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1. Introduction

Hyperstructure theory was first initiated by Marty [8] in 1934 at the 8th congress
of scandinavian mathematicians. He defined hypergroups as a generalization
of groups and proved its unility in solving some problems of groups, algebraic
functions and rational functions. Survey of the theory of hyperstructures can be
found in the book of Corsini [4], Vougiouklis [12], Corsini and Leoreanu [5]. The
Krasner hyperring [7] is a well known type of hyperring, with the property that
the addition is a hyperoperation and the multiplication is a binary operation.
This concept has been studied in depth by many authors, for example see [6].
The concept of hypermodule over a Krasner hyperring has been introduced and
investigated by Massouros [9].

As a dual notion of prime submodules, Yassemi [13], introduced the notion
of second submodules of a given nonzero module over a commutative ring.

An R-endomorphism r* on M is called homothety if r*(x) = rz, for all
x € M. The nonzero submodule K of M is said to be second if for each r € R
the homothety r* : K — K is either surjective or zero. This implies that
Ann(K) = (0 : M) = p is a prime ideal of R, and K is said to be p-second.
Also, we say that M is a second module if M is a second submodule of itself.

*. Corresponding author
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The notion of second submodule can be generalized to second subhypermod-
ule. In fact, in this paper we introduce the concept of second subhypermodules
over a commutative hyperring and we topologize the spectrum of second sub-
hypermodules and investigate the properties of the induced topology.

2. Preliminaries

The following definitions and preliminaries are required in the sequel of our work
and hence presented in brief.

Let H be a nonempty set and P*(H) be the set of all nonempty subsets of
H. A hyperoperation on H is a map o : H x H — P*(H) and the couple (H, o)
is called a hypergroupoid.

For any two nonempty subsets A and B of H, we define

AoB = U aob.

acAbeB

If x € H by 20 A and Aoz, we mean {z} o A and A o {z}, respectively.

A hypergroupid (H, o) is called semihypergroup if ao (boc) = (aob)oec, for
all a,b,c € H.

A hypergroupoid (H, o) is called quasihypergroup if ao H = H = H o a,
for all a € H. If (H, o) is semihypergroup and quasihypergroup, then (H,o) is
called hypergroup.

A subhypergroup (K, o) of (H,o) is a nonempty subset K of H such that
koK=K=Kok, forall ke K.

A hypergroup (H, o) is called canonical [4], if:

(i) (H,o) is commutative, which means z oy =y oz, for all x,y € H;

(ii) there exists e € H, such that {z} = (xoe)N(eoxz) for all x € H;

)
(iii) for all z € H there exists a unique 2! € H, such that e € x o 27 1;
)

(iv) o € yo z implies that y € z 0 271,

In (ii), an element e is called identity (scalar identity) of (H, o).

There are several kinds of hyperrings and hypermodules that can be defined
on a nonempty set. In what follows, we consider some of the most general types
of hyperrings and hypermodules.

An algebraic system (R, +, ) is called Krasner hyperring, if

(i) (R,+) is a canonical hypergroup;
(ii) (R,-) is a semigroup having zero as a bilaterally absorbing element;
(ili) z-(y+2)=2-y+ov-zand (y+2)-x =y -v+ 2 -z, forall z,y,z € R.

The hyperring and R-hypermodule was studied in [10]. In this paper, a little
change is done, which consists in using ” =" instead of 7 C 7, as in [10].
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Definition 2.1 ([10]). The triple (R,+,) is a hyperring if:

(i) (R,+) is a canonical hypergroup with scalar identity O (we denote the
opposite of r € R, that is r~ ', by —r);

(17) (R,-) is a semihypergroup;
(tit) r-(s+t)=r-s+r-tand (s+t)-r=s-r+t-r, forallrstecR.

Note that ”-” is a hyperoperation on R. The hyperring (R, +, -) satisfies the
conditions:
for all r, s € R, we have

r-0p ={0p} =0p-randr-(=s)=(-r) s =—(r-s) = {-tlt€rs}

We abbreviate a hyperring (R, +,-) by R.

The hyperring R is said to be commutative, if R is commutative with respect
to hyperoperation ”-”. In the sequel, by a hyperring we mean a commutative
hyperring. We say that a hyperring R is with identity element 1, if for all r € R,
rer-l.

Definition 2.2 ([10]). Let R be a hyperring with identity element 1. An R-
hypermodule is a structure (M, +,0) such that (M,+) is a canonical hypergroup
with scalar identity Oy and ” o” is a multivalued scalar operation, i.e.,

o: Rx M — P*(M)
such that for all a,b € R and x,y € M,

(i) ao(x+y)=aox+aoy;

(17) (a+b)ox=aox+boux;
(7it) (a-b)ox=ao(box);
(iv)

relox.

The hypermodule (M, +,0) also satisfies the conditions: for all @ € R and
x € M, we have

ao0y ={0p} =0goxand
@0 (—z) = (~a)or=—(aox) = {~y:y € aor}

(we denote the opposite of z € M, that is x71, by —x).
We abbreviate an R-hypermodule (M, +,0) by M. This definition is a gen-
eralization of the concept of hypermodule over a Krasner hyperring (see [4]).
A nonempty subset N of an R-hypermodule M is subhypermodule, if N is
an R-hypermodule under the same hyperoperations on M.
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Proposition 2.3. Let N be a nonempty subset of an R-hypermodule M. Then
N is a subhypermodule of M if and only if for all r € R and z,y € N, we have
roxCN andx—y C N.

Proof. Let forallr € Rand z,ye€ M,roxz C N and x —y C N.

Since N is nonempty, then there exists a € N. So0€a—a C N. Ify e N,
then —y =0—y € N. Also, if z,y € N, then x — (—y) =z +y C N. All other
conditions for N to be a hypermodule follows as hereditary proporties from M.
Thus N is an R-hypermodule and so it is a subhypermodule of M. The converse
is obvious. O

For a family of subhypermodules {N;};cr of M, we define:

> Ni=U{) ailai € N;, for i €T and 3n € Nja; =0,Vi > n}.
iel il
By Proposition 2.3, we can see that ), ; N; is a subhypermodule of M.

Let R be a hyperring and M an R-hypermodule. For any nonempty subsets
A, B of R and nonempty subset X of M, we set

AoX:U{aioxikLi € Aand z; € X}
i€l
[Ao X] :U{Zaioxﬂai cAand z; € X, forall 1 Sign};
i=1

[A - B] :U{Zai~bz-]ai € Aand b; € B, for all 1 Sign}.
i=1

A nonempty subset I of a commutative hyperring R is called hyperideal, if
a—bCTlandr-aCl, forallr € Randa,be I. If I and J are hyperideals of
R, then I + J and [I.J] are hyperideals of R.

A proper hyperideal P of R is called prime if a - b C P implies that either
ac€ Porbe P, forabe R (see [1]).

Let A be a nonempty subset of a hyperring R. Define (A) to be the smallest
hyperidal of R containing A.

Lemma 2.4 ([10]). Let A be a nonempty subset of a hyperring R with identity.
Then (A) = [R - A].

Let I be a hyperideal of a hyperring R. Put % = {r+ I|r € R}. Tt is easy
to see that r + 1 = s+ [ if and only if r —s C I for r,s € R. So % with the
hyperoperations defined as follows, is a hyperring.

(r+D)e@(s+I)={t+ It er+sk
r+Do(s+I)={u+Iucr-s},

for all r,s € R.
Denote the opposite of r + I € %, by (—r) + I.
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Proposition 2.5 ([10]). Let M be an R-hypermodule, r € R, I a hyperideal
of R, N and K subhypermodules of M and X a nonempty subset of M. Then
roN, [IoN] and [Ro X] are subhypermodules of M.

Let X be a nonempty subset of an R-hypermodule M. Define (X) to be
the smallest subhypermodule of M containing X. It is easy to see that, (X) =
[Ro X].

Let M be an R-hypermodule and X,Y be subsets of M. In general, (X +
Y) C(X)+ (Y). Now if {Op} C X NY, then (X +Y) D (X) + (Y). Because
[RoX]=[Ro(X +0p)] C[Ro(X+Y)]. Similarly, [RoY] C [Ro (X +Y)].

Corollary 2.6. Let M be an R-hypermodule and X,Y be subsets of M such
that {Op} C X NY. Then (X +Y) = (X)+ (Y).

Now it is natural to speak about homomorphism of hypermodules.

Definition 2.7. Suppose that M and M' are R-hypermodules. A map f :
M — M’ is called homomorphism if for all z,y € M and r € R, we have

flz+y) C f(x)+ fly) and f(rox)=ro f(z).

Also, f is called strong homomorphism if for all z,y € M and r € R,

f(x+y) = f(x)+ fy) and f(rox)=ro f(z).

Suppose that M and M’ are R-hypermodules, f is a homomorphism from
M into M’ and N is a subhypermodule of M. Then for all r € R,

f(roN)=rof(N).

Moreover, if f is a strong homomorphism, then f(N) is a subhypermodule of
M.

Recall that two subhypermodules N, K of an R-hypermodule M are inde-
pendent, if KNN = {0/}. If K and N are independent, then N + K is denoted
by N @& K. Also, a subhypermodule N of M is called a direct summand of M,
if M = N @ L, for some subhypermodule L of M (see [11]).

Note that if A, B, C are subhypermodules of M, then it need not be that

AN(B4+C)=ANB+ANC,

For example, let M = {(x,y)|z,y € Z} with trivial hyperoperations on the
hyperring Z. Also, let

A={(z,z)|z € Z},B = {(z,0)|z € Z},C = {(0,2)|z € Z}.

Then A, B,C are subhypermodules of M and we have AN (B + C) = A and
ANB+ANC={(0,0)}.
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Lemma 2.8 ([11]). Suppose that M is an R-hypermodule and A, B,C are sub-
hypermodules of M such that B C A. Then AN(B+C)=ANB+ANC.

Definition 2.9. A subhypermodule N of an R-hypermodule M is said to be
relatively divisible if ro N = (ro M) NN, for allr € R.

Lemma 2.10. Let M be an R-hypermodule. Then every direct summand N of
M is relatively divisible.

Proof. There exists a subhypermodule K of M such that M = N & K (Since
N is a direct summand of M). So

roM=ro(N®&K)=(roN)& (roK).
Since ro N C N, by Lemma 2.8, we have
NN(roM)=Nn((roN)& (roK))
=(roN)®(NN(roK))=(roN)®O0y =roN.
O

Definition 2.11. An R-hypermodule M is called divisible if r o M = M, for
every r € R.

Example 2.12. Let M be a divisible R-module, N a submodule of M and [
an ideal of R. Assume that @ = a + I is the additive class for a € R, and % is
the set of all these classes. For all @,b € %, we define

aPb=1{clceca+b}anda®b= {ab}.
Then (% @, ®) is a hyperring.
Define the equivalence relation 5 on M by
zfy if and only if x + N =y + N.
For all z,5 € %,E € % we define
T@Yy={Zlz€T+y} and aoz = {az}.
Then (%, @,0) is an %—hypermodule. Also,
M (M) M
o — = _—) = —
N TN TV
for all r € R (since M is divisible).

Moreover, if M is an R-hypermodule and {N;};ca is a family of divisible
subhypermodules of M, then ) .., N; is a divisible subhypermodule of M. Be-

cause
T o (ZNZ) = Z(TONZ) = ZNZ
1EA iEA 1EA
for all » € R.
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3. Second subhypermodules

In this section, we introduce the notion of second subhypermodules and inves-
tigate some properties of them.

Definition 3.1. Let M be an R-hypermodule. A nonzero subhypermodule N of
M is called second if for all v € R, either ro N = N orroN = {0p}. Also,
we say that M is a second R-hypermodule if M is a second subhypermodule of
itself.

By Spec®(M), the spectrum of second subhypermodules of M, we mean the
set of all second subhypermodules of M.

Example 3.2. Every divisible R-hypermodule is second.

Example 3.3. Every relatively divisible subhypermodule of a second R-hyper-
module is second.

It is not necessary that every subhypermodule of a second R-hypermodule
is second. For example, Suppose that (M, +,-) is a divisible hypermodule over
a Krasner hyerring R. Let I be a hyperideal of R and IV, K subhypermodules
of M such that for all r € R, {0y} Cr- K C K. We define

o:RxM — P*(M)byrozxz=r-x+ N

for all r € R and x € M. Then (M, +,0) is a second R-hypermodule and K is
not a second subhypermodule of M.

Lemma 3.4. Let M and M’ be R-hypermodules and f a strong homomorphism
of M into M'. If N € Spec®*(M), then f(N) € Spec®(M").

Proof. Since f is a strong homomorphism of M into M’ and N is second, then
rof(N)= f(roN)= f(0p) =10y} orrof(N)= f(roN)= f(N), for all
reR. O

For an R-hypermodule M, we set
Ann(M) = {r € R|ro M = {0x}}.
Since Or € Ann(M), then Ann(M) # 0.
Lemma 3.5. Let M be an R-hypermodule. Then Ann(M) is a hyperideal of R.
Proof. Let a,b € Ann(M) and r € R. Then

{O0p} =00 +0py=aoM+boM = (a+b)o M.
Soa+bC Ann(M). Also,
{0y} =roOpy=7r0(aoM)=(r-a)oM.
Hence r - a C Ann(M). O
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Proposition 3.6. Let N be a second subhypermodule of an R-hypermodule M.
Then p = Ann(N) is a prime hyperideal of R.

Proof. Let a,b € Rand a-b C Ann(N) and b ¢ Ann(N). Then bo N = N and
(a-b)o N ={0p}. So {0y} =ao(boN)=aoN. Hence a € Ann(N). O

In the meantime, we say that N is a p-second subhypermodule of an R-
hypermodule M if N is a second subhypermodule of M with p = Ann(N).

Lemma 3.7. Let N be a subhypermodule of an R-hypermodule M and W(N) =
{r € RlroN # N}. Then the following statements are equivalent:

(i) N is a p-second subhypermodule of M ;
(11) Ann(N) =W (N) = p.
Proof. The proof is straightforward. O

Definition 3.8. Let M be an R-hypermodule. A nonzero element x € M is
called torsion-free if fort € R, Opp € tox implies that t = 0r. Also, M is called
torsion-free R-hypermodule, if all nonzero elements of M are torsion-free.

Let M be a torsion-free R-hypermodule and I a hyperideal of R such that
I C Ann(M) and ® be a multivalued scalar operation define by

(r+I)oz:=roux,
for all r € R. Then (M,+,®) is an %-hypermodule.

Lemma 3.9. Let N be a subhypermodule of a torsion-free R-hypermodule M
and Ann(N) = p. Then the following statements are equivalent:

(i

(7i) N is a divisible R -hypermodule;

)
)
)
v)

N is a p-second subhypermodule of M ;

(791) o N = NforalerR D;

(iv) W(N) = p.
Proof. The proof is straightforward. O

Definition 3.10. Let M be an R-hypermodule and N a subhypermdule of M.
N is called a minimal subhypermodule, if it is a minimal element in the set of
all subhypermodules of M. On the other word, it is not strictly contains any
other nonzero subhypermodules of M.

Theorem 3.11. Every minimal subhypermodule of a hypermodule is second.

Proof. Let M be an R-hypermodule and N a minimal subhypermodule of M.
Consider r € R. Since r o N C N, then either ro N = N or r o N = {0y} (by
minimality of N). O
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Let M be an R-hypermodule. We set

VAnn(M) = {r € R|r" o M = {0y}, for some n € N}.

Lemma 3.12. Let M be an R-hypermodule. Then \/Ann(M) is a hyperideal
of R.

Proof. Lera,b € \/Ann(M) and r € R. Then —b € y/Ann(M) and there exist
m,n € N such that a™ o M = {0y} = (—b)" o M. But

m-+n

(a . b)ern — Z (:ﬂn—‘rn)(aerniT . (—b)T).

r=0
So (@ —b)™*™ o M = {05} and hence a — b C /Ann(M). Also,
(r-a)"oM=>0"-a")oM=1r"0o(a™oM)=r"o{0p}={0mp}

Thus 7 - a C y/Ann(M). O

Definition 3.13. An R-hypermodule M is called secondary if for all r € R,
either r o M = M or there exists n € N such that r™ o M = {O}.

Obviously, every second R-hypermodule is secondary.

Lemma 3.14. Let M be a secondary R-hypermodule. Then /Ann(M) = p is
a prime hyperideal of R.

Proof. Let a-b C \/JAnn(M) and b € \/Ann(M). Then there exists n € N
such that {0p} = (a-b)" o M. So {Op} = a™ o (b" o M). Since M is secondary

and b & \/Ann(M), then a™ o M = {0p;}. Hence a € \/Ann(M). O

We say that N is a p-secondary subhypermodule of an R-hypermodule M if
N is a secondary subhypermodule of M with \/Ann(M) = p.

Proposition 3.15. Let M be an R-hypermodule and N a subhypermodule of
M. Then the following statements hold:

(i) If N is secondary, then N is second if and only if Ann(N) is a prime
hyperideal of R.

(13) If N is p-secondary contained in a p-second subhypermodule, then N is a
p-second subhypermodule of M.

Proof. (i) This is obvious.
(ii) Let K be a p-second subhypermodule of M and N C K. Then

p=Ann(K) C Ann(N) C \/Ann(N) = p.

So Ann(N) = p and by (i), N is a p-second subhypermodule of M. O
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Lemma 3.16. Let M be an R-hypermodule, N a secondary subhypermodule of
M andr € R. Then ro N is a secondary subhypermodule of M.

Proof. Let ro N C N. Since N is secondary, then there exists n € N such
that {0y} = r" o N. So r"lo(roN) = {0y} Thus ro N is a secondary
subhypermodule of M. O

We call a subhypermodule N of an R-hypermodule M a minimal secondary
subhypermodule of M if N is a secondary subhypermodule which is not strictly
contains any other secondary subhypermodule of M.

Corollary 3.17. Let M be an R-hypermodule and N be a minimal secondary
subhypermodule of M. Then N is second and W(N) = Ann(N).

Proof. Let r € W(N). Then r o N is a secondary subhypermodule of M (by
Lemma 3.16). Since N is minimal secondary and ro N C N, then ro N = {0,/}.
Hence N is a second subhypermodule of M and r € Ann(N) and W(N) =
Ann(N). O

4. Top hypermodules

In this section, we topologize Spec®(M) and investigate the properties of the
induced topology. First we recall some definitions.

An R-module M is called uniserial, if for any submodules K, L of M, either
K CLor L CK. Also, A submodule N of M is called strongly hollow, if for
any submodules K, L of M, N C K + L implies that N C K or N C L (see [2]).
So we can define uniserial R-hypermodule and strongly hollow subhypermodule
in the same way.

Example 4.1. Let M be a uniserial R-module and N be a submodule of M.
We define o: Rx M — P*(M) by roxz =rxz+ N, for all r € R and z € M.
Then (M, +,0) is a uniserial R-hypermodule.

Example 4.2. Let M be an R-module and N a submodule of M. We define
o:RxM — P*(M)byrox=rx+ N, forallr € Rand x € M. Then

(M, +,0) is an R-hypermodule and N is a strongly hollow subhypermodule of
M.

By SH(M), we mean the set of all strongly hollow subhypermodules of M.
For every subhypermodule N of an R-hypermodule M, we set

V#(N) ={K € Spec’(M)|K C N}
(V) = {K € Spec*(M)|K ¢ N}.
Also, for an R-hypermodule M we set
C¥(M) ={V*(N)|N is a subhypermodule of M}
75(M) = {x*(N)|N is a subhypermodule of M}
Z3(M) = (Spec®(M), 7°(M)).
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Theorem 4.3. Let M be an R-hypermodule and {N;}icr be a family of subhy-
permodules of M. Then the following statements hold:

(1) V*({0ar}) = 0, V(M) = Spec*(M);
(1) Mier VINi) = VE3(Nigg Ni)s
(t3i) VS(N)UV?*(K) C V¥(N + K) for subhypermodules N, K.
Proof. Immediate. O

In general, ¢*(M) is not closed under finite unions. If (¥(M) is closed under
finite unions, then we call M is top hypermodule.

For example, if Spec®(M) = (), then M is a top hypermodule. Also, if M is
a uniserial R-hypermodule, then M is a top hypermodule.

Lemma 4.4. Let M be an R-hypermodule. If Spec®(M) C SH(M), then M is
a top hypermodule.

Proof. It is obvious. O

Lemma 4.5. Let M be an R-hypermodule. If M is a top hypermodule, then the
closure of any subset A C Spec®(M) is

A=V*() {K|K € A}).
Proof. Let A C Spec®*(M). Since A C V3(> {K|K € A}), then
ACV () {K|K € A}).

Conversely, Let N € V(3 {K|K € A}) \ A and x°(L) be a neighborhood of
N. Then N ¢ L. So there exists T € A such that T ¢ L. That is T €
X*(L)N (A~ {N}) and N is a cluster point of A. Thus

V(> {K|K € A}) C A
O
Theorem 4.6. Let M be an R-hypermodule. If M is a top hypermodule, then
B ={x*(N)|N = (X), X is a finite subset of M}
is a basis of open sets for Z*(M).

Proof. Any K € Spec®(M) is contained in some x*(NN) for some subhypermod-
ule N of M such that N = (X) and X is a finite subset of M.
Now let {x*(N1),x*(N2)} € B and L a subhypermodule of M such that
L € x*(N1) N x*(N2)}. Since M is a top hypermodule, then
X*(N1) N x*(N2) = x° (N1 + Na).

By Corollary 2.9, Ny + No = (X +Y) and so x*(N1 + N3) € B. O
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A nonempty topological space X is called irreducible if X is not the union
of two proper closed subsets (see [3]).

Lemma 4.7 ([2]). Let X be a nonempty topological space and A C X. Then
the following are equivalent:

(1) A is irreducible;

(2) for any closed subsets Ay, As of X, A C A1 U As implies that A C Ay or
A g AZ;

(3) for any open subsets Uy, Us of X, Ut NA # 0 # Us N A implies that
(U1NU)NA#D.

Proposition 4.8. Let M be an R-hypermodule and A C Spec®(M). If M is a
top hypermodule and A is irreducible, then ) o4 N is a second subhypermodule
of M.

Proof. Let r € R and suppose that

ro(d N)#> N

NeA NeA
and
ro () N)#{0um}.
NeA
We set

A ={K € AlroK = K} and
A2: {KGA‘T’OK:{OM}}

So AC V(X nea, N) UV (X nea, N)-
But A€ V*(3 yea, N) and A € V(3 yc 4, N) which is a contradiction. [

Proposition 4.9. Let M be an R-hypermodule and
A C Spec®(M) C SH(M).

If Y nea N is a nonzero strongly hollow subhypermodule of M, then A is irre-
ducible.

Proof. Let A C VS(Nl) U VS(NQ) Then ZNEAN C Ny + Ns.
Since (D yea N) € SH(M), then ) nyca N € Nyor ) neq N © No. Hence

AC V(N or AC V3(Ny).
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Definition 4.10. A nonzero R-hypermodule M is simple, if the only subhyper-
modules of M are {Op} and M.

Example 4.11. Let R = {0,1} with

0+0={0}

0+1=1+40={0,1}

1+1={1}
0-0={0}
0-1=1-0={0}
1-1=1{0,1}.

Then R is a simple R-hypermodule.

By S(M), we mean the set of all simple subhypermodules of an R-hyper-
module M.

We say that an R-hypermodule M has the min-property, if for any simple
subhypermodule L of M, L ¢ P reson(ry K-

For example, every R-hypermodule M with at most one simple subhyper-
module has the min-property.

Definition 4.12. Let M be an R-hypermodule. Then

(1) M is called semisimple, if for every subhypermodule K of M, there exists
a subhypermodule P of M such that M = K ® P,

(1i) M is called atomic, if any nonzero subhypermodule N of M contains a
simple subhypermodule,

(1it) M 1is called uniform, if for any nonzero subhypermodules N1, No of M, we
have N1 N No # {0}

For example, any simple R-hypermodule is semisimple and any uniserial
R-hypermodule is uniform.

Definition 4.13 ([2]). We say that a nonempty topological space X

(1) is countably compact if every open cover of X has a countable finite sub-
cover;

(71) is ultraconnected if the intersection of any two nonempty closed subsets of
X is nonempty.

Proposition 4.14. Let M be an R-hypermodule and atomic top hypermodule.
M is uniform if and only if M is ultraconnected.
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Proof. Assume that M is uniform and V*(N;y), V*(N3) are nonempty closed
subsets of Spec®(M). Then Ny # {Op} and No # {0p/}. Since M is uniform,
then Ny N Ny # {0pr}. But V¥(Ny) NV#(Ny) = V¥(N; N Ny). Since M is an
atomic R-hypermodule, then there exists a simple subhypermodule L of M such
that L C N1 N Na. So VS(Nl N Ng) =+ 0.

Conversely, let L1, Lo be nonzero subhypermodules of M. So V5(Ly) # 0
and V*(Lg) # 0. Since M is ultraconnected and V*(L1)NV*¥(Ly) = V¥(L1NLy),
then L; N Ly # {0} and hence M is uniform. O

Theorem 4.15. Let M be an R-hypermodule and atomic top hypermodule. If
S(M) is countable, then Spec®(M) is countably compact.

Proof. Assume that S(M) = {N, }x>1 is countable. Let {X*(La)}acr be an
open cover of Spec®(M). Since S(M) C Spec’(M), then for some oy € I,
N, ¢ L, for each k > 1.

Let (i>1 Laj, # {On}. Since M is an atomic R-hypermodule, then there
exists a simple subhypermodule N of M such that N C ﬂk>1 L, which is
contradiction.

Hence (> Lo, = {Oam} and so

Spec®(M) = x*({0a}) = x*([| Lay) = | X*(Lay).

k>1 k>1

Proposition 4.16. Let M be an R-top hypermodule and
Spec®(M) = S(M).
(i) If M has the min-property, then Spec®(M) is discrete.

(i) M has a unique simple subhypermodule if and only if M has the min-
property and Spec®(M) is connected.

Proof. (i) Let M has the min-property. Then for every K € S(M),

XCY N ={K})

NeS(M)~{K}

Since every singleton set is open, then Spec®(M) is discrete.

(ii) Let M has a unique simple subhypermodule. Clearly, M has the min-
property and Spec®(M) is connected.

Conversely, by (i) Spec®(M) is discrete. Since Spec®(M) is connected, then
Spec®(M) has only one point. O
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