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Abstract. The Cayley graph X = Cay(G,S) on group G with respect to connection
set S is normal edge-transitive, if NAut(X)(R(G)) acts transitively on edge set. In
this paper we determine the structure of automorphism group of all tetravalent normal
edge-transitive Cayley graphs of order pqr.
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1. Introduction

All graphs considered here are finite, simple, undirected and connected. The
vertex set and the edge set of graph Γ are denoted by V (Γ) and E(Γ), respec-
tively. An automorphism of graph Γ is a mapping from the vertices of Γ back to
vertices of Γ such that the resulting graph is isomorphic with Γ. The set of all
automorphisms of Γ under the composition of mappings forms a group known
as the automorphism group denoted by Aut(Γ). Among all graphs, determin-
ing the automorphism group of Cayley graphs is a very difficult task. Thus,
the majority of this research has been focused on normal edge-transitive Cayley
graphs. Due to the complexity, this article only briefly examines properties of
Cayley graphs of order pqr, where p, q, r are prime numbers.

Here, in the next section, we give the necessary definitions and some pre-
liminary results. Section three contains main results of this paper and the
automorphism group of Cayley graphs of order pqr is verified in this section.

∗. Corresponding author
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2. Definitions and preliminaries

The non-empty set S ⊆ G is symmetric connecting set if S generates the group,
1 ̸∈ S and S = S−1. The Cayley graph X = Cay(G,S) has the vertex set
V (X) = G and edge set E(X) = {(g, sg)|g ∈ G, s ∈ S}. Let S be a generating
set of G, it is a well-known fact that X is connected.

Let R(G) = {ρg : G → G, ρg(x) = xg, ∀x ∈ G} and Aut(G,S) = {α ∈
Aut(G), α(S) = S}, then Aut(G,S) is a subgroup of Aut(G) which fixes the
subset S. Let A = Aut(X), the normalizer of R(G) in A is equal to

NA(R(G)) = R(G)oAut(G,S),

where o denotes the semidirect product of two groups. The Cayley graph
X is called normal edge-transitive or normal arc-transitive if NA(R(G)) acts
transitively on the set of edges or arcs of X, respectively. The Cayley graph
X = Cay(G,S) is said to be normal if R(G) is normal in Aut(X), for more
details on normal Cayley graphs see [2, 4, 6, 12, 14, 15, 16].

In [2, 3] authors studied respectively normal edge-transitivity of Cayley
graphs on abelian groups of valency at most five and edge-transitivity of Cayley
graphs of valency four on non-abelian simple groups. In [5, 13] authors obtained
all normal edge-transitive Cayley graphs of valency four and in [12] the authors
classified all connected tetravalent non-normal arc-transitive Cayley graphs on
dihedral groups. Darafsheh et al. in [4] studied the normal edge-transitive Cay-
ley graphs on non-abelian groups of order 4p, where p is a prime number and
Ghorbani et al. in [8] studied hexavelant normal edge-transitive Cayley graphs
on groups of order pqr. The main results of this paper are based on three
following fundamental results:

Proposition 2.1 ([2, 14]). Let Γ = Cay(G,S) be a connected Cayley graph.
Then Γ is normal edge-transitive if and only if Aut(G,S) is either transitive on
S or has two orbits in S in the form of T and T−1, where T is a non-empty
subset of S and S = T ∪ T−1.

Corollary 2.2. Let Γ = Cay(G,S) and H be the subset of all involutions of
the group G. If ⟨H⟩ ̸= G and Γ is connected normal edge-transitive, then its
valency is even.

Corollary 2.3. Let Γ be connected normal edge-transitive Cayley graph, then
all elements of S have the same order.

Let p > q > r be three primes greater than 2. Due to Corollary 2.2, we
consider the tetravalent normal edge-transitive Cayley graphs of order pqr.

3. Main results

Here, for easily a normal edge-transitive Cayley graph is denoted by NET Cay-
ley graph. Let p > q be two prime numbers such that q|p − 1. A non-abelian
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group of order pq with the following presentation is called a Frobenius group:

Fp,q = ⟨x, y : xp = yq = 1, y−1xy = xu⟩,

where uq ≡ 1 (mod p), see [10]. Let p > q > r be prime numbers, in [9] all
groups of order pqr are determined and in [7] the following structures are given

G1 = Zpqr, G2 = Fp,qr(qr|p− 1), G3 = Zr × Fp,q(q|p− 1),

G4 = Zp × Fq,r(r|q − 1), G5 = Zq × Fp,r(r|p− 1),

Gd+5 = ⟨x, y, z : xp = yq = zr = 1, xy = yx, c−1yz = yu, z−1xz = xv⟩,

where r|p− 1, q − 1, ur ≡ 1 (mod q) and vr ≡ 1 (mod p)(1 ≤ d ≤ r − 1).
For graph Γ, let X be a subgroup of Aut(Γ), Γ is called X-vertex-transitive

or X-edge-transitive, if X is transitive on the set of vertices or the set of edges,
respectively.

Theorem 3.1. Let Γ = Cay(G,S) be a tetravalent X- normal edge-transitive
Cayley graph, where G is a cyclic group and |G| = pqr (p, q, r are odd prime
numbers). Let 1 be the vertex corresponding to the identity element. Then

i) Γ is (X, 1)- transitive and S = {g, gρ, gρ2 , gρ3},

ii) X1 ≤ Z2 × Z2 and S = {g, gτ , g−1, (g−1)τ}, where o(τ) = 2.

Proof. i) Let l = pqr and k be an integer, where k2 ≡ −1(mod pqr). Then
G has an automorphism ρ with ρ(g) = gk and ρ2(g) = gk

2
. Suppose S =

{g, gk, gk2 , gk3}, thus S = {g, gk, g−1, g−k} and so X = GoZ4. This means that
Γ is (X, 1)-transitive.

ii) Let l has two odd factors. Let τ ∈ Aut(G) and τ(g) = g−1. Then Aut(G)
contains an automorphism σ ∈ Aut(G) \ {τ} such that στ = τσ. Let σ(g) = gk

where k2 ≡ 1 (mod l). Let S = {g, g−1, gk, g−k}, then X = G o ⟨σ, τ⟩ ∼=
Zl o (Z2 × Z2) and so Γ is X-NET Cayley graph.

Proposition 3.2 ([8]). Let G is a finite group and S be a subset of G where
G = ⟨S⟩ and |S| = 4. Then Aut(G,S) is a subgroup of D8.

Let Hn be the hyper-cube graph of dimension n. The graph Γ = H+
n can be

defined as follows:

H+
n = Hn + E′, where E′ = {{x, y};x; y ∈ V (Hn), d(x, y) = n}.

For given group G and positive integer d, by Gd we mean the direct product
group G×· · ·×G(d times). Let n,m, k and t be positive integers with m|n, n =
mk, n ≥ 3,m > 1, (t, k) = 1 and 0 ≤ t ≤ k − 1. Let G = Zn × Zm = ⟨a⟩ × ⟨b⟩
and St = {a; a−1; atb; a−tb−1}. We denote the Cayley graph Cay(G;St) by
AC(n,m, t) which is a tetravalent graph. The wreath product of two groups G
and H is also denoted by G ≀H.
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Theorem 3.3 ([1]). Let Γ = Cay(G,S) be a Cayley graph on non-cyclic abelian
group G with regarding to connecting set S of valency at most 5. Then Γ is
normal edge-transitive if one of the following happens:

1. G = ⟨a1, a2, · · · , ad⟩ ∼= Zd
2 , S = {a1, a2, · · · , ad},Γ = Hd, Aut(Γ) ∼= S2 ≀

Sd = Sd
2 : Sd, for d = 2, 3, and 4.

2. G = ⟨a1, a2, · · · , ad⟩ ∼= Zd
2 , S = {a1, a2, · · · , ad, a1, a2, · · · , ad},Γ = H+

d ,
Aut(Γ) ∼= S2 ≀ Sd+1, for d = 2, 3, and 4.

3. G = ⟨a1, a2, · · · , ad⟩ ∼= Zd
n, where n ≥ 3, S = {a1, a−1

1 , a2, a
−1
2 , ..., ad, a

−1
d },

Γ = AC(n, n, 0) , for d = 2. Also if n = 4, then Γ is non-normal and for
n ≥ 3, n ̸= 4, Γ is normal.

4. Γ = AC(2m,m, 1) for m ≥ 3.

5. Γ = AC(n,m,w) for k ≥ 3 and w2 ≡ ±1 (mod k).

6. G = Zm×Z2 = ⟨a⟩×⟨b⟩, m ≥ 3, m ̸= 4, m is even, S = {a, ab, a−1, a−1b},
Γ = AC(m, 2,±1) = Cm[2K1], Aut(Γ) = Z2 ≀D2m.

Due to Theorems 3.1 and 3.3, we focous only on non-abelian groups.

Lemma 3.4 ([8]). Let p is a prime number and q | p − 1, then Aut(Fp,q) ∼=
Fp,p−1.

Theorem 3.5 ([8]). Let G = Fp,q and S = {biam, bian, (biam)−1, (bian)−1}. If
the Cayley graph Γ = Cay(G,S) is NET , then Aut(G,S) ∼= Z2.

Theorem 3.6 ([8]). Let S = {cbam, (cbam)−1, cban, (cban)−1}. If Cay(G3, S)
is NET Cayley graph, then Aut(G3, S) ∼= Z2.

A similar discussion shows that Aut(G4, S) ∼= Aut(G5, S) ∼= Z2. Consider
the group G6 and put S = {c, c−1, cblas, (cblas)−1}, if β ∈ Aut(G6) is an au-
tomorphism such that β(c) = cblas and β(cblas) = c, then necessarily β(a) =
a−s, β(b) = b−l and β(c) = cblas (1 ≤ l ≤ q, 1 ≤ s ≤ p). This means that
o(β) = 2. On the other hand, an automorphism of G6 maps c to c−1 or (cblas)−1.
Hence Aut(G6, S) ∼= ⟨β⟩. Therefore, we proved the following theorem:

Theorem 3.7. Let Γ = Cay(G6, S) be NET Cayley graph with the connecting
set S = {c, c−1, cblas, (cblas)−1}, then Aut(G6, S) ∼= Z2.

Corollary 3.8. Let G be a non-cyclic group of order pqr and Γ = Cay(G,S)
be tetravalent NET Cayley graph, then Aut(G,S) ∼= Z2.
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3.1 Groups of order pq2

In [9] it is proved that there are five groups of order pq2 (p > q) with following
structures:

H1 = Zp × Zq2 ,H2 = Zp × (Zq × Zq),H3 = Zq × Fp,q (q|p− 1),

H4 = Fp,q2 (q2|p− 1),H5 = ⟨a, b : ap = bq
2
= 1, b−1ab = ar, rq ≡ 1 (mod p)⟩.

By using Theorems 3.1 and 3.2, one can compute easily Aut(H,S), where
H ∼= H1 or H ∼= H2. For non-abelian group H3, we have the following theorem.

Theorem 3.9. Let S = {c, c−1, abc, (abc)−1} be a connecting set of group H3,
then Cayley graph Γ = Cay(H3, S) is NET and Aut(H3, S) ∼= Z2.

Proof. Let S = {c, c−1, abc, (abc)−1}, we show that Aut(H3, S) has two orbits
on S. Let α ∈ Aut(H3, S) and α(a) = ai, α(b) = bj and α(c) = akblc (1 ≤
i ≤ p − 1, 1 ≤ j ≤ q − 1, 0 6 k 6 p − 1, 0 6 l 6 q − 1). It is not difficult

to see that if α(c−1ac) = α(at), where o(t) = q in Z∗
p, then ait

k
= ati and so

k = 1. If l = 1 then α(c) = abc. On the other hand, suppose α(abc) = c−1 then
cakt+ibj+l = c−1, a contradiction. Also, it is obvious that α(c) ̸= (abc)−1 and so
Aut(H3, S) on S has two orbits. This completes the proof.

Theorem 3.10. Let Γ = Cay(H3, S) be tetravalent NET Cayley graph, then
S = {ambnch, (ambnch)−1, arbnch, (arbnch)−1}.

Proof. Let S = {ambnch, (ambnch)−1, arbscf , (arbscf )−1} and α ∈ Aut(H3, S),
then α is as given in Theorem 3.9.

Clearly, α(ambnch) = arbscf and thus ami+k−rchak(t
h−1+...+t)bnj+lh = cfbs.

By a similar method, if α(arbscf ) = ambnch, then we have nj+lh ≡ s (mod q)
and sj + lf ≡ n (mod q). So (n − s)(j + 1) + l(h − f) ≡ 0 (mod q). On the
other hand, q − h ≡ −f (mod q) and q − f ≡ −h (mod q). Then h = f and
q|(n−s)(j+1). It yields that n ≡ s (mod q) or j ≡ −1 (mod q). This completes
the proof.

Theorem 3.11. The Cayley graph Γ = Cay(H4, S) is not NET, where S =
{aibqk1+1, (aibqk1+1)−1, ajbqk2+1, (ajbqk2+1)−1}, k1 ̸= k2.

Proof. Let α(a) = al, α(a) = akbs, where 1 6 l, k 6 p − 1 and 0 6 s 6
q2 − 1. Similar to the proof of Theorem 3.10, one can see that s = 1. We
show that there is no α ∈ Aut(H4, S) such that o(α) ̸= 1. Let α(aibqk1+1) =

ajbqk2+1. Hence, ail+k(r−1+...r−qk1−1)bqk1+1 = ajbqk2+1, where o(r) = q2. It can
be verified that il + k(r−1 + . . . r−qk1−1)bqk1+1 ≡ j (mod p) and qk1 + 1 ≡
qk2 + 1 (mod q2) which is a contradiction. Now, assume that α(aibqk1+1) =

(aibqk1+1)−1, thus ail+k(r−1+...r−qk1−1)bqk1+1 = a−irqk1+1
b−qk1−1, a contradiction.

By a similar method, if α(aibqk1+1) = (ajbqk2+1)−1, then

ail+k(r−1+...r−qk1−1)bqk1+1 = a−jrqk2+1
b−qk2−1

and so q2|q(k1+ k2)+ 2, a contradiction. This means that Aut(H4, S) ∼= id.



NORMAL EDGE-TRANSITIVE CAYLEY GRAPHS ... 633

Theorem 3.12. Γ = Cay(H4, S) is tetravalent NET if and only if S = {ambn,
(ambn)−1, arbn, (arbn)−1}.

Proof. If α ∈ Aut(H4) then necessarily α(a) = ai and α(b) = ajb, where
1 6 i 6 p−1 and 1 6 j 6 p. In particular, there is no automorphism ofH4 where
α(b) = b−1. Now assume that α(ambn) = b−na−m, then bna(mi+j)sn+j(sn−1+...+s)

= b−na−m, where o(s) = q2 in Z∗
p. It yields 2n ≡ 0 (mod q2), contradiction.

Finally, if α(ambn) = arbt, then bn−ta(mi+j)sn+j(sn−1+...+s) = b−tarbt. Hence,
n− t ≡ 0 (mod q2). By a similar method, if α(arbt) = bman, then{

(mi+ j)sn + j(sn − 1)− rst ≡ 0 (mod p)

(ri+ j)sn + j(sn − 1)−msn ≡ 0 (mod p)
.

So sn(m − r)(i + 1) ≡ 0 (mod p). Hence i ≡ −1 (mod p). In this case,
Aut(H4, S) has two orbits on S and the proof is completed.

Theorem 3.13. The Cayley graph Γ = Cay(H5, S) is NET, if S = {aibkq+1,
a−irb−kq−1, ajbkq+1, a−jrb−kq−1}.

Proof. Let S = {aibqk+1, a−irb−qk−1, ajbqk+1, a−jrb−qk−1}, it is not difficult to
show that bq ∈ Z(H5) and aibj(0 ≤ i ≤ p− 1, 1 ≤ j ≤ q2 − 1) is of order q2. Let
α ∈ Aut(H5, S) and α(a) = al, α(b) = asbqt+1 where 1 ≤ l, s ≤ p−1 and 1 ≤ t ≤
q−1. We claim that there is no α ∈ Aut(H5, S) where α(a

ibqk+1) = a−irb−qk−1,
otherwise α(aibqk+1) = ail+sbq(k+t)+1, then ail+sbq(k+t)+1 = a−irb−qk−1. So il +
s ≡ −ir (mod p) and q(k+t)+1 ≡ −qk−1 (mod q2). Similarly, α(a−irb−qk−1) =
a−irl−srb−qt−qk+1 and so −irl−sr ≡ i (mod p) and−qt−qk+1 ≡ qk+1 (mod q2).
But in this case, 2 ≡ 0 (mod q2), a contradiction. It can be shown there
is α ∈ Aut(H5, S) where α(aibqk+1) = a−jrb−qk−1. Hence Aut(H5, S) is not
transitive on S. Let α(aibqk+1) = ajbqk+1, then ail+sbq(k+t)+1 = ajbqk+1 and
so t = 0. On the other hand, α(ail+sbqk+1) = ail

2+sl(asb)qk+1 which means
ail

2+sl+sbqk+1 = aibqk+1 and by a similar method, if α(ajbqk+1) = aibqk+1, then
we have il + s ≡ j (mod p), il2 + sl + s = i (mod p), and jl + s ≡ i (mod p). It
follows that l(i− j)+(i− j) ≡ 0 (mod p) and thus l ≡ (p−1) (mod p), i+ j = s.
This completes the proof.

Corollary 3.14. Let G be a non-abelian group of order pq2 and Γ = Cay(G,S)
is NET tetravalent Cayley graph, then Aut(G,S) ∼= Z2.

3.2 Groups of order p3

Let X = Cay(G,S) be a connected tetravalent NET Cayley graph on non-
abelian group G of order p3, where G = ⟨S⟩, S−1 = S and |S| = 4. By [5,
Corollary 3.2], X is normal, hence Aut(X)1 = Aut(G,S) and by Proposition 3.2.
Aut(G,S) ≤ D8. Consequently 2 or 4 divides |Aut(G,S)|. By the elementary
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group theory, there are two non-abelian groups of order p3

K1(p
3) = ⟨a, b|ap2 = bp = 1, b−1ab = ap+1⟩,

K2(p
3) = ⟨a, b, c|ap = bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1⟩.

Theorem 3.15. Let Γ = Cay(K1, S) and S = {afbl, (afbl)−1, arbs, (arbs)−1}
then Aut(K1, S) ∼= id.

Proof. Let Aut(K1, S) ̸∼= id, it is not difficult to see that the following map
is an automorphism of Aut(K1): α(a) = aibj 0 ≤ j ≤ p − 1, (i, p2) = 1 and
α(b) = apkb, 0 ≤ k ≤ p−1. Since α is an automorphism, α(b−1ab) = α(ap+1) =
(aibj)p+1 = ai(p+1)bj . On the other hand, α(b−1ab) = α(b−1)α(a)α(b). It is easy
to see that α(b−1ab) = ai(p+1)bj . If p ≡ 3 (mod 4), then 4 - |Aut(K1)|, because
|Aut(K1)| = p3(p− 1). If p ≡ 1 (mod 4), then we show there is no an element of
order four inAut(K1), too. To do this assume S = {afbl, (afbl)−1, arbs, (arbs)−1}.

Let α(arbs) = α((arbs)−1), then brj+sar(p+1)i+ip+r = a−r, a contradiction.
Also, if α(afbl) = α(arbs) then (aibj)fapklbl−s = ar and so bfjak(p+1)i+ip+pklbl =
arbs. Hence we have bfj+l−sak(p+1)i+ip+pkl = ar. Similarly, let α(arbs) =
α(afbl), then i = 0, a contradiction, since o(a) ̸= o(bj), ( o(x) denotes the order
of x in K1). This means that Aut(K1, S) has no element of order two. Conse-
quently it has no element of order four which yields that Aut(K1, S) ∼= id.

Let G = K2 = ⟨x, y⟩, where o(x) = o(y) = p. Since [x, y] ∈ Z(K2) = ⟨c⟩,
we have β(a) = x, β(b) = y and β(c) = [x, y], where β ∈ Aut(K2). Two
following maps are elements of Aut(K2) : α1(a) = b, α1(b) = a and α1(c) = c
and α2(a) = b, α2(b) = a−1, α2(c) = c. Clearly, α1, α2 ∈ Aut(K2, S) and
⟨α1, α2⟩ ∼= D8. On the other hand, Aut(K2, S) is a subgroup of dihedral group
D8 and so Aut(K2, S) ∼= D8. So we proved the following theorem.

Theorem 3.16. Let X = Cay(K2, S) is NET Cayley graph. Then Aut(K2, S)
is isomorphic with group D8, where S = {afbl, (afbl)−1, arbs, (arbs)−1}.

Theorem 3.17. Let G be a group of order pqr and X = Cay(G,S) is a tetrava-
lent NET Cayley graph. Then

i) if p > q > r are three primes or p = q > r, then Aut(G,S) ∼= Z2,
ii) if p = q = r, then Aut(G,S) ∼= id or D8.
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[9] H. Hölder, Die Gruppen der Ordnungen p3, pq2, pqr, p4, Math. Ann., xliii,
(1893), 371–410.

[10] G. James and M. Liebeck, Representation and Characters of Groups, Cam-
bridge University Press, Cambridge, 1993.

[11] P. Jiang Min, L. Yin, H. ZhaoHong and L. ChenLong, Tetravalent edge-
transitive graphs of order p2q, Science China Mathematics, 57 (2014), 293–
302.
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