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Abstract. In the present paper we introduce and study some generalized difference
sequence spaces of invariant means defined by ideal and a sequence of modulus functions
over n-normed space. We study some topological properties and prove some inclusion
results between these spaces. Further, we also study some results on statistical conver-
gence.
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1. Introduction and preliminaries

Let σ be the mapping of the set of positive integers into itself. A continuous
linear functional φ on l∞ is said to be an invariant mean or σ-mean (c.f. [5],
[34], [35]) if and only if

1. φ(x) ≥ 0 when the sequence x = (xk) has xk ≥ 0, for all k,
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2. φ(e) = 1, where e = (1, 1, 1, · · · ) and

3. φ(xσ(k)) = φ(x), for all x ∈ l∞.

If x = (xn), write Tx = Txn = (xσ(n)). It can be shown in [41] that

Vσ =
{
x ∈ l∞ : lim

k
tkn(x) = l, uniformly in n, l = σ − limx

}
,

where

tkn(x) =
xn + xσ1n + ...+ xσkn

k + 1
.

In the case σ is the translation mapping n → n + 1, σ-mean is often called a
Banach limit and Vσ, the set of bounded sequences all of whose invariant means
are equal, is the set of almost convergent sequences [24] (also see [27]). By using
the concept of invariant means Mursaleen et al. [36] introduced the following
sequence spaces:

wσ =

{
x : lim

n→∞

1

n+ 1

n∑
k=0

tkm(xk − l) → 0, uniformally in m

}
,

[w]σ =

{
x : lim

n→∞

1

n+ 1

n∑
k=0

|tkm(xk − l)| → 0, uniformally in m

}
,

[wσ] =

{
x : lim

n→∞

1

n+ 1

n∑
k=0

tkm(|xk − l|) → 0, uniformally in m

}
,

and investigate some of its properties.
The notion of statistical convergence has been introduced by Fast [11] in

1951 and later developed by Fridy [12], S̆alát [40], Mohiuddine and Belen [31]
and many others. Furthermore, Kostyrko et al. [21] presented a very interesting
generalization of statistical convergence called as I-convergence. The detailed
history and development in this regard can be found by Connor [6], Maddox
[25] and many others.

By a lacunary sequence θ = (kr) where k0 = 0, we shall mean an increasing
sequence of non-negative integers with kr − kr−1 → ∞ as r → ∞. The intervals
determined by θ will be denoted by Ir = (kr−1, kr]. We write hr = kr − kr−1.
The ratio kr

kr−1
will be denoted by qr. The space of lacunary strongly convergent

sequence was defined by Freedman et al. [15] as follows:

Nθ =
{
x = (xk) : lim

r→∞

1

hr

∑
k∈Ir

|xk − L| = 0 for some L
}
.

Fridy and Orhan [13] generalized the concept of statistical convergence by using
lacunary sequence which is called lacunary statistical convergence. Further,
lacunary sequences have been studied by Fridy and Orhan [14]. Quite recently,
Karakaya [22] combined the approach of lacunary sequence with invariant means
and introduced the notion of strong σ−lacunary statistically convergence as
follows:
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Definition 1.1. [22] Let θ = (kr) be a lacunary sequence. A sequence x = (xk)
is said to be lacunary strong σ lacunary statistically convergent if for every
ε > 0,

lim
r→∞

1

hr
{k ∈ Ir : |tkm(x− L)| ≥ ε} = 0 uniformaly in m

where Stθσ denotes the set of all lacunary strong σ−lacunary statistically con-
vergent sequences.

Let N be a non empty set. Then a family of sets I ⊆ 2N (Power set of N)
is said to be an ideal if I is additive i.e A,B ∈ I ⇒ A ∪ B ∈ I and A ∈ I,B ⊆
A ⇒ B ∈ I. A non empty family of sets £(I) ⊆ 2N is said to be filter on N
if and only if Φ /∈ £(I) for A,B ∈ £(I) we have A ∩ B ∈ £(I) and for each
A ∈ £(I) and A ⊆ B implies B ∈ £(I). An ideal I ⊆ 2N is called non trivial
if I ̸= 2N. A non trivial ideal I ⊆ 2N is called admissible if {{x} : x ∈ N} ⊆ I.
A non-trivial ideal is maximal if there cannot exist any non trivial ideal J ̸= I
containing I as a subset. For each ideal I, there exist a filter £(I) corresponding
to I i.e £(I) = {K ⊆ N : Kc ∈ I}, where Kc = N \K. Recently, Das et al. [7]
unified the idea of lacunary statistical convergence with ideal convergence and
presented the following interesting generalization of statistical convergence.

Definition 1.2. [7] Let θ = (kr) be a lacunary sequence. A sequence x = (xk)
is said to be I−lacunary statistical convergent or Sθ(I)−convergent to L, if for
every ε > 0 and δ > 0,{

r ∈ N :
1

hr
|{k ∈ Ir : |xk − L| ≥ ε}| ≥ δ

}
∈ I.

In this case xk → L(Sθ(I)) or Sθ(I)− limk→∞ xk = L. The set of all I-lacunary
statistically convergent sequences will be denoted by Sθ(I).

Definition 1.3. [7] Let θ = (kr) be a lacunary sequence. A sequence x = (xk)
is said to be Nθ(I)− convergent to L, if for every ε > 0 we have{

r ∈ N :
1

hr

∑
k∈Ir

|xk − L| ≥ ε}
}

∈ I.

In this case xk → L(Nθ(I)).

The concept of 2-normed spaces was initially developed by Gähler [16] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [26]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([17],[18]) and Gunawan and Mashadi [19]. Let n ∈ N and X be a
linear space over the field R of reals of dimension d, where d ≥ n ≥ 2. A real
valued function ∥·, · · · , ·∥ on Xn satisfying the following four conditions:

1. ∥x1, x2, · · · , xn∥ = 0 if and only if x1, x2, · · · , xn are linearly dependent in
X;
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2. ∥x1, x2, · · · , xn∥ is invariant under permutation;

3. ∥αx1, x2, · · · , xn∥ = |α| ∥x1, x2, · · · , xn∥ for any α ∈ R, and

4. ∥x+ x′, x2, · · · , xn∥ ≤ ∥x, x2, · · · , xn∥+ ∥x′, x2, · · · , xn∥

is called a n-norm on X, and the pair (X, ∥·, · · · , ·∥) is called a n-normed space
over the field R.

For example, we may take X = Rn being equipped with the Euclidean
n-norm ∥x1, x2, · · · , xn∥E = the volume of the n-dimensional parallelopiped
spanned by the vectors x1, x2, · · · , xn which may be given explicitly by the
formula

∥x1, x2, · · · , xn∥E = | det(xij)|,

where xi = (xi1, xi2, · · · , xin) ∈ Rn for each i = 1, 2, · · · , n. Let (X, ∥·, · · · , ·∥)
be a n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, · · · , an} be linearly
independent set in X. Then the following function ∥·, · · · , ·∥∞ on Xn−1 defined
by

∥x1, x2, · · · , xn−1∥∞ = max{∥x1, x2, · · · , xn−1, ai∥ : i = 1, 2, · · · , n}

defines an (n− 1)-norm on X with respect to {a1, a2, · · · , an}.
A sequence (xk) in a n-normed space (X, ∥·, · · · , ·∥) is said to converge to

some L ∈ X if

lim
k→∞

∥xk − L, z1, · · · , zn−1∥ = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ∥·, · · · , ·∥) is said to be Cauchy if

lim
k,p→∞

∥xk − xp, z1, · · · , zn−1∥ = 0 for every z1, · · · , zn−1 ∈ X.

If every Cauchy sequence in X converges to some L ∈ X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be n-Banach space.

Definition 1.4. Let I ⊆ 2N. A sequence x = (xk) in a n-normed space
(X, ∥·, · · · , ·∥) is said to be I-convergent to a number L if for every ϵ > 0, the
set A(ε) = {k ∈ N : ∥xk − L, z1, · · · , zn−1∥ ≥ ϵ} ∈ I. In this case we write
I − limk→∞ ∥xk, z1, · · · , zn−1∥ = ∥L, z1, · · · , zn−1∥.

Definition 1.5. A sequence x = (xk) in a n-normed space (X, ∥·, · · · , ·∥) is
said to be statistical convergent to some L ∈ X if for each ε > 0, the set
A(ε) = {k ∈ N : ∥xk − L, z1, · · · , zn−1∥ ≥ ε} having its natural density zero.

The notion of difference sequence spaces was introduced by Kızmaz [20] who
studied the difference sequence spaces l∞(∆), c(∆) and c0(∆). The notion was
further generalized by Et. and Çolak [9] by introducing the spaces l∞(∆n),
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c(∆n) and c0(∆
n). Let w be the space of all complex or real sequences x = (xk)

and let m, v be non-negative integers, then for Z = l∞, c, c0 we have sequence
spaces Z(∆m

v ) = {x = (xk) ∈ w : (∆m
v xk) ∈ Z}, where ∆m

v x = (∆m
v xk) =

(∆m−1
v xk −∆m−1

v xk+1) and ∆0xk = xk, for all k ∈ N, which is equivalent to the
following binomial representation

∆m
v xk =

m∑
s=0

(−1)s
(

m
s

)
xk+vs.

Taking v = 1, we get the spaces which were introduced and studied by Et. and
Çolak [9]. Taking m = v = 1, we get the spaces which were studied by Kızmaz
[20]. For more details about sequence spaces (see [23, 32, 33, 36, 37, 39]) and
reference therein.

A modulus function is a function f : [0,∞) → [0,∞) such that
1. f(x) = 0 if and only if x = 0,
2. f(x+ y) ≤ f(x) + f(y), for all x, y ≥ 0,
3. f is increasing,
4. f is continuous from the right at 0.
It follows that f must be continuous everywhere on [0,∞). The modulus

function may be bounded or unbounded. For example, if we take f(x) = x
x+1 ,

then f(x) is bounded. If f(x) = xp, 0 < p < 1 then the modulus function f(x)
is unbounded. Subsequently, modulus function has been discussed in ([2], [38])
and references therein.

Lemma 1.6. Let F = (fk) be a sequence of modulus functions and 0 < δ < 1.

Then for each x > δ we have fk(x) ≤ 2fk(1)x
δ .

Let F = (fk) be a sequence of modulus functions, (X, ∥·, · · · , ·∥) be a n-
normed space, p = (pk) be a bounded sequence of strictly positive real numbers
and u = (uk) be any sequence of positive real numbers. By S(n−X) we denote
the space of all sequences defined over (X, ∥·, · · · , ·∥). In this paper we define
the following sequence spaces:

w0
σ

[
F , I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x∈S(n−X) :

{
r∈N: 1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ε

}
∈ I,

for some ρ > 0
}
,

wσ

[
F , I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x∈S(n−X):

{
r∈N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ε

}
∈I,

for some l and ρ > 0,
}
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and

w∞
σ

[
F , I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x ∈ S(n−X) : ∃K > 0,{

r∈N: 1
hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥K

}
∈I, for some ρ > 0

}
,

uniformly in n.
If we take F(x) = x, we get the spaces

w0
σ

[
I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x∈S(n−X):

{
r∈N :

1

hr

∑
k∈Ir

uk

[(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ε

}
∈I,

for some ρ > 0
}
,

wσ

[
I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x∈S(n−X):

{
r∈N: 1

hr

∑
k∈Ir

uk

[(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ε

}
∈I,

for some l and ρ > 0,
}

and

w∞
σ

[
I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x ∈ S(n−X) : ∃K > 0,

{
r ∈ N :

1

hr

∑
k∈Ir

uk·

·
[(

∥ tkn(∆
m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ K

}
∈ I, for some ρ > 0

}
.

If we take p = (pk) = 1, we get the spaces

w0
σ

[
F , I, u, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x ∈ S(n−X) :

{
r ∈ N :

1

hr

∑
k∈Ir

uk·

·
[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]
≥ ε

}
∈ I, for some ρ > 0

}
,

wσ

[
F , I, u, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x ∈ S(n−X) :

{
r ∈ N :

1

hr

∑
k∈Ir

uk·

·
[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]
≥ ε

}
∈ I, for some l and ρ > 0,

}
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and

w∞
σ

[
F , I, u, ∥·, · · · , ·∥

]
θ
(∆m

v )

=
{
x ∈ S(n−X) : ∃ K > 0,

{
r ∈ N :

1

hr

∑
k∈Ir

uk·

·
[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]
≥ K

}
∈ I, for some ρ > 0

}
.

The following inequality will be used throughout the paper. If 0 ≤ pk ≤ sup pk =
H, K = max(1, 2H−1) then

(1.1) |ak + bk|pk ≤ D{|ak|pk + |bk|pk}

for all k and ak, bk ∈ R. Also |a|pk ≤ max(1, |a|H), for all a ∈ R.

The main aim of the present paper is to study some topological properties and
prove some inclusion relations between above defined sequence spaces.

2. Main results

Theorem 2.1. Let F=(fk) be a sequence of modulus functions, p=(pk) be a
bounded sequence of strictly positive real numbers and u=(uk) be any sequence of
positive real numbers. Then the classes of sequences w0

σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ),

wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) and w∞

σ [F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) are linear spaces

over the real field R.

Proof. We shall prove the assertion for w0
σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ) only and
the others can be proved similarly.

Let x = (xk), y = (yk) ∈ w0
σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ) and α, β ∈ R.
Then there exist positive real numbers ρ1 and ρ2 such that for every ε > 0 and
z1, · · · , zn−1 ∈ X, we have

Aθ

(ε
2

)
=

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ1
, z1, · · · , zn−1∥

)]pk
≥ ε

2

}

and

Bθ

(ε
2

)
=

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v yk)

ρ2
, z1, · · · , zn−1∥

)]pk
≥ ε

2

}
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belongs to I. Let ρ3 = max(2|α|ρ1, 2|β|ρ2). Since ∥·, · · · , ·∥ is a n-norm on X
and fk’s are modulus functions so by using inequality (1.1), we have

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(α∆

m
v xk + β∆m

v yk)

ρ3
, z1, · · · , zn−1∥

)]pk
≤ 1

hr

∑
k∈Ir

uk

[
fk

(
|α∥| tkn(∆

m
v xk)

ρ3
, z1, · · · , zn−1∥

)]pk
+

1

hr

∑
k∈Ir

uk

[
fk

(
|β∥| tkn(∆

m
v yk)

ρ3
, z1, · · · , zn−1∥

)]pk
≤ D.

1

hr

∑
k∈Ir

1

2pk
uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ1
, z1, · · · , zn−1∥

)]pk
+D.

1

hr

∑
k∈Ir

1

2pk
uk

[
fk

(
∥ tkn(∆

m
v yk)

ρ2
, z1, · · · , zn−1∥

)]pk
.

For given ε > 0 and for all z1, · · · , zn−1 ∈ X, we have the following containment{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(α∆

m
v xk + β∆m

v yk)

ρ3
, z1, · · · , zn−1∥

)]pk
≥ ε

}

⊆

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ1
, z1, · · · , zn−1∥

)]pk
≥ ε

2D

}

∪

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v yk)

ρ2
, z1, · · · , zn−1∥

)]pk
≥ ε

2D

}
.

By using the property of an ideal the set on the left hand side in the above
expression belongs to I. Thus, αx + βy ∈ w0

σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ). This

completes the proof.

Theorem 2.2. Let p = (pk) be a bounded sequence of strictly positive real
numbers and u = (uk) be a sequence of positive real numbers. Then for m ≥ 1,
we have:

(i) w0
σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m−1

v ) ⊂ w0
σ[F , u, p, ∥·, · · · , ·∥]θ(∆m

v ) is strict.

(ii) wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m−1
v ) ⊂ wσ[F , u, p, ∥·, · · · , ·∥]θ(∆m

v ) is strict.

(iii) w∞
σ [F , I, u, p, ∥·, · · · , ·∥]θ(∆m−1

v ) ⊂ w∞
σ [F , u, p, ∥·, · · · , ·∥]θ(∆m

v ) is strict.

Proof. We shall prove the result for w0
σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m−1

v ) only. The
others can be proved similarly. Suppose x ∈ w0

σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m−1
v ), by

definition for every ε > 0 and z1, · · · , zn−1 ∈ X, we have

(2.1)

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m−1
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε

}
∈ I,
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uniformly in n. Since F = (fk) is a sequence of modulus functions, we have the
following inequality:

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≤ 1

hr

∑
k∈Ir

[
uk

[
fk

(
∥ tkn(∆

m−1
v xk)

ρ
, z1, · · · , zn−1∥

)]

+ uk

[
fk

(
∥ tkn(∆

m−1
v xk+1)

ρ
, z1, · · · , zn−1∥

)]]pk

≤ D
1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m−1
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
+D

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m−1
v xk+1)

ρ
, z1, · · · , zn−1∥

)]pk
uniformly in n.

Now for given ε > 0, we have{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε

}

⊆

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m−1
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε

2D

}

∪

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m−1
v xk+1)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε

2D

}
,

uniformly in n.

Both the sets on the right hand side in the above containment belong to
I by (2.1). It follows that x ∈ w0

σ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ). Clearly the in-

clusion is strict because if we take x = (xk) = km−1, fk(x) = x, pk =
1, uk = 1, t0n(x) = (xn) and θ = (2r) for all k ∈ N, then xk ∈
w0
σ[F , u, p, ∥·, · · · , ·∥]θ(∆m

v ) but xk /∈ w0
σ[F , I, u, p, ∥·, · · · , ·∥]θ

(∆m−1
v ).

Theorem 2.3. Let F ′ = (f ′
k) and F ′′ = (f ′′

k ) be two sequences of modulus

functions. If lim supt→∞
f ′
k(t)

f ′′
k (t)

= P > 0, then w0
σ[F ′, u, p, ∥·, · · · , ·∥]θ(∆m

v ) ⊂
w0
σ[F ′′, I, u, p, ∥·, · · · , ·∥]θ(∆m

v ).

Proof. Let lim supt→∞
f ′
k(t)

f ′′
k (t)

= P, then there exists a positive number K > 0

such that f ′
k(t) ≥ Kf ′′

k (t), for all t ≥ 0. Therefore, for each z1, · · · , zn−1 ∈ X,
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we have

1

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ (K)H

1

hr

∑
k∈Ir

uk

[
f ′′
k

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
,

uniformly in n. Then for every ε > 0 and z1, · · · , zn−1 ∈ X, we have following
relationship{

r ∈ N :
1

hr

∑
k∈Ir

uk

[
f ′′
k

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε

}

⊆

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk)

ρ
, z1, · · · , zn−1∥

)]pk
≥ ε(K)H

}
,

uniformly in n. Therefore, the above containment gives the result.

Theorem 2.4. Suppose F = (fk), F ′ = (f ′
k) and F ′′ = (f ′′

k ) are sequences of
modulus functions, then
(i) wσ[F ′, I, u, p, ∥·, · · · , ·∥]θ(∆m

v ) ⊂ wσ[F ◦ F ′, I, u, p, ∥·, · · · , ·∥]θ(∆m
v ).

(ii) wσ[F ′, I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) ∩ wσ[F ′′, I, u, p, ∥·, · · · , ·∥]θ(∆m

v ) ⊂ wσ[F ′ +
F ′′, I, u, p, ∥·, · · · , ·∥]θ(∆m

v ).

Proof. (i) Let x = (xk) ∈ wσ[F ′, I, u, p, ∥·, · · · , ·∥]θ(∆m
v ), then for every ε > 0

choose δ ∈ (0, 1) such that fk(t) < ε, for all 0 < t < δ, we have

(2.2) Aδ=

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ δ

}
∈I,

uniformly in n. On the other hand, we have

1

hr

∑
k∈Ir

uk

[
(fk ◦ f ′

k)
(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
=

1

hr

∑
k∈Ir&uk[f

′
k(∥

tkn
(∆m

v xk−l)

ρ
,z1,··· ,zn−1∥)]pk<δ

·

· uk
[
(fk ◦ f ′

k)
(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
+

1

hr

∑
k∈Ir&uk[f

′
k(∥

tkn
(∆m

v xk−l)

ρ
,z1,··· ,zn−1∥)]pk≥δ

·

·uk
[
(fk ◦ f ′

k)
(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≤ (ε)H +max(1, (2.

fk(1)

δ
)H)

1

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
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uniformly in n by lemma (1.6). Then for any η > 0,{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
(fk ◦ f ′

k)
(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ η

}

⊆

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ η − ε

K

}
,

where K = max(1, (2.fk(1)δ )H).
By using (2.2), we obtain x ∈ wσ[F ◦ F ′, I, u, p, ∥·, · · · , ·∥]θ(∆m

v ).
(ii) This part of the theorem proved by using the following inequality

1

hr

∑
k∈Ir

uk

[
(f ′

k + f ′′
k )
(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≤ D

hr

∑
k∈Ir

uk

[
f ′
k

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
+

D

hr

∑
k∈Ir

uk

[
f ′′
k

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
,

where supk pk = H and D = max(1, 2H−1).

Theorem 2.5. Let F = (fk) be a sequence of modulus functions and p = (pk)
be a bounded sequence of strictly positive real numbers, then

wσ[I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) ⊆ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ).

Proof. This can be proved by using the techniques similar to those used in
Theorem 2.4 (i).

Theorem 2.6. Let F = (fk) be a sequence of modulus functions and p = (pk) be

a bounded sequence of strictly positive real numbers, if lim supt→∞
fk(t)
t = Q > 0,

then
wσ

[
F , I, u, p, ∥·, · · · , ·∥

]
θ
(∆m

v ) ⊆ wσ

[
u, p, ∥·, · · · , ·∥

]
θ
(∆m

v ).

Proof. Suppose x = (xk) ∈ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) and lim supt→∞

fk(t)
t =

Q > 0, then there exists a constant R > 0 such that fk(t) ≥ Rt, for all t ≥ 0.
Thus we have

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ (R)H

1

hr

∑
k∈Ir

uk

[(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
,

uniformly in n and for each z1, · · · , zn−1 ∈ X. Which gives the result.
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Theorem 2.7. If 0 < pk ≤ qk and ( qkpk ) be bounded, then

wσ[F , I, u, q, ∥·, · · · , ·∥]θ(∆m
v ) ⊂ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v )

Proof. The proof is easy so omitted.

3. Statistical convergence

The concept of convergence of a sequence of real numbers had been extended to
statistical convergence by Fast [11] and later studied by many authors. We
refer to the recent work in [1, 3, 4, 8, 28, 29, 30] for some applications of
statistical summability to approximation theorems. Here, we define the no-
tion of S

∆m
v

θσ
[I, u]-convergence with the help of an ideal and invariant means.

We also made an effort to establish a strong connection between the spaces
S
∆m

v
θσ

[I, u, ∥·, · · · , ·∥] and wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ).

Definition 3.1. Let I ⊆ P (N) be a non-trivial ideal. A sequence x = (xk) ∈ X

is said to be S
∆m

v
θσ

[I, u]-convergent to a number l provided that for every ε > 0,
δ > 0 and z1, · · · , zn−1 ∈ X, the set{

r ∈ N :
1

hr

∣∣∣{k ∈ Ir : uk∥
tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥ ≥ ε

}∣∣∣ ≥ δ
}
∈ I.

uniformly in n. In this case, we write S
∆m

v
θσ

[I, u]− limk→∞ xk = l.

Let S
∆m

v
θσ

[I, u, ∥·, · · · , ·∥], denotes the set of all S∆m
v

θσ
[I, u]-convergent sequences

in X.

Theorem 3.2. Let F = (fk) be a sequence of modulus functions and 0 <
infk pk = h ≤ pk ≤ supk pk = H < ∞. Then wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ) ⊂
S
∆m

v
θσ

[I, u∥·, · · · , ·∥].

Proof. Suppose x = (xk) ∈ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) and ε > 0 be given.

Then for each z1, · · · , zn−1 ∈ X, we obtain

1

hr

∑
k∈Ir

uk[fk(∥
tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥)]pk

=
1

hr

∑
k∈Ir&fk(∥

tkn
(∆m

v xk−l)

ρ
,z1,··· ,zn−1∥)≥ε

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk

+
1

hr

∑
k∈Ir&fk(∥

tkn
(∆m

v xk−l)

ρ
,z1,··· ,zn−1∥)<ε

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk

≥ 1

hr

∑
k∈Ir&fk(∥

tkn
(∆m

v xk−l)

ρ
,z1,··· ,zn−1∥)≥ε

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
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≥ 1

hr

∑
k∈Ir

[fk(ε)]
pk ≥

∑
k∈Ir

min([fk(ε)]
h, [fk(ε)]

H)

≥ K
1

hr

∣∣∣{k ∈ Ir : ∥
tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥ ≥ ε

}∣∣∣,
where K = min([fk(ε)]

h, [fk(ε)]
H). Then for every δ > 0 and z1, · · · , zn−1 ∈ X,

we have{
r ∈ N :

1

hr

∣∣∣{k ∈ Ir : uk∥
tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥ ≥ ε

}∣∣∣ ≥ δ
}

⊆

{
r ∈ N :

1

hr

∑
k∈Ir

uk

[
fk

(
∥ tkn(∆

m
v xk − l)

ρ
, z1, · · · , zn−1∥

)]pk
≥ Kδ

}
.

Since xk ∈ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v ) so that x ∈ S

∆m
v

θσ
[I, u, ∥·, · · · , ·∥].

Theorem 3.3. Let F = (fk) be a sequence of modulus functions and p = (pk) be
a bounded sequence of strictly positive real numbers. If 0 < infk pk = h ≤ pk ≤
supk pk = H < ∞ then S

∆m
v

θσ
[I, u, ∥·, · · · , ·∥] ⊂ wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ).

Proof. Using the same technique of ([10], Theorem 3.5), it is easy to prove.

Theorem 3.4. Let F = (fk) be a bounded sequence of modulus functions and
p = (pk) be a bounded sequence of strictly positive real numbers. If 0 < infk pk =
h ≤ pk ≤ supk pk = H < ∞ then

S
∆m

v
θσ

[I, u, ∥·, · · · , ·∥] = wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m
v )

if and only if F = (fk) is bounded.

Proof. Direct part can be obtained by combining Theorems 3.2. and 3.3. Con-
versely suppose F = (fk) be unbounded defined by fk(k) = k, for all k ∈ N.
Let θ = (2r) be a lacunary sequence. We take a fixed set B ∈ I, where I be an
admissible ideal and define x = (xk) as follows

xk =


km+1, if r /∈ B, 2r−1 + 1 ≤ k ≤ 2r−1 + [

√
hr],

km+1, if r ∈ B, 2r−1 < k ≤ 2r−1 + hr,

0, otherwise.

where Ir = (2r−1, 2r] and hr = 2r − 2r−1. For given ε > 0 and for each
z1, · · · , zn−1 ∈ X we have,

lim
r→∞

1

hr

∣∣{k ∈ Ir : uk∥
tkn(∆

m
v xk − 0)

ρ
, z1, · · · , zn−1∥ ≥ ε

}∣∣ < [
√
hr]

hr
→ 0,
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for all r /∈ B, uniformly in n. Hence for δ > 0, there exists a positive integer r0
such that 1

hr

∣∣{k ∈ Ir : uk∥
tkn (∆

m
v xk−0)
ρ , z1, · · · , zn−1∥ ≥ ε

}∣∣ < δ for r /∈ B and
r ≥ r0. Now we have

{r ∈ N :
1

hr
|{k ∈ Ir : uk∥

tkn(∆
m
v xk − 0)

ρ
, z1, · · · , zn−1∥ ≥ ε}| ≥ δ

}
⊂ {B ∪ (1, 2, ..., r0 − 1)}.

Since I be an admissible ideal.

It follows that S
∆m

v
θσ

[I, u]−limk→∞ ∥xk
ρ , z1, · · · , zn−1∥ → 0 for each z1, · · · , zn−1

∈ X. On the other hand, if we take p = (pk) = 1, for all k ∈ N then xk /∈
wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ). This contradicts the fact S
∆m

v
θσ

[I, u, ∥·, · · · , ·∥] =
wσ[F , I, u, p, ∥·, · · · , ·∥]θ(∆m

v ), so our supposition is wrong.
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