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Abstract. The method of time series analysis is widely used in many fields of science,
engineering, finance and economics etc, and fitting a time series model accurately is
the important basis of time series analysis. Based on the Bayesian statistical theory,
this paper presents a Bayesian method which can identify an ARMA (autoregressive
moving-average) model and estimate the model parameters simultaneously. Firstly, in
order to determine the orders of the ARMA model, an identification model with the
recognition variables is constructed. Moreover, the problem of determining the orders
of the ARMA model is transformed into two sets of hypothesis tests. By the principle of
Bayesian hypothesis testing, it is suggested to solve the above hypothesis test problems
by calculating the posterior probabilities of the hypotheses. However, due to the large
number of the unknown parameters in the identification model, this paper proposes to
obtain the samples by Gibbs sampling and then calculate the posterior probabilities of
the hypotheses, the AR coefficients, the MA coefficients and the variance of the random
errors to fit the ARMA model. Finally, in order to illustrate the good performance of
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the method proposed in this article, we design three simulation examples and compare
the results of our method with two existing methods: RJMCMC method and EACF
method. It can be found clearly that the method proposed in this paper has more
accurate results for fitting an ARMA model.

Keywords: time series, ARMA model, model fitting, Bayesian statistic, Gibbs sam-
pling.

1. Introduction

Time series analysis is a kind of method of dynamic data analysis which is widely
used in various fields, like science, engineering, finance and economics etc [1-3].
Using the time series analysis method, we must know the internal mechanism of
generating the time series data, establish the accurate time series model to fore-
cast the future values. Therefore, the establishment of an accurate time series
model on the basis of the time series data is the most fundamental and critical
part of the time series analysis. For the identification of the time series ARMA
model, many domestic and foreign scholars have done a lot of works and got a
wealth of research results. The identification methods of the time series ARMA
model can be divided into two categories. One is the non-Bayesian method, for
example, Tsay and Tiao (1984) determined the orders of the ARMA model by
using the EACF (extended autocorrelation function) method [4]; In 1985, Tsay
and Tiao proposed a canonical correlation approach for determining the orders
of the ARMA model [5], but these two methods cannot determine the orders of
the ARMA model accurately and do not think about the estimation of the model
parameters. The other is the Bayesian method. Such as Schwarz (1978) putted
forward a BIC criteria to identify the ARMA model [6], however this method
is cumbersome; Ong et al. (2005) suggested to use the genetic algorithm to
identify the ARIMA model [7], and this method includes the BIC theory and it
is also cumbersome; Ehlers and Brooks (2004) illustrated a RJ (reversible jump)
MCMC approach to select the orders of the ARIMA model and estimate the pa-
rameters simultaneously [8], but the method has an imprecise result. Therefore,
it is necessary to establish a more accurate method of identifying the ARMA
model. Based on the Bayesian statistical theory, this paper presents a Bayesian
method which can identify the ARMA model and estimate the model parame-
ters simultaneously for fitting the ARMA model exactly. The rest of the paper
is organized as follows. In section 2, an identification model based on the recog-
nition variables is established for fitting the ARMA model, and the problem
of the ARMA model identification is transformed into two sets of hypothesis
tests. What’s more, we proposed to solve the problems of hypothesis tests by
the Bayesian statistical theory. Section 3 provides the conditional posterior dis-
tributions of the unknown parameters to calculate the posterior probabilities of
the hypotheses and estimate the AR coefficients, the MA coefficients and the
variance of the random errors based on the Gibbs sampling. In section 4, a
Bayesian method of fitting an ARMA model on the basis of the Gibbs sampling
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is presented. Section 5 shows the better performances of the method proposed
in this article comparing with the other existing approaches by some simulating
examples. Finally, some conclusions are given in section 6.

2. The criterion of ARMA model identification
In general, the ARMA (p, q) model [1-3] is:

21 {as(B.).zt = 0(B)er

g i.4.d N(0,0?)
where, {z;} is the time series data, which can be recorded as X =(x1,z2, -, z,)7,
¢(B) =I—¢1B—¢paB?>—---—¢,BP, 0(B) = [—0;B—0sB*—-..—0,B9, Bisa
backshift operator such that Bz, = z4_1, p and ¢ are the autoregressive order
and the moving-average order of the model respectively, ® = (1, ¢2, - - ,gbp)T
and © = (01,09, - ,Hq)T are the autoregressive coefficients and the moving-

average coefficients of the model, respectively. {e;} is a sequence of the inde-
pendent random errors identically distributed N(0,02). To ensure the ARMA
(p,q) model being stationary and invertible, assume that all of the zeros of
¢(B)=1—¢1B— B> —---—¢,BP and (B) =1 — 61 B — 02B* —--- — 0,B1
are on or outside the unite circle.

When we use the ARMA model to fit the time series data {z;}, the model or-
ders p, ¢, the unknown parameters ® = (1, ¢2, - - ,gbp)T, © = (01,09, ,Gq)T
and the variance o2 of the random errors need to be determined.

Firstly, assume a larger family M of the ARMA models, that is M =
{ARM A(a,b),a = 0,1,--- ,e;b=0,1,--- f}. By the recognition variables [12],
an identification model is proposed as follows:

= k1121 + Kooz 1 + - kePeTi—e
(2.2) +ep — 1101641 — lolsep_9 — -+ - — lf@f&‘t_f
g i.4.d N(0,0?)

to determine the orders of the ARMA model, where K = (kq,ks,---ke) are
the recognition variables for the autoregressive items, L = (1,12, - lf) are the
recognition variables for the moving-average items, and the values of k;,i =
1,2,---e and lj,j = 1,2,--- f only can be 0 or 1. If kj=1(i = 1,2,---¢),
the ARMA model includes the i-th autoregressive item ¢;r;_;, otherwise, the
ARMA model does not include the i-th autoregressive item ¢;a;—;; if [;= 1(j =
1,2,---e), the ARMA model includes the j-th moving-average item ¢;e;_;, oth-
erwise, the ARMA model does not include the j-th moving-average item ¢;e;_;.

To determine the orders of the ARMA model, we construct the following
two sets of hypothesis test questions:

(2.3) H{ k=1, Hi k=0 (i=1,2- e
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(2.4) HY% =1, HY 1 =0 (G=1,2-,f)

For each of the above hypothesis test questions, based on the Bayesian sta-
tistical theory [13-17], after X = (41, Tmi2, > Tn)L (m = max(e, f),m <<
n) is got, we can calculate the posterior probabilities of the hypotheses:

P(H{4|X), P(H3|X), P(H|X) and P(H3%|X).

If P(Hfi\X) > P(Hé‘}i\X), the hypothesis Hfi is accepted, otherwise the
hypothesis Hﬁ‘}i is accepted; Similarly, if P(H%|X) > P(H%-|X), the hypothesis
H IMJ is accepted, otherwise the hypothesis H% is accepted.

3. Caculate the conditional posterior distributions of the unknown
parameters

Because the autoregressive coefficients, the moving-average coefficients and the
variance of the random errors in the identification model (2.2) are unknown,
it is difficult to calculate directly the posterior probabilities of the hypotheses.
Therefore we need to use the Gibbs sampling method [18-20] to get the samples
based on the condition posterior distributions of the unknown parameters in
the identification model, and then calculate the posterior probabilities of the
hypotheses so as to determine the orders of the ARMA model and estimate the
unknown parameters.

3.1 Determine the prior distributions of the unknown parameters

When calculating the conditional posterior distributions of the unknown param-
eters, the priori distributions of the unknown parameters are required. By the
selection methods of the prior distribution [12], the prior distributions of the
unknown parameters are given as follows.

Because the values of k;,7 = 1,2,---e and [;,j7 = 1,2,--- f only can be
0 or 1, we take the Bernoulli distribution as the prior distributions of them,
ki ~b(1,01),i=1,2,---¢e,l; ~b(1,00),5 = 1,2,--- f, where a1 and a3 are the
hyper parameters that are determined in advance.

To the autoregressive coefficients ® = (¢, ¢o,- - - ,qﬁe)T and the moving-
average coefficients © = (01,609, - - ,Gf)T, we take the multiple normal distribu-
tion as the prior distributions of them, ® ~ N¢(®g, 1), © ~ N;(Og, X2), where
®q, 31,09 and Y9 are the hyper parameters that are determined in advance, and
® is an e-dimensional column vector, © is an f-dimensional column vector, 3
is an e X e nonnegative definite matrix, >o is an f X f nonnegative definite
matrix.

To the variance o2 of the random errors, we take the inverted gamma dis-
tribution as the prior distribution of it, 0? ~ IG(v,\), where v and A are the
hyper parameters that are determined in advance.
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3.2 Calculate the conditional posterior distributions of the unknown
parameters

The joint probability density function of X = (Zpi1, Tmio, - ,2n)’ (m =
max(e, f)) has to be calculated before we calculate the conditional posterior
distribution of every unknown parameter, and it is

n

1
p(X’(I), 0,K, L) X eXp{_ﬁ t%l(ﬂb‘t —kip1xi—1 — - — keGexy—e

+ 1101841 + - - lf@f&‘t_f)z}

By the Bayesian formula proposed earlier by J. O. Berger (1985) and P. E.
Rossi and G. M. Allenby (2005), the conditional posterior distribution of every
unknown parameter is calculated as follows:

(1) The conditional posterior distribution of k;,i =1,2,---e is

(31) kz|Xa K(—i)aLa (1>7 6’0-2 ~ b(l’ﬁf)

pAi
where, K(_;) = (k1,ka, -+ ki1, kit1, - ke), B = %,
piy = p(ki = 0|X, K(_y), L, ®,0)
1 n
=(1-a1) eXp{—ﬁ Z (¢ — k11701 — -+ — keeTi—e
g t=m+1
+ 1101801 + - 10— p)?}
oy = plki = 11X, Ky, L, ®,0)

n

1
=ai GXP{—T‘Q > (v —kidrwey — - — kedetio
t=m+1

4+ 11601841 + - - - lfafﬁt_f)Q}

(2) The conditional posterior distribution of [;,j =1,2,--- f is

(3.2) LIX, K, L_j),®,0,0% ~b(1,5")
M Py
where, L_;) = (Il o1, L, - S L), /Bj = P pIT
p% = p(lj = 0|X7 K, L(—j)a o, @)
1 n
= (1 - 042) eXp{—T‘Q Z (xt —kip1zi—1 — - — kePei—e
t=m+1

+ 011+ - lfefet—f)Q}a
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pg‘?j =p(l; = 1X,K,L_j,®,0)
1
202

n

Z (2 — k1p1xe—1 — -+ — kePeTt—e

t=m+1
+ 1101801 + -+ 10— )}

= agexp{—

(3) After K = (ki,ko,---ke) and L = (l1,lp,---1f) are determined, the
orders p and q of the ARMA model also can be determined. And then we can
calculate the conditional posterior distribution of ®, which consists of the first

p components in P,

(3.3) ®p|X, K, L,0,0” ~ Np(®o, 1)
where,
~ 1 - T *1—1
%1=[— > XXty +3i,
t=m+1
1 n
Do =%1[— D, Xplae+ 0 ey) +(S) '),
t=m+1
X(ft) = (‘r(tfl)ux(tf2)7 T aﬁ(t—p))T
and e_y) = (E@—1),€@—2), " ,a(t,q))T. ®( is a p-dimensional column vector
which consists of the first p components in @y, ®¢ is an e-dimensional column
vector as described previously, and ®¢ = ((pgo), @g ), s 780;0)7 <P;(70+)1, T a‘PEO))Ta
o = (Lpgo), @éo), e ,cpl(,o))T. What’s more, X7 is a p X p nonnegative definite

matrix which consists of the top p rows and top p columns components in >,
31 is an e X e nonnegative definite matrix as described previously, and

1 1 1 1 1
01,1 012 01 p Olp+1 " O1,e
1 1 1 1
02,1 O22 " Oayp Oap+1 77 02
1 1 1 1 1
Y= Ip1 Ip2 Tpp Ipp+1 " Ipe )
0'1 0'1 DY 0'1 0'1 DY O'l)
p+1,1 p+1,2 p+1,p p+1,p+1 p+1l,e
1) 1) (1) (1) (1)
Oc1 Oc2 Oe,p Ocpt+1 Oe,e
1 @) (1)
i i
o o o
. 2,1 922 2.p
Y= . . .
0(1) 1) (1)
p,1 p,2 p,p
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(4) After the orders p and q of the ARMA model be determined, we can
calculate the conditional posterior distribution of ©, which consists of the first
q components in ©,

(3.4) 04X, K, L, ®,0% ~ N,(Og, %2)
where, 82 = [ 3 e(_pel_y + 5571 Do = [(Z5) 7105 - X e p(@m—
t=m+1 t=m+1

@Tx(,t))]. O is a g-dimensional column vector which consists of the first q com-
ponents in O, O is an f-dimensional column vector as described previously, and
0o = (0,0, ,00,00),- 6T o5 = (07,657, 0T What is
more, X3 is a ¢ X ¢ nonnegative definite matrix which consists of the top q rows
and top q columns components in Yo, 39 is an f X f nonnegative definite matrix
as described previously, and

(2) (2) (2) (2 (2)
R e T S
72, 72,2 924  924+1 7 Oaf
Sa=| ol o e ohd ogan o oup |
(2) (2) (2) 2 2
O¢+1,1 9¢1,2 " 9g41q Tq+ig+l "7 OTgt1y
2 2 2 2 2
%1 9f2 7 9fq  9fgr1 7 9ff
R
% 21 922 02,
22: . . .. Iq
.2) 2 {2
0—((171 0—‘572) o O-q’(;

(5) The conditional posterior distribution of o can be calculated as follows:

(3.5) o X,K,L,®,,0, ~ IG(,))
where, ¥ = v — 57, A=A+ > (mt—q)gX(_t) + @qu(_t))Q. The orders of

t=m+1
Py, Og, X(—y) and g(_y) change with p and q.

4. The implementation of the Bayesian method of fitting an ARMA
model

The implementation of the Bayesian method of fitting an ARMA model is given
as follows:

Step 1: Choose the hyper parameters sy, as, g, 31, Og, X2, v, A.

Step 2: Choose the initial values K0 L) &©) @) (52)0)
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Step 3: Implement the Gibbs sampling as follows and get the Gibbs sam-
ples. Suppose that the (r-1)-th sample (K1, L=1 o= @=1) (52)(—1)
has been acquired. Then, the r-th sample can be obtained by the following
procedure:

Step 3.1: Determine p and q based on K=Y and L1,

Step 3.2: Obtain @I(DT) from @,| X, K00 1= =1 (52)=1 and make
the previous p components of ) equal to the corresponding components in
@;,T), and make the last e-p components of () equal to the corresponding com-
ponents in &1,

Step 3.3: Obtain @SIT) from O,4|X, KD L= o) (52)=1) and make
the previous q components of ©() equal to the corresponding components in
@EIT), and make the last f-q components of ©() equal to the corresponding
components in @1,

Step 3.4: Obtain (02)(") from o2|X, K=V LD &) o),

Step 3.5: Calculate (8)(") and obtain kzm from k;| X, K((
o), 00), (62)®, where K" = (k{7 k57, - K7 KT, k).

i) i—17 V41
Step 3.6: Calculate (BM) and obtain l( ") from l¢|X,LE7:;;1),K(T), o),

0, (62)"), where Lg’"g : D= zj(”l, o),

Implement and end the iterative procedure after the Gibbs sampling is con-
vergent.

Step 4: Make the Bayesian inference and identify the ARMA model. Sup-
posing that N samples are acquired and the Gibbs sampling is convergent after
acquiring the M-th sample, we use the last N-M samples to make the following

Bayesian inference.

)

rr—1) (r—1)
%) 7L

Step 4.1. Determine the model orders p and q. By the above Gibbs sam-
pling, we use the following formulas to calculate the posterior probabilities of
the hypotheses

(4.1) P(HA) = plls = 11X) = —— 3 (38",

(42 P(HE) =phi=0X) = o > - (5"

(4.3) P(EY) = pll; = 1X) = o2 3 (39",

(4.4) P(HM) = p(l; = 01X) = —— 3 1 (8"

If P(Hfi) > P(H{‘l) the hypothesis H{' ; will be accepted, otherwise the
hypothesis Hfi is accepted; If P(H; ) > P(H%) the hypothesis HM will be
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accepted, otherwise the hypothesis H% is accepted. And we can determine the
model orders by p = max{i, k; = 1} and ¢ = max{j,l; = 1}.

Step 4.2. Estimate the unknown parameters ®, © and o2. After the orders
p and g of the ARMA model are determined, we use the following formulas to
estimate the unknown parameters ®, © and o2.

(4.5) R o),

i
<
s

)

iH
WE
<

(4.6) 0=

i
<
£

(4.7)

<

ql\:)
Il
2
| |
<
Il
-
%

5. Examples and analysis

In order to illustrate the performance of the Bayesian approach for fitting the
ARMA model, three examples are designed as follows.

Example 1. Get 100 observations from the model ARMA(2,2):

Tt = 0.5$t_1 -+ 0.41',5_2 + Et — 0-3€t—1
—O.2€t_2
£4i.i.dN(0,1),

use the Bayesian method proposed in this article to fit the model and compare
with the existing RIMCMC method [8] and EACF method [4]. The results are
shown in Table 1 and Table 2.

It can be found clearly that the model is determined as ARMA(2,2) by the
Bayesian method proposed in this article, and the AR coefficients are estimated
as (51 = 0.5183 and ¢22 = 0.4307, the MA coefficients are estimated as 0, =
0.3135 and 6, = 0.2515, and the variance o2 of the random errors is estimated
as 62 = 0.8926. So, by the method proposed in this article, the model can be
identified correctly and the model parameters can be estimated accurately.

However, when we use the RIMCMC method to identify the model, it is
identified as ARMA (3,2), so the RIMCMC method has an imprecise result of
model identification. Similarly, the EACF method also has an imprecise result
of model identification because the model is identified as ARMA (1,2) by it.

Example 2. Get three groups of data from ARMA(2,1) and ARMA(3,2),
respectively, and the sizes of three groups of data are 25, 50 and 100, and then
we use the Bayesian method proposed in this article, the RIMCMC method
and the EACF method to identify the model. Repeat 100 times of the above
experiments and the results are shown in Table 3.
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From the experimental results, we can find that the Bayesian method pro-
posed in this article has a higher correct recognition rate to model than two
existing methods in most cases. Whats more, the correct recognition rate to
model is increase with the size of data.

Example 3. To show the effect of estimating parameters, we design some
experiments as follows: Get two groups of data from ARMA(1,1), ARMA(2,2)
and ARMA(3,2) respectively, and the sizes of two groups of data are 50 and
100, and then we use the Bayesian method proposed in this paper and the
RIJIMCMC method to identify the model and estimate the model parameters.
The comparative results of estimating parameters are shown in Table 4. From
the experimental results, we can find that the Bayesian method proposed in
this article has a higher accuracy for estimating parameters than the RIMCMC
method. In particularly, the model parameters could be estimated precisely by
the Bayesian method based on the data whose size is 100.

6. Conclusions

Firstly, an identification model for fitting the ARMA model is established based
on the method of recognition variable, and the ARMA model identification prob-
lem is reduced to two sets of hypothesis test questions for recognition variables.

TABLE 1: Comparison of two methods.

The method proposed in this -
RIMCMC method-
article-

The
The posterior )
Lag items- H Lag items. posterior
probabilities.

probabilities.
& 0.9354. g o 0.8470-
X, 5 0.8610- ‘ Xogrw 0.7885.
b 0.1588. ‘ X g 0.5799.
X, 40 0.0942. . X, 40 0.2518-
A 0.8668. s [ 0.3799.
B 0.7780- . & o 0.6856-
E. gv 0.1200. : E.qw 0.0925.
& ye 0.0002. . AP 0.1021. -

Then, based on the Bayesian statistical theory, this paper proposes to solve
the above hypothesis test by calculating the posterior probabilities of the hy-
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TABLE 2: The results of model identification by the EACF method.

MA.
0. 1- 20 3. 4. 5 6.
AR-
0. Xeo X Xe X Xe Xe Xe
1. X5 X. O. Q. 0. O. O
20 X s O. Q. O. [OF 0.
3. X. O. O. O. O. [OF [ON
4. X O. O» (OB . O O
5¢ X 54 [0F O. Q- [OF (OB
6 X (" 0. 0. @) O. (@B
TABLE 3: The correct recognition rate of three methods.
Model- ne Bayesian method:  RIMCMC method. EACF method-
ARMA (2,1)- 25. 68%. 46%. 52%.
. 50. 55%.- 51%. 56%:
. 100- 76%. 67%. 72%.
ARMA (3,2)- 25. 30%- 18%. 26%:
. 50. 35%.- 32%. 33%.-
. 100- 43%. 38%.: 40%-

TABLE 4: Comparison of estimating parameters.

Model and parameters-

n-

Bayesian method-

RIMCMC method-

ARMA (1,1) 50. @ =0.436, ¢, = 0.602,
¢ =0.5, 6, =0386" 6,=0212"
6=03" 100. ¢ =0.503, ¢ =0.552,

6,=0291" 6,=0.366"

ARMA (2.2 50. ¢ =0565¢, =0352, # =0.683.¢, = 0.366,
¢ =05, 6 =0336,6, =0326 6 =0236,0, =0469 "
#,=03, .
6=03" 100. ¢ =0.523,¢, =0.313, @ =0.556,4, = 0.353
8,=02 6,=0306,6, = 0236 6,=0312,8,=0252"

ARMA (3,2): 50. ¢ =0.566.4, =0.386, ¢ = 06239, = 0529,
¢ =05, ¢, = 0165 . ¢, = 0.003 .
¢, =03, 6, =0.396,6, = 0.232 8, =0.231,6, = 0.168
¢, =01, 100- ¢ =0.523,4, = 0.333, ¢ = 0.596,¢, = 0.389,
6=03, ¢, =0.113 ¢, =0.018 2
8,=02 6, =0.328.6, = 0.201 6,=0263,0, =0.187

potheses. However, since the autoregressive coefficients, the moving-average
coefficients and the variance of the random errors in the identification model
are unknown, the posterior probabilities of the hypotheses cannot be calculated
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directly. Therefore, this paper proposes to use the Gibbs sampling method
to get the samples from the conditional posterior distribution of the unknown
parameters, and then calculate the posterior probabilities of the hypotheses
to determine the model orders and estimate the unknown parameters in the
model. Finally, in order to show the good performance of Bayesian method
proposed in this article, we design three simulation examples and compare the
Bayesian method proposed in this paper with the two existing methods: RJM-
CMC method and EACF method. And some advantages of the Bayesian method
proposed in this article can be found as follows: (i) The Bayesian method pro-
posed in this article can identify the ARMA model more accurately than the
existing methods. And it is obvious that our method has a larger correct recog-
nition rate of the ARMA model than these existing methods. (ii) The Bayesian
method proposed in this article can estimate the autoregressive coefficients, the
moving-average coefficients and the variance of the random errors in the model
accurately at the same time as identifying the ARMA model.
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