling wave solution for the system (2), the
system (2) is reduced to a system of differential equations and the rest points of
the resulted system are studied, in Section 2. Finally, in Section 3 the existence
of CJ detonation wave for (2) is proved.

2. Travelling wave solution
First, the definition of the travelling wave solution of the system (2) is recalled.

Definition 2.1. A travelling wave solution between two states (1}, Zo;, Z1;)"
and (Ty, Zo,, Z1,)T of the system (2) is a solution (T(z,7), Zo(z,7), Z1(x, 7))
of the system (2), if there is a constant s € R, which is called the speed of
combustion shock wave, satisfying “the jump and entropy conditions”, moreover
this solution depends only on the variable £ = = — s7 [13].

This means that a travelling wave solution of (2) has the following form:

(T'(x — s1), Zo(x — s7), Z1(x — ST))T.
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Thus the system (2) reduces to the following system of equations (for travelling
wave solutions):

Blee = —sTe + {f(T)}e — 0Zoc — 1 Z1e,
(5) Zoe = k191(T') Zo,

Z1£ = KQ(I)Q(T)(Z() — Zl).
Integrate the first equation in (5), to get 5Ty = f(T) — sT — qoZo — q1Z1 + C,
where C' is the constant of integration. Thus the system (5) reduces to the
following system:

Bl = f(T) — sT — qoZo — 1 Z1 + C := g(T, Zo, Z1),
(6) Zoe = k1P1(T) 2o,
Zl£ = HQCI)Q(T)(ZQ — Zl).

In order to find the rest points of the system (6), we have

f(T) = sT —qoZo — 121 + C =0,
(7) Hl(I)l(T)Z() = 0,
/QQCI)Q(T)(ZO - Zl) = 0.

Since ®1(7T") = 0 for T' < T;, where T; is the ignition temperature and this set is
contained in the region 0 < Zp < 1. Thus from the second equation of (7), at a
rest point, we must have Zy = 0 or T' < T;. Thus we have two cases as follows:

Case 1: Zy = 0. Since ®(T") > 0, from the last equation of (7), we have
Z1 = 0. Also the first equation of (7), at a rest point, we have

(8) g00(T) := g(T’,0,0) = f(T) — sT + C = 0.

Case 2: ®1(7) = 0. This means T' < T;. Thus the second equation of (7)
gives Zy = my, for 0 < mg < 1. Also the last equation of (7), implies Z; = my,
since ¢2(T") > 0. Finally, the first equation of (7) gives a set of rest points. This
set is

9 Gmomo(T) = g(T,mo,mg) = f(T) — sT — gomo — q1mo + C = 0.
Now we have the following lemmas.
Lemma 2.2. gmom,(T) has an absolute minimum, where 0 < mgy < 1, i.e.

dgmgmo (T)

LT = 0 for precisely one value of T.

Proof. By computing the first and second derivative gp,m,(7") with respect to

T, we have

dgmomo gl . d29m0m0 e
T =f(T)—-s=a(T)—s, T2 = f(T) > >0.

2
Notice that a(T") —s = 0 for precisely one value of 7" and d gd’;%mo > § > 0. Thus

Imomo (') has an absolute minimum. O
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Lemma 2.3. There is a number Cop € R such that for C > Cog, the system (8)
admits no solutions. For C = Cyg it admits one solution, and for C < Cyg it
admits two solutions.

Proof. It is trivial to see. O

Remark 2.4. With respect to Lemma 2.3 for C = Cyg we have one rest point
(T¢7,0,0) which represent the Chapman-Jouguet state.

Now consider C' = Cjy, for my = 0, Lemma 2.2 along with (4) show that the
equation (8) has exactly one root Toy with s = f/(Tcy).

Consider now all the rest points of the system (6) corresponding to unburned
gas states. These points are described by g(Tin,, Mo, mo) = 0, Tppy < T;, where
0 <mgp <1 and T; is the ignition temperature which will be obtained later.
By considering the above results the rest points of the system (6) are

(10) ucy = (TCJvoao)v Um0 = (Tm007m07m0)70 <mp < 17Tm00 <17,

where T; < Tey.
In the present work it is assumed that the rest point ugy exists.

Corollary 2.5. If the rest point ucy exists, then the rest point um,o exists for
some 0 < mg < 1.

Now, we recall the definition of Chapman-Jouguet detonation wave.

Definition 2.6. A combustion shock wave between uc; and w0 is called a
Chapman-Jouguet detonation wave.

From mathematical point of view, the existence of Chapman-Jouguet deto-
nation wave corresponds to the existence of some complete orbit of the system
(6) which is running from the rest point uc s to upm,0 for some 0 < mgy < 1. Such
an orbit is called a travelling wave solution for the system (2).

3. Chapman-Jouguet detonation

We consider the linearized system of (6) at the rest point ucy, which can be
written as @ = M¢j(u — ucy), where

5(f"(Tey) = s) - -4
Mcy = 0 k19 (Ter) 0 ;
0 ka®o(Tey) —ro®2(Tey)

where the entries of the matrix must be considered at the rest point ucy. The
next lemma says about the sign of the eigenvalues and its proof is easy.

Lemma 3.1. Let A,k = 1,2,3, be the eigenvalues of the matriz Moy at the
rest point ucy = (Tcy,0,0). Then at the rest point ucy, A1 = 0, a3 > 0, A3 < 0.
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About the eigenvectors at this rest point we have the following theorem.

Theorem 3.2. Let (y1,y2,y3)7 be an eigenvector corresponding to the posi-
tive eigenvalue Aa. At ucy, either y1 < 0 and y2 > 0,y3 > 0, or the reveres
inequalities hold.

Proof. Notice that

0 —%0 —%1 Y1 A2yt
0 w®(Toy) 0 y2 | = | Aoy
0 ro®Po(Tey) —ra®P2(Tey) Y3 A2y3
Thus
A 9o q1
2Y1 = —E?ﬁ - E?/B»
(11) k1D (Teg)y2 = Aoy,

ka®a(Tog)y2 — ka®2(Teg)ys = Aays.

The last equation of (11) implies ko®2(To)y2 = (ka®2(Tey) + A2)ys. Since
A2 > 0, this means that sgnys = sgnys. Also, the first equation of (11) implies
Sgny1 = —Sgnyz = —SgNys. O

Now, we define:
D={ueR’: 0< 2y <1, T<Toy, 9(T, %0, %) <0, 0< Zy— Z1, Z1 > 0}.

Notice that the rest point uc s is located on dD. Moreover, by Lemma 3.1, the
unstable manifold at u¢ s, is one dimensional.

Lemma 3.3. Let D be as above, the unstable manifold at ucy intersects D on
a curve.

Proof. The linearized system of (6) at the rest point ucy, has the following
form:

BT = —qoZo — 1 Z1 = gu(T, Zo, Z1),
(12) Zy = k1 (Teg)Zo = gu(Zo, Z1),
71 = ko ®o(Teg) Zo — kaPo(Tog) 21 = g31(Zo, Z1),

Let (y1,%2,%3)7 be an eigenvector corresponding to the positive eigenvalue

A2 k19 (Tcy), at the rest point ucy. Now consider the solution u(§) =

(T (5) 0(8), Z1(E)T = (y1,v2,y3)T e + ucy, of the linear system (12). Then

()GDCJ,WhereDCJ—{UGR c0< Zyg <1, 0< Zy— 2y, Z1>0}.TO

see this notice that (g1 (T, Zo, Z1), 921(Z0, Z1), g31(Zo, Z1))T = M(u — ucy) =
]\4YV€/\25 = )\QYQ)\QE = (/\le, )\2y2, )\ng)Te)‘Qg.

By Theorem 3.2, we may assume that y; < 0 and yo > 0,y3 > 0. Since Ay >

0, it follows from the last equality that (g1;(T, Zo, Z1), 921(Zo, Z1), 931(Zo, Z1)) €
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D¢y. This means that the unstable manifold of (12), at the rest point ucy,
which is the line McJ = {u € R®: u—wugo = (y1,¥2,y3)’ 5,5 € R}, lies in D¢y
for s > 0, and lies in D for s > 0 and small. Thus the unstable manifold of the
system (12), at the rest point ucy intersect D on a curve. O

Now consider the following system of ordinary differential equations:

BTe = f(T) — sT — qoZo — 1 Z1 + C = g(T', Zo, Z1),
(13) Zog = Klq)/(T)ZO = g4(T, ZQ, Zl),
Zg = ka®o(T)(Zo — Z1) == g5(T', Zo, Z1).

where ®'(T) is defined by (3). Notice that the above system leads us to the
proof of the existence of travelling waves for Chapman-Jouguet detonation wave.
Before doing this, we recall the following theorem from [§].

Theorem 3.4. Suppose the function f in

(14) %:f(x)v JJI(LE]_,J/'Q,"‘ 7xn)T

)

is locally Lipschitz in a neighborhood of the closure of a bounded open set D
which is homeomorphic to the cylinder {x € R™ : Z:lex? <1, 0 <z, <1},
and (14) is gradient-like with respect to a function h in D. Moreover, suppose

the following conditions hold:

Cy: The set {x € D : h(z) = ¢} corresponds to the set {x € R* : Y ' la? <
1, = ¢} for 0 < c <1, under the homeomorphism.

Cy: The system (14) has finitely many rest points which are located in the set
{z € D : h(z) = 0}. Moreover this system has no other rest point in D.

C3: The flow comes in D on {x € 0D : 0 < h(z) < 1}.

Cy: Let & be one of the rest points of the system (14), and the unstable manifold
of this system at I intersects D in a nonempty set.

Then there is a point p € {x € ID : h(z) = 1} such that limy_,_p.t =
Z. Moreover, if the intersection of D and the unstable manifold at T is one
dimensional, this point is unique. If this dimension is more than one, then
there are infinitely many of such points.

Lemma 3.5. Let D be as above. Then there is a unique orbit of the system
(13) which lies in D, its a-limit set is ucy, and this orbit intersects the set
A={ueD:g(T 2y, 7)) <0, T <Tcy,Zo=1,Z1 = 1}. Along this orbit T(€)

is decreasing and Zy(&) and Z1(€) are increasing.
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Proof. First of all note that the system (13) is gradient like with respect to
h(u) = Zy in D, and is locally Lipschitz in a neighborhood of D. Now we shall
show that the system (13) together with D(as D),ucy, (as the rest point )
and the real valued function h(u) = Zy(as h) satisfy all of the conditions of
Theorem 3.4.

Conditions Cy, Cy and Cjy trivially hold. We shall show that Condition Cj
of Theorem 3.4 is fulfilled. To see this, let ug € {u € 9D : 0 < Zy < 1}. Then
g(up) =0or T =Tcyor Zy=0o0r Zg=1or Zy =0and Zy — Z; =0.

Now, suppose g(ug) = 0. If we differentiate g(T', Zy, Z1) along the orbit of
(13) we obtain 94 = (20 — s — (g0)7Z0 — (01)72))T — a0Zo — 1 Z1. Hence

Of(T)

(Cor -

= —qZo—qZ1 <0.

dg(u)

2 s (ao)rZo — (@)r20) 2 — g0 — )

B

lg(ug)=0 lg(ug)=0

Thus the flow comes in D on g(ug) = 0.
Let T = Ty; and differentiate 1" along the orbit to obtain:

dT -

1 1
A = = = —g(Tcy, 2o, Z1) < 0.
€ ey, B

IT=1¢, B8

(f(T) = sT —qoZo — 1 Z1 + C)

Thus the flow comes in D on T = T .
Let Zy — Z1 = 0 and differentiate Zy — Z; along the orbit to obtain:

Zo—2, = Z() — Z‘1|20721:0 = [Iil(I)I(T)ZO — HQ(I)Q(T)(Z[) — Zl)]

= Hl(I),(T)ZO >0

‘Z()fZl:O

Thus the flow comes in D on Zy — Z; = 0.
Let Z; = 0 and differentiate Z; along the orbit to obtain:

— = Zl|21:0 = HQCI)Q(T)(ZO — Zl) > 0.

‘Z1:O

Thus the flow comes in D on Z; = 0.
Let Zy = 0 and differentiate Zy along the orbit to obtain:

Zy

dfg = Z0|Z():0 = Klq)/(T)Z()lZO:O > 0.
|Z0:0

Thus the flow comes in D on Zy = 0.
Let Zy = 1 and differentiate Zy along the orbit to obtain:

Zo

df = ZO|ZO:1 = qu)/(T)ZQlZO:l > 0.
|zg=1

Thus the flow goes out D on Zy = 1.
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Hence Condition C5 of Theorem 3.4 holds too. Thus by Theorem 3.4, there
must be an orbit of the system (13) lying in D, initiating at a point on the
surface Zy = 1 and running to the point uc; as & — —oo. Finally from the
system (13) and the set D it follows that along this orbit Zy(§) and Z;(&) are
increasing and T'(§) is decreasing,. O

Let u(§),& € (—o0, & be the orbit which is given by the above lemma. Then
(&) € {u € D : Zy = 1} and limg_,_ oo @(€) = ucy. About the orbit a(§) we
have the following lemma.

Lemma 3.6. Let @(€) be as above. Then there is 0 < Zy < 1, such that for
k18 and kof small enough, the orbit w(§) meets the line T = T, at 4(§) =
(T;, Zo, Z1), for some € € (—00,&).

Proof. Let ucy be as (10). Choose the line P : T'—Toy = 0, and ucy € {u|T <
Tcs}. Let (T, Zoi, Z15)T be the unique solution of the equation g(u) =0, T =
T, ZoZ Z1; = 0, this shows Zy; = Z1; and from g(u) = 0, we have Zy; = Zy; :=
Z; = q0+q1 (f(T;)—sT;+C). Also from T,, < T; < T¢y, it follows that 0 < Z; < 1
and {fue D: gu)=0,2; < Zy <1, Zi<Z1 <1} C{ue D:T <T;}. Now
consider the line P’ : T — T; = 0, since umo € {u € D : (T —T;) < 0}, we can
choose Z; < Z|, < 1, Z; < Z{ < 1 such that

{ueD:glu)=0,2y < Zy<1,Zy < Zy <1} C{ue D:T—T; <0}

Let Do={uveD:T,<T<Tcs, 2y < Zy<1}U{ue D : T, <T <T¢;, Z] <
Zy <1} and 6 = max, 5, g(u). Then § <O0.

Now suppose the orbit @(§),& € (—o0, &), does not meet the set {u € D :
T=T,,0<2Zy<1,0< Z; <1}. Let & < & and & < & < & be the solutions
of the equations Zo(ﬁ) = Z), Z1(€) = Z} and Z,(€) = 1, respectively, where
Zo(€) and Zi(€) are the second and third components of (€), respectively.
Since d%(T) = ég(u) < 0,T is decreasing along the orbit @(§), it follows that
(&) remains in Dy for min{&s, &1} < £ < &. Now along the orbit @(§) in Dy we
have:

ar 1 dr. 1 -1 o1(—0)
dZy _%(_CT&) B K1ZO@I(T)( B 9lu)) 2 k1p 0
T _ 1, dTy ! Ly > 29
dZ, _dTZgl( dé’) - ke(Zy — Zl)‘I’Q(T)( B gu) 2 ko3 0

where i = max, . ®'(T)Zp and g% = max, . ®2(T)(Zo — Z1), respectively.

Let To =T (&), then T; < Ty, if a(§) does not meet T;. Therefore

o &o 1
TCJ—Ti>TCJ—TO:—/ w)dé = /

1 -1 o1(—9) ,
> [ 5ot = Z;)W‘?g(“”‘%? 20—,
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which is impossible for 1/ small enough. Let Ty = T'(&p), then T; < Ty, if a(€)
does not meet T;. Therefore

o o
Toy =T >Toy — Ty = / ;gw)ds - / ;<—g<u>>d§

1 -1

&3 1 1
> /5 o= [ (e
20— 7)),

which is impossible for ko8 small enough. Thus there is a~§~ € (—~oo,§0) such
that the orbit ﬂ(ﬁ) meets the line 7' = T; at the point @; = (T, Zoi, Z1;)T, where

T; =T, Zoi = Zo(&) and Zy; = Z1(§). O

From now on we assume that x15 and kof are small enough, or the orbit
(&) meets the line T' = T; at the point @; = (Ti,Zo,-,Zli)T, where T, = Tj,
Zoi = Zo(é) and Z1; = 74 (5) We call the point @; the ignition point. According
to Lemma 3.5, this point for Chapman-Jouget detonation is unique.

Theorem 3.7. Suppose that the system (6) admits the rest points ucy and umo,
for some 0 < m < 1. If k18 and kof are small enough, then there is a unique
orbit of the system (6) which is running from ucy to umg, for some 0 < m < 1.

Proof. In the region T' < T;, the second equation of (6) becomes Zy = 0. Thus,
in this region, along the orbit of this system Zo(€) is constant. Let Zo(€) = Zo;,
where Zy; is the second component of ;, (the ignition point). On the surface
Zo = Zy;, the system (6) reduces to the following two dimensional system of
equations, in the region T' < T;:

(15) BT = f(T) — sT — qoZoi — 1 Z1 + C,
Zl = I{Q(I)Q(T)(Zoi — Zl)
By solving the second equation of (15), we have % = ko®2(T)d¢ and so
0:—41
Z1=Zyi — e~ J&' ma@2(T)n Pperofore the first equation of (15) is

(16) BT == f(T) — 8T — QOZOi - QI(ZOi —e fgoo H2<I>2(T(77))d77) + C .= Fl(T)
Now consider the region D' = {T' € R : Fi(T) < 0,T < T;}. Notice that
T =T; € OD'. Also this is trivial to see that any orbit of (16) initiating at a
point on dD' N{T : T = T;} approaches to the unique rest point of the system
(16) which is located in the region T' < T;, as & tends to +0o. We denote this
rest point by T;.

Now, consider again the ignition point @; = (TZ-,ZOZ-,ZM). By the above
argument, there is a unique orbit of the system (6), say

(€).20 (). 21 (), € <€<+oo
i Zois Z1i), E=¢

ISR

™

I
——
e Ll RV
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with Zo (€) = Zo; for € < € and lime_ 400 & (€) = (T3, Zos, Z1:). Along this orbit
T'(£) is decreasing, Z1(§) is increasing and Zy(&) is constant, respectively. This
orbit lies in D, the domain which is used in the proof of Lemma 3.5.

Now define _
u§), £<¢,
u(§) = { ~ =
u(§), £€>¢
Then u(§) is a complete orbit of the system (6) lying in D and is running from
ucy to umo for some 0 < m < 1. [
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