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Abstract. The Cayley graph X = Cay(G, S) on group G with respect to connection
set S is normal edge-transitive, if N, (x)(R(G)) acts transitively on edge set. In
this paper we determine the structure of automorphism group of all tetravalent normal
edge-transitive Cayley graphs of order pgr.
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1. Introduction

All graphs considered here are finite, simple, undirected and connected. The
vertex set and the edge set of graph I' are denoted by V(') and E(T"), respec-
tively. An automorphism of graph I' is a mapping from the vertices of I' back to
vertices of I' such that the resulting graph is isomorphic with I'. The set of all
automorphisms of I' under the composition of mappings forms a group known
as the automorphism group denoted by Aut(I'). Among all graphs, determin-
ing the automorphism group of Cayley graphs is a very difficult task. Thus,
the majority of this research has been focused on normal edge-transitive Cayley
graphs. Due to the complexity, this article only briefly examines properties of
Cayley graphs of order pqr, where p, ¢, are prime numbers.

Here, in the next section, we give the necessary definitions and some pre-
liminary results. Section three contains main results of this paper and the
automorphism group of Cayley graphs of order pqr is verified in this section.

*. Corresponding author
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2. Definitions and preliminaries

The non-empty set S C G is symmetric connecting set if S generates the group,
1 ¢S and S = S"! The Cayley graph X = Cay(G,S) has the vertex set
V(X) = G and edge set E(X) = {(g,s9)|g € G,s € S}. Let S be a generating
set of G, it is a well-known fact that X is connected.

Let R(G) = {pg : G — G,py(z) = zg,Vz € G} and Aut(G,S) = {a €
Aut(G),a(S) = S}, then Aut(G,S) is a subgroup of Aut(G) which fixes the
subset S. Let A = Aut(X), the normalizer of R(G) in A is equal to

NA(R(G)) = R(G) x Aut(G, S),

where x denotes the semidirect product of two groups. The Cayley graph
X is called normal edge-transitive or normal arc-transitive if Ny(R(G)) acts
transitively on the set of edges or arcs of X, respectively. The Cayley graph
X = Cay(G,S) is said to be normal if R(G) is normal in Aut(X), for more
details on normal Cayley graphs see [2, 4, 6, 12, 14, 15, 16].

In [2, 3] authors studied respectively normal edge-transitivity of Cayley
graphs on abelian groups of valency at most five and edge-transitivity of Cayley
graphs of valency four on non-abelian simple groups. In [5, 13] authors obtained
all normal edge-transitive Cayley graphs of valency four and in [12] the authors
classified all connected tetravalent non-normal arc-transitive Cayley graphs on
dihedral groups. Darafsheh et al. in [4] studied the normal edge-transitive Cay-
ley graphs on non-abelian groups of order 4p, where p is a prime number and
Ghorbani et al. in [8] studied hexavelant normal edge-transitive Cayley graphs
on groups of order pgr. The main results of this paper are based on three
following fundamental results:

Proposition 2.1 ([2, 14]). Let I' = Cay(G,S) be a connected Cayley graph.
Then T is normal edge-transitive if and only if Aut(G,S) is either transitive on

S or has two orbits in S in the form of T and T~', where T is a non-empty
subset of S and S =T UT™ L.

Corollary 2.2. Let I' = Cay(G,S) and H be the subset of all involutions of
the group G. If (H) # G and T is connected normal edge-transitive, then its
valency is even.

Corollary 2.3. Let I' be connected normal edge-transitive Cayley graph, then
all elements of S have the same order.

Let p > g > r be three primes greater than 2. Due to Corollary 2.2, we
consider the tetravalent normal edge-transitive Cayley graphs of order pgr.

3. Main results

Here, for easily a normal edge-transitive Cayley graph is denoted by N ET Cay-
ley graph. Let p > ¢ be two prime numbers such that ¢|p — 1. A non-abelian



630 M. GHORBANI, M. SONGHORI anxp M. RAJABI PARSA

group of order pg with the following presentation is called a Frobenius group:

1

Fog=(z,y: 2P =y! =1,y 2y =z"),

where u? = 1 (mod p), see [10]. Let p > g > r be prime numbers, in [9] all
groups of order pgr are determined and in [7] the following structures are given

G1 = Zpg,G2=Fpqr(qrlp—1),Gs = Zr x Fpq(qlp — 1),
Gy = Zp X Fyp(rlg—1),Gs = Zq X Fpp(rlp — 1),
Gays = (vy,z:aP =yl =2" =lay=yx,c 'yz =y" 2 'wz = a"),

where 7|p — 1,g — 1,u" =1 (mod q) and v" =1 (mod p)(1 < d <r —1).

For graph I, let X be a subgroup of Aut(I'), I is called X-vertex-transitive
or X-edge-transitive, if X is transitive on the set of vertices or the set of edges,
respectively.

Theorem 3.1. Let I' = Cay(G, S) be a tetravalent X- normal edge-transitive
Cayley graph, where G is a cyclic group and |G| = pqr (p,q,r are odd prime
numbers). Let 1 be the vertex corresponding to the identity element. Then

i) T is (X,1)- transitive and S = {g, 9", 97", 9""},
ii) X1 <7ZoxZo and S ={g,97,g7 1, (g7 )7}, where o() = 2.

Proof. i) Let | = pgr and k be an integer, where k> = —1(mod pqr). Then
G has an automorphism p with p(g) = ¢ and p%(g9) = k. Suppose S =
{g,gk,gk2,gk3}, thus S = {g,¢", g7, 97"} and so X = G x Z4. This means that
I' is (X, 1)-transitive.

ii) Let | has two odd factors. Let 7 € Aut(G) and 7(g) = g~ !. Then Aut(G

~—

contains an automorphism o € Aut(G)\ {7} such that o7 = 70. Let o(g) = ¢*
where k2 = 1 (mod ). Let S = {g,g7',¢"% g7}, then X = G x (0,7) =
Zy % (Zo X Zs) and so I' is X-NET Cayley graph. O

Proposition 3.2 ([8]). Let G is a finite group and S be a subset of G where
G = (S) and |S| =4. Then Aut(G,S) is a subgroup of Dsg.

Let H, be the hyper-cube graph of dimension n. The graph I' = H,} can be
defined as follows:

HI =H,+E', where E' = {{z,y};z;y € V(H,),d(x,y) = n}.

For given group G and positive integer d, by G we mean the direct product
group G x - - - X G(d times). Let n,m, k and ¢ be positive integers with m|n,n =
mk,n>3,m>1,(t,k) =1land 0 <t <k—1. Let G = Zy, X Zy, = {a) x (b)
and S; = {a;a"';a'b;a"'b"'}. We denote the Cayley graph Cay(G;S;) by
AC(n,m,t) which is a tetravalent graph. The wreath product of two groups G
and H is also denoted by G H.
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Theorem 3.3 ([1]). Let ' = Cay(G, S) be a Cayley graph on non-cyclic abelian
group G with regarding to connecting set S of valency at most 5. Then T' is
normal edge-transitive if one of the following happens:

1. G = {ay,a2, - ,aq) = 74,8 = {a1,a2, -+ ,aq}, T = Hg, Aut(T') = Sy
Sy =89 :8,, ford=2,3, and 4.

2. G = (a1, a2, ,aq) = 28,8 = {a1,a2,"- ,aq,a1,02, - ,aq},T = HJ,
Aut(T") =2 S22 8441, for d = 2,3, and 4.

3. G={ay,as, - ,aq) = Z% wheren >3, S = {al,afl,ag,agl,...,ad,agl},
I' = AC(n,n,0) , for d =2. Also if n = 4, then I" is non-normal and for
n>3,n#4,T is normal.

4. I'=AC(2m,m,1) for m > 3.
5. T = AC(n,m,w) for k >3 and w? = £1 (mod k).

6. G =T xZy = {a)x (b), m >3, m # 4, m is even, S = {a,ab,a™ ', a= b},
I'=AC(m,2,£1) = C,,[2K1], Aut(I") = Z2 ! Doy,.

Due to Theorems 3.1 and 3.3, we focous only on non-abelian groups.

Lemma 3.4 ([8]). Let p is a prime number and q | p — 1, then Aut(F),,) =
Fyp1.

Theorem 3.5 ([8]). Let G = F,, and S = {b'a™,bia", (bia™)" 1, (b'a™) "1}, If
the Cayley graph I' = Cay(G,S) is NET, then Aut(G,S) = Zs.

Theorem 3.6 ([8]). Let S = {cba™, (cba™)~ !, cba™, (cba™)~t}. If Cay(Gs,S)
is NET Cayley graph, then Aut(Gs,S) = Zs.

A similar discussion shows that Aut(G4,S) = Aut(Gs,S) = Zy. Consider
the group Gg and put S = {c,c™t, cbla’, (cbla®)~'}, if B € Aut(Gg) is an au-
tomorphism such that (c) = cbla® and B(cb'a®) = ¢, then necessarily ((a) =
a™*,B(b) = b=" and B(c) = cb'a® (1 <1 < q,1 < s < p). This means that
0(8) = 2. On the other hand, an automorphism of G maps c to ¢! or (cb'a®) L.
Hence Aut(Gg, S) = (). Therefore, we proved the following theorem:

Theorem 3.7. Let I' = Cay(Gg, S) be NET Cayley graph with the connecting
set S = {c,c 1, cbla®, (cbla®)71}, then Aut(Gg, S) = Zs.

Corollary 3.8. Let G be a non-cyclic group of order pgr and T' = Cay(G, S)
be tetravalent NET Cayley graph, then Aut(G,S) = Zs.



632 M. GHORBANI, M. SONGHORI anxp M. RAJABI PARSA

3.1 Groups of order pg?

In [9] it is proved that there are five groups of order pg? (p > ¢) with following
structures:

Hy = ZypxZp,Hy="ZLyx (Lgx Lq),Hs =Ly x Fpq (qlp — 1),
Hy = F,p (¢*lp—1),Hs = (a,b: aP = b = Lblab=a", 7" =1 (mod p)).

By using Theorems 3.1 and 3.2, one can compute easily Aut(H,S), where
H = H, or H = H,. For non-abelian group Hs, we have the following theorem.

Theorem 3.9. Let S = {c,c !, abe, (abc)™1} be a connecting set of group Hs,
then Cayley graph T' = Cay(Hs, S) is NET and Aut(Hs,S) = Zs.

Proof. Let S = {c,c™!,abc, (abc)~1}, we show that Aut(Hs,S) has two orbits
on S. Let a € Aut(Hz,S) and a(a) = a’,a(b) = ¥ and alc) = a¥blec (1 <
i1 <p—-1,1<j<qg—-1,0<k<p—1,0<1<qg—1). It is not difficult
to see that if a(c tac) = a(a'), where o(t) = ¢ in Zj, then a* = @' and so
k=1. If I = 1 then a(c) = abe. On the other hand, suppose a(abc) = ¢! then
ca® it = ¢=1 a contradiction. Also, it is obvious that a(c) # (abc)™! and so

Aut(Hs, S) on S has two orbits. This completes the proof. O

Theorem 3.10. Let I' = Cay(Hs, S) be tetravalent NET Cayley graph, then
S = {ambnch’ (almbnch)—l’arbnch7 (arbnch)—l}_
Proof. Let S = {a™b"c", (a™b"c")~1 a"b*c/, (a"b*c/ )71} and o € Aut(Hs, S),
then « is as given in Theorem 3.9.
Clearly, a(a™b"ch) = a”b*c/ and thus a™Hh—7chgh ™ o rt)pnitlh — ofps,
By a similar method, if a(a"b*c/) = a™b"c", then we have nj+1h = s (mod q)
and sj +If = n (mod q). So (n—s)(j+1)+1(h— f) =0 (mod ¢). On the

other hand, g — h = —f (mod ¢) and ¢ — f = —h (mod q). Then h = f and
ql(n—s)(j+1). It yields that n = s (mod q) or j = —1 (mod q). This completes
the proof. O

Theorem 3.11. The Cayley graph I' = Cay(Hy, S) is not NET, where S =
{aibqlirl’ (aibqkﬁl)fl,ajbqkzﬂ’ (ajbqszrl)*l}’ k1 # ko.

Proof. Let a(a) = al,a(a) = afb®, where 1 < L,k < p—1land 0 < s <
¢*> — 1. Similar to the proof of Theorem 3.10, one can see that s = 1. We
show that there is no a € Aut(Hy, S) such that o(a) # 1. Let a(a’b?1+1) =
alb*2 1 Hence, qilth(r ! r= ™ ekl — gipakatl where o(r) = ¢2. It can
be verified that il + k(r=! 4 ...r~ %1 =)ptk1+l = 4 (mod p) and gk + 1 =
qk2 + 1 (mod ¢?) which is a contradiction. Now, assume that a(a’b?1+1) =
(alb®1+1) =1 thug @itk Fer Mgkt = —ir™ Ty —gki—1 g contradiction.
By a similar method, if a(a’b?1%1!) = (a/b%2+1)~1 then

‘ 1 —qki—1 ipakotl, o
azlJrk(r +..r 1 )bqk1+1:a jrar2 b qka—1

and so ¢%|q(k1 + k2) + 2, a contradiction. This means that Aut(Hy, S) = id. O
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Theorem 3.12. I' = Cay(Hy, S) is tetravalent NET if and only if S = {a"™b",
(amb”)_l, aTbn’ (arbn)—l}.

Proof. If a € Aut(H,) then necessarily a(a) = a' and a(b) = a’b, where
1<i<p—1landl < j < p. Inparticular, there is no automorphism of H, where
a(b) = b~!. Now assume that a(a™b") = b="a™™, then b"q(mt)s" +i(s" 4. +s)
= b""a”™, where o(s) = ¢* in Z3. It yields 2n = 0 (mod ¢?), contradiction.
Finally, if a(a™b") = a’bt, then b ta(miti)s"+i(s" " +ts) — p=tqrpt Hence,
n—t=0 (mod ¢*). By a similar method, if a(a"b') = b™a", then

{(mz + )8 +j(s" — 1) —rst =0 (mod p)
(ri+7)s" +j(s" —1) —ms" =0 (mod p)

So s"(m —r)(i+ 1) = 0 (mod p). Hence i = —1 (mod p). In this case,
Aut(Hy, S) has two orbits on S and the proof is completed. O

Theorem 3.13. The Cayley graph T' = Cay(Hs, S) is NET, if S = {a’b"t1,
afirbfkqfl, ajbkq“, afjrbfkqfl}'

Proof. Let S = {a'b?+1 a="b=9k=1 gipah+l q=irp=ak=11 it is not difficult to
show that b9 € Z(Hs) and a’b (0 <i <p—1,1<j < ¢*>—1) is of order ¢%. Let
a € Aut(Hs, S) and a(a) = a!, a(b) = a*b?*! where 1 <l,s <p—land 1 <t <
q— 1. We claim that there is no a € Aut(Hs, S) where a(a’b?+1) = g~ rp=ak—1,
otherwise a(a’b?+1) = giltspalk+O+1 then gitspalk+tt)+1 — g=irp—ak—1 Qo j] 4
s = —ir (mod p) and q(k+t)+1 = —qk—1 (mod ¢?). Similarly, a(a="b"%~1) =
a~rl=srp=at=ak+1l and so —irl—sr = i (mod p) and—qt —qk+1 = gk+1 (mod ¢?).
But in this case, 2 = 0 (mod ¢?), a contradiction. It can be shown there
is a € Aut(Hs, S) where a(a’b?**1) = ¢=9"p=%~1 Hence Aut(Hs,S) is not
transitive on S. Let a(a’b?t1) = a7b%+1 then atspabt0+1 — giptktl and
sot = 0. On the other hand, a(aTsbet*t1) = qi*+5!(g5p)2*+1 which means
il +slspaktl — 4ipdh+l and by a similar method, if a(a7b% 1) = aib%+1 then
we have il + s = j (mod p),il? + sl + s =i (mod p), and jl + s =i (mod p). It
follows that [(i — j) 4+ (i —j) = 0 (mod p) and thus [ = (p—1) (mod p), i+j = s.
This completes the proof. O

Corollary 3.14. Let G be a non-abelian group of order pg®> and I’ = Cay(G, S)
is NET tetravalent Cayley graph, then Aut(G,S) = Zs.

3.2 Groups of order p3

Let X = Cay(G,S) be a connected tetravalent NET Cayley graph on non-
abelian group G of order p3, where G = (S), S~! = S and |S| = 4. By [5,
Corollary 3.2], X is normal, hence Aut(X); = Aut(G, S) and by Proposition 3.2.
Aut(G, S) < Dg. Consequently 2 or 4 divides |Aut(G, S)|. By the elementary
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group theory, there are two non-abelian groups of order p?

Ky (p%) = (a,bla” =P = 1,b~"ab = a?*"),
Kg(p3) = (a,b,cla? =P =P =1,a,b] = ¢, |a,c] = [b,c] =1).

Theorem 3.15. Let I' = Cay(K1,S) and S = {a/t', (a/b)),a"b%, (a"b%) "}
then Aut(Ky,S) = id.

Proof. Let Aut(K1,S) % id, it is not difficult to see that the following map
is an automorphism of Aut(Ki): a(a) = a'¥/ 0 < j < p—1,(i,p?) = 1 and
a(b) = aP*b, 0 < k < p— 1. Since « is an automorphism, a(b~tab) = a(aPt!) =
(a'b))P+1 = ¢*P*+Dpi . On the other hand, a(b~ab) = a(b~)a(a)a(b). Tt is easy
to see that a(b~'ab) = a’PtVbI. If p = 3 (mod 4), then 4 { |Aut(K)|, because
|Aut(K1)| = p3(p—1). If p =1 (mod 4), then we show there is no an element of
order four in Aut(K7), too. To do this assume S = {afb', (a/b))~1, a"b%, (a"b*)71}.
Let a(a"b®) = a((a"b®)~1), then bitsqrp+hititr — =7 5 contradiction.
Also, if a(afb') = a(a"b?) then (a'b?)faPHb' =5 = a” and so bf7 gk PH1i+p+pkipl —
a’b®. Hence we have bfitl=sgk(p+Ditiptpkl — v Similarly, let a(a"b®) =
a(ab'), then i = 0, a contradiction, since o(a) # o(b/), ( o(z) denotes the order
of z in K7). This means that Aut(K7,S) has no element of order two. Conse-
quently it has no element of order four which yields that Aut(K;,5) = id. O

Let G = K9 = (x,y), where o(z) = o(y) = p. Since [z,y] € Z(K2) = (c),
we have f(a) = z,8(b) = y and B(c) = [z,y], where f € Aut(K3). Two
following maps are elements of Aut(K2) : ai(a) = b,a1(b) = a and a;(c) = ¢
and as(a) = b,as(b) = a ' as(c) = ¢. Clearly, a1, as € Aut(Ks,S) and
(a1, ) = Dg. On the other hand, Aut(Ko,S) is a subgroup of dihedral group
Dg and so Aut(Ks,S) = Dg. So we proved the following theorem.

Theorem 3.16. Let X = Cay(Ky,S) is NET Cayley graph. Then Aut(Ks,S)
is isomorphic with group Dg, where S = {a/V!, (a’b) ™1, ab%, (a”b%)~1}.

Theorem 3.17. Let G be a group of order pgr and X = Cay(G,S) is a tetrava-
lent NET Cayley graph. Then

i) if p> q > r are three primes or p = q > r, then Aut(G,S) = Zs,

i1) if p=q =r, then Aut(G,S) = id or Dg.
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