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Abstract. In the present paper, the notion of (m,p)-invex set and generalized
(s, m, p)-preinvex Godunova-Levin function of second kind are introduced and some
new integral inequalities involving generalized (s, m, ¢)-preinvex Godunova-Levin func-
tion of second kind along with beta function are given. By using new identities for
fractional integrals some new estimates on generalizations of Hermite-Hadamard type
inequalities for generalized (s, m, ¢)-preinvex Godunova-Levin functions of second kind
via Riemann-Liouville fractional integral are established. At the end, some applications
to special means are given.
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1. Introduction and preliminaries

The following notation are used throughout this paper. We use I to denote an
interval on the real line R = (—o00, +00) and I° to denote the interior of I. For
any subset K C R", K° is used to denote the interior of K. R" is used to denote
a n-dimensional vector space. The nonnegative real numbers are denoted by
R, = [0,400). The set of integrable functions on the interval [a, b] is denoted
by Li|a,b].

The following inequality, named Hermite-Hadamard inequality, is one of the
most famous inequalities in the literature for convex functions.



684 ARTION KASHURI aNnD ROZANA LIKO

Theorem 1.1. Let f: I CR — R be a convez function on I and a,b € I with
a < b. Then the following inequality holds:

(1.1) f<a;_b> < bia/abf(a:)dggg f(“);ff(b)

In recent years, various generalizations, extensions and variants of such in-
equalities have been obtained. For other recent results concerning Hermite-
Hadamard type inequalities through various classes of convex functions, (see
[18]) and the references cited therein, also (see [17]) and the references cited
therein.

Fractional calculus (see [18]) and the references cited therein, was introduced
at the end of the nineteenth century by Liouville and Riemann, the subject of
which has become a rapidly growing area and has found applications in diverse
fields ranging from physical sciences and engineering to biological sciences and
economics.

Definition 1.2. Let f € Li[a,b]. The Riemann-Liouville integrals J f and
Jo f of order o > 0 with a > 0 are defined by

7o, fla) = F(la) /:(:17 _ 0oLt z>a

and

b
T f@) = g [ =2 wa b

where I'(a) = f0+ooe_“ua_1du. Here J2, f(z) = J0_f(z) = f(z).
In the case of a =1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to
study fractional Hermite-Hadamard type inequalities for functions of different
classes (see [18]-[19]) and the references cited therein.

Definition 1.3 (see [2]). A nonnegative function f: I C R — R, is said to
be P-function or P-convez, if

fltz+ (1 —t)y) < f(z)+ fly), Vo,yel, te[0,1].

Definition 1.4 (see [3]). A function f: I CR — R is said to be a Godunova-
Levin function or f € Q(I), if f is nonnegative and for all x,y € I, t € (0,1),

we have that ; )
x
Ftr+ (1 —t)y) < 1@ L JW),
t 1—-1t
The class Q(I) was firstly described in (see [3]) by Godunova and Levin.
Some further properties of it are given in (see [2],[4],[5]). Among others, it is
noted that nonnegative monotone and nonnegative convex functions belong to
this class of functions.
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Definition 1.5 (see [6]). A function f : I C R — R, is said to be (s,m)-
Godunova-Levin functions of first kind or f € Q% if Vs, m € (0, 1], we have

s,m)’

1
f(tx+m(1—t)y) < gf(l’)‘f‘m <1 — s

). vawel e o)

We would like to mention that Definition 1.5 is also introduced and studied
by Li et al. (see [7]) independently. For m = 1 in Definition 1.5 we have the
definition of s-Godunova-Levin functions of first kind, which is introduced and
investigated by Noor et al. (see [8]).

Definition 1.6 (see [6]). A function f: 1 C R — R, is said to be (s,m)-
Goczunova—Lem'n functions of second kind or [ € Q?s’m), if s €10,1], m € (0,1],
we have

fltzx+m(l —t)y) < ;f(:c)—km( S) fly), Vz,yel, te(0,1).

1
T

It is obvious that for s = 0,m = 1, (s, m)-Godunova-Levin functions of
second kind reduces to Definition 1.3 of P-functions. If s = 1,m = 1, it then
reduces to Godunova-Levin functions. For m = 1, we have the definition of
s-Godunova-Levin function of second kind introduced and studied by Dragomir

(see [9],[10]).

Definition 1.7 (see [14]). A set K CR" is said to be invex with respect to the
mapping n : K x K — R" if  +tn(y,x) € K for every z,y € K and t € [0, 1].

Notice that every convex set is invex with respect to the mapping n(y, x) =
y — x, but the converse is not necessarily true (see [14],[15]) and the references
therein.

Definition 1.8 (see [16]). The function f defined on the invexr set K C R™ is
said to be preinver with respect n, if for every xz,y € K and t € [0, 1], we have
that

fx+tn(y,x)) < (1—1)f(x) +tf(y)

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y, z) = y—x, but the converse
is not true.

The Gauss-Jacobi type quadrature formula has the following

+oo

b
(1.2) [ @ apo- s @de =3 Buf(n) + Rl

k=0

for certain By, , v and rest R}, |f| (see [11]).
Recently, Liu (see [12]) obtained several integral inequalities for the left hand
side of (1.2) under the Definition 1.3 of P-function.
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Also in (see [13]), Ozdemir et al. established several integral inequalities
concerning the left-hand side of (1.2) via some kinds of convexity.

Motivated by these results, the aim of this paper is to establish some gener-
alizations of Hermite-Hadamard type inequalities using new identities given in
Section 3 for generalized (s, m, ¢)-preinvex Godunova-Levin functions of second
kind via Riemann-Liouville fractional integral.

The paper is organized as follows: In Section 2, the notion of (m, )-invex
set is introduced and an interesting property is derived. Also the notion of
generalized (s, m, ¢)-preinvex Godunova-Levin functions of second kind is intro-
duced and some new integral inequalities involving generalized (s, m, ¢)-preinvex
Godunova-Levin functions of second kind along with beta function are given.
In Section 3, some generalized integral inequalities of Hermite-Hadamard via
fractional integrals for generalized (s, m, ¢)-preinvex Godunova-Levin functions
of second kind are given. In Section 4, some applications to special means are
given. These results provide new estimates on these Hermite-Hadamard types.

2. New integral inequalities

Definition 2.1 (see [1]). A set K C R"™ is said to be m-invez with respect to the
mapping n : K x K x (0,1] — R™ for some fized m € (0,1], if mz+tn(y, mx) €
K holds for each x,y € K and any t € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping n(y, mz)
could reduce to 7n(y, z). For example when m = 1, then the m-invex set degen-
erates an invex set on K.

First we give new definition, to be referred as (m, ¢)-invex set.

Definition 2.3. Let ¢ : I — K be an arbitrary function. A set K C R"™ is
said to be (m, p)-invex with respect to the mapping n : K x K x (0,1] — R" for
some fized m € (0,1], if mp(y) + tn(e(x), p(y),m) € K holds for each x,y € I
and any t € [0,1].

Example 2.4. Let m = % and X = (0, 5] U(m, 37”]

msin(y — z), ifxe((),%],ye(o,%§
) —msin(y—2), ifwe(rE]ye(r )
ﬁ(iﬂ,y,m) - msinx’ if z S (03 %]a Yy € (7T 37”]’
—mSiH.T, ifm‘e(W,TﬂLye( ’g]

Then X is an (m, ¢)-invex set with respect to 7 for function ¢(z) = z, Vo €
I, Vt €[0,1] and m = 1. It is obvious that X is not a convex set.

According to the above definition, we derive an interesting property of the
(m, p)-invex set. The proof of the following proposition 2.5 is straightforward.
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Proposition 2.5. If K;, i € I = {1,2,...,n} is a family of (m, )-invex sets in
R™ with respect to the same n : R™ x R™ x (0, 1] — R"™ for some fized m € (0, 1]
and same arbitrary function @, then the intersection (\;c; K; is an (m, @)-invexr
set.

We next give new definition, to be referred as generalized (s, m, p)-preinvex
Godunova-Levin function of second kind.

Definition 2.6. Let K C R be an open nonempty m-invex set with respect
ton: K x K x(0,1] — R and ¢ : I — K a continuous function. For
f: K — R, any fized s € [0,1] and some fized m € (0, 1], if

fle@) flew)

(21) f(”’“P(y) +7577(80(37)790(y)7m)) < e +m(1 _ t)

is valid for all x,y € I,t € (0,1), then we say that f(x) is a generalized
(s,m, @)-preinvex Godunova-Levin function of second kind with respect to n or

I € Qimgy

Remark 2.7. In Definition 2.6, it is worthwhile to note that generalized (s, m, ¢)-
preinvex Godunova-Levin function of second kind is an (s, m)-Godunova-Levin

functions of second kind on K = I with respect to n(¢(x), p(y),m) = ¢(x) —

mep(y) and p(z) = z, for all z,y € I.

In this section, in order to prove our main results regarding some new integral
inequalities involving generalized (s, m, ¢)-preinvex Godunova-Levin functions
of second kind along with beta function, we need the following new lemma:

Lemma 2.8. Let ¢ : I — K be a continuous function and n : K x K X
(0,1] — R. Assume that f : K = [mp(a),mp(a) + n(e(d), o(a),m)] — R
be a continuous function on K° and n(p(b),¢(a),m) > 0. Then for some fived
m € (0,1] and any fized p,q > 0, we have

me(a)+n(eo(d)p(a),m)
/ . (& — mp(a)P(mp(a) + n(e(b), pla),m) — @)1 f(2)da
mep(a
1
— P (), o(a), m) / (1 — )0 f(mepla) + tn(o(b), p(a), m))dr.

Proof. It is easy to observe that
mep(a)+n(p(b),p(a),m)
| (2 — m@))?(mp(a) + n(p(B), p(a), m) — 2)1f (x)d
me(a
1
= n(@(b),@(a),m)/o (me(a) + tn(e(b), p(a), m) — me(a))”

x (mp(a) +n(p(d), p(a),m) —me(a) — tn(e(d), p(a),m))?
x f(mep(a) +tn(p(b), p(a), m))dt
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1
= PTIL (o (b), p(a), m) /O tP(1 =) f(mep(a) + tn(p(b), (a), m))dt.

The following definition will be used in the sequel.

Definition 2.9. The FEuler beta function is defined for x,y > 0 as

1
- - I'()I'(y)
zy) = | YA =)yl = =22
Bla) = [ == g
Theorem 2.10. Let ¢ : I — K be a continuous function and n : K x K X
(0,1] — R. Assume that f : K = [mp(a), mp(a) + n(e(d), ¢(a),m)] — R be
k
a continuous function on K° and n(p(b),p(a),m) > 0. If k > 1 and |f|*T is
a generalized (s, m, p)-preinvex Godunova-Levin function of second kind on K
for some fixed m € (0,1] and any fized s € [0, 1), then for any fized p,q > 0,

mp(a)+n(e(d),p(a),m)
/ ) (& — mip(a)"(mp(a) + n(p(b), e(a), m) — 2)'f(@)de
mep(a

1 a). m 1 ko K\
s”’”ﬁ(l(“’_(’?)’:‘iﬁ 2 [543, kgt 1)]* (il ola)) 55 47 (o)1)

k
Proof. Since |f|*-T is a generalized (s, m,¢)-preinvex Godunova-Levin func-
tion of second kind on K, combining with Lemma 2.8, Definition 2.9, Holder
inequality and properties of the modulus, we get

me(a)+n(p(d),p(a),m)
/ i (z — mip(a)P(mep(a) + (o), pla),m) — 2)1f (z)dz

1
< [n((b), p(a), m)[Pre+! [/0 thP (1 — )kt

X

[/0 | F(mep(a) + t(p(b), la), m))| = dt

==

< (b)), m) [ Blkp + Lokg + 1))

k-1

Vi) F T e T
[/0( - e )‘”

= P DI [ty 1.k 0] (@I eI

X

The proof of Theorem 2.10 is completed. O
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Theorem 2.11. Let ¢ : I — K be a continuous function and n : K x K X
(0,1] — R. Assume that f : K = [mp(a), mp(a) + n(p(d), p(a),m)] — R be
a continuous function on K° and n(p(b),(a),m) > 0. If 1 > 1 and |f|' is a
generalized (s, m, )-preinver Godunova-Levin function of second kind on K for
some fized m € (0,1] and any fized s € [0, 1], then for any fized p,q > 0,

mp(a)+n(p(d),p(a),m)
/ (z —mp(a))?(me(a) + (D), p(a), m) — 2)! f(z)dz

-1

<P (p(b), p(a),m) [Bp+ 1g+1)| ©

mep(a)

1

x [mlf(e@)I'8 (+1,a—s+ 1)+ [F OB -5 +1a+1)]".

Proof. Since |f|' is a generalized (s, m,¢)-preinvex Godunova-Levin function
of second kind on K, combining with Lemma 2.8, Definition 2.9, the well-known
power mean inequality and properties of the modulus, we get

mp(a)+n(p(b),p(a),m)
/ (z —mp(a))’ (me(a) + n(p(d), p(a),m) — ) f(z)dz

e(a)
= Pt (o(b), ¢(a)

-1 1
1

1 =1
<[] T - 00 rme(@ + tnGelb), oo m)ds
0

m)

< [n(p(®), p(a), m)[PFatt [/0 (1 —t)th]

~l

1
XIAtw1—wﬂﬂmww»+mwﬂm@wxm»h4

-1

< P (), @) m) B+ L+ 1)

Xl/yql_wq(Mfwm»v+Lﬂmww>d4
0

(1—t)s ts

-1

= (), (a),m) B+ 1,g +1)|

~l

X mlf(e@)'8(p+1,a =5+ 1)+ [feO)IBE—s+1g+1)] "
The proof of Theorem 2.11 is completed. O

3. Generalized integral inequalities via fractional integrals

In this section, in order to prove our main results regarding some Hermite-
Hadamard type inequalities for generalized (s, m, ¢)-preinvex Godunova-Levin
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function of second kind via fractional integrals, we need the following two new
lemmas:

Lemma 3.1. Let ¢ : I — K be a continuous function. Suppose K C R be an
open nonempty m-invex subset with respect ton : K x K x (0,1] — R for some
fizedm € (0,1] and let a < b withn(p(a), p(b),m) > 0. Assume that f : K — R
is a differentiable function on K° and f € Li[me(b), mp(b) +n(p(a), p(b), m)].
Then, for each z € [mp(b), mp(b) +n(p(a), p(b),m)] and a, X € (0, 1], we have

(1 + a1 = X)) f(me(d) +n(e(a), ¢(b), m)) + (1 — (1 = A)) f(me(d))
2

B I'a+1)
2n(e(a), ¢(b), m)*
(3.1) % [Ty FOn0®) + no(a), 9(B), m)
+ TG ate(a gty (M2 (®))]
a m 1
T ),;0(6), )/0 (1 + a(1— A)
—(1=1)%) f'(me(b) + tn(p(a), (b), m))dt.

Proof. A simple proof of the equality (3.1) can be done by performing an inte-
gration by parts in the integrals from the right side and changing the variable.
The details are left to the interested reader. O

Lemma 3.2. Let ¢ : [ — K be a continuous function. Suppose K C R be an
open nonempty m-invex subset with respect ton : K x K x (0,1] — R for some
fixed m € (0,1] and let a < b with n(p(a), p(b),m) > 0 where n(¢(a), ¢(b), m) #
0. Assume that f : K — R be a twice differentiable function on K° and
1" € Li[mp(b), me(b) + n(p(a), p(b),m)]. Then, for each x € [mp(b), mp(b) +
n(p(a), p(b),m)] and a € (0, 1], we have

f(mep(b) + n(p(a), p(b),m)) + fme(®))  T(a+1)
2 2n(p(a), (b), m)*
X [ Torngy L (msp(®) + (), o(8),m))
(3.2) + Jinp()n(o(@).p®)m)—f (m‘P@))]
2 a m 1
_ n (wz((ivf(lb)% ) /O (1 _ (1 o t)oz-i—l _ ta—i—l)

- " (mp(b) + tn(p(a), ¢(b), m))dt.

Proof. A simple proof of the equality (3.2) can be done by performing an
integration by parts in the integrals from the right side and using Lemma 3.1
with A = 1. The details are left to the interested reader. O
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Using Lemma 3.1, the following results can be obtained for the corresponding
version for power of the absolute value of the first derivative.

Theorem 3.3. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty m-invexr subset with respect ton: A x A x (0,1] — R for any
fized s € [0,1), some fized m € (0,1] and let a < b with n(e(a),p(b),m) > 0. As-
sume that f : A — R is a differentiable function on A°. If | f'|? is a generalized
(s, m, @)-preinvex Godunova-Levin function of second kind on [mp(b), me(b) +
n(p(a),o(b),m)], ¢ > 1, p~t + ¢t = 1, then for each x € [mp(b), mp(b) +
n(p(a),e(b), m)] with a, A € (0, 1], we have

(1+a = X)) f(me() +n(e(a), (b), m)) + (1 — a(l — A))f(me(d))
2

B MNa+1)
2n(p(a), ¢ (b), m)*
X | Tty L mp(B) + (@), (b))

(3:3)  + JGnp®)+n(p(a)p®)m) - (”w(b))}

1

n(e(a), p(b), m) 1 \#
< : [a(l—/\)+2<pa+1>

, <!f’(90(a))!q + m’f/(gp(b))|Q> i |
1-s

Proof. Denote
n(¢(a), p(b),m)
2
1
(3.4) X /0 (t* +a(l = A) = (1= 1)) f'(mep(b) + tn(p(a), p(b), m))dt.

Stnela,\,m,a,b) =

Suppose that ¢ > 1. Using Lemma 3.1, relation (3.4), the fact that |f’|? is a
generalized (s, m, p)-preinvex Godunova-Levin function of second kind, property
of the modulus, Holder’s inequality, Minkowski’s inequality and properties of the
modulus, we have

‘Sfﬂmo(a7 A,m,a, b)‘

1
- In(w(a)7;0(b)a m)| [/0 (t + (1 = N) | £ (mp(b) + tn(p(a), o(b), m))|dt

1
" / (1= 1) (mep(b) + tn(p(a), o(b), m))|dt
0

< N(p(a), p(b),m)
2
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x[(%ﬁ@a+au—A»%ﬁ);(Aﬂf%mmw+wam»¢w»m»Wﬁ)é

- </01(1 —t)padt>zlv (/01 | f'(mep(b) +tn(<p(a),<p(b)7m))‘th>é]
< U(@(a)’;(b%m) [ </01 tpadty’ n (/01 O‘p(l—)\)pdt> v . </01<1 . t)padt) ;]
(] (o e )

n(p(a), o(b), m) 1 N7 | (1 (@) +mlf (o)) 7
: FQ—M+4#H4)]< L ).

The proof of Theorem 3.3 is completed. O

Corollary 3.4. Under the conditions of Theorem 3.3, if we choose A =m =1
and n(e(a),p(b),1) = p(a) — @(b), we get the following generalized Hermite-
Hadamard type inequality for fractional integrals:

‘f(so(a)) + ()  T(a+1) [T F (o) + Jg(a)f@p(b))}‘

2 2(¢(a) — o(b))*
(3.5) g@@—ﬂ@%mﬁJy<WW@ffTW@W>ﬁ

Theorem 3.5. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty m-invexr subset with respect ton: A x A x (0,1] — R for any
fized s € [0, 1), some fized m € (0,1] and let a < b with n(p(a), p(b),m) > 0. As-
sume that f : A — R is a differentiable function on A°. If | f'|? is a generalized
(s, m, p)-preinvexr Godunova-Levin function of second kind on [mp(b), me(b) +
n(e(a), ¢(b),m)], ¢ = 1, then for each x € [mep(b), mp(b) + n(p(a), ¢(b), m)]
with a, A € (0,1], we have

(1 + a1 = X)) f(med) + n(e(a), ¢b),m)) + (1 — a(l = ) f(me(d))
2

I'a+1)
2n(p(a), p(b), m)«

X [J(O‘m@(b)prf(m(ﬂ(b) +n(p(a), (b),m)) + J(O;n@(b)Jrn(@(a),(p(b),m))ff(m(p(b))] '

< Npla), (b),m)
= 2
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<1 +a(l - A)) o [f’(@(a))\q < = A)>

a+1 o—s+1 s

1

36) 17O (mata+ 115+ ") ] q

L mlf (o)
(at1) [f(@(a))\qﬁ(a+1,1s)+a_sH

]

Proof. Suppose that ¢ > 1. Using Lemma 3.1, relation (3.4), the fact that |f’|
is a generalized (s, m, ¢)-preinvex Godunova-Levin function of second kind, the
well-known power mean inequality and properties of the modulus, we have

|Sf7"77‘ﬂ(a7 )\7 m7 a, b)|

1
< ’n(@(a)a;p(b)vmﬂ [/0 (ta _|_a(1 _ )\)) |f/(mg0(b) +t7’](g0(a),<p(b)’m))|dt

1
+/ (1—t)alf’(mso(b)+tn(¢(a),<ﬂ(b),m))|dt]
0

= nwa)’;p(b)’m) [ (/Ol(t“ +a(l- )\))dt>

1 q
< ( [ 6+ alt = I o) + et 50, m>>|%zt>

1—-1
q

q

+ (/01(1 —t)“dt>1_; </01(1—t)a|f’(mg0(b)—i—tn((p(a),@(b)’mqut)1]

(a_lH +al - )\))1_;

x (/Ol(to‘Jra(l—)\)) (lf’wt(sa))Iq +ml(fl’<io<£z>\q>dt>é

(o) (oo (g ety

< 1 + a(l— )\)>1:’ [‘f,((p(a))‘q < L, a(l — )\))

< Npla), p(b), m)
- 2

n(e(a), p(b),m)
2

a+1 a—s+1 1 —s

I ONI (mita-t 1,1+ AL ] q
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1 1
L\ ¢ m|f'(p(b))]7 | *
(a51) [If(sO(a))l Blat 1,1 - )+ TLEONT T,
The proof of Theorem 3.5 is completed. O

Corollary 3.6. Under the conditions of Theorem 3.5, if we choose A =m =1
and n(p(a),p(b),1) = @(a) — p(b), we get the following generalized Hermite-
Hadamard type inequality for fractional integrals:

a b '«
‘f(w( IESGOE - a<> _+;(>b))a [Ty £ (9(@)) + TS (2(0))] ‘

(pb)=p(a) (1 \'~
B7) < 2 (oH—l)

1

Q=

[ (L ppmnisainia-s )|

a—s+1

# (1@ 11 -5+ LEOIEY: ]

Using Lemma 3.2, the following results can be obtained for the corresponding
version for power of the absolute value of the second derivative.

Theorem 3.7. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty m-invexr subset with respect ton: A x A x (0,1] — R for any
fized s € [0,1), some fired m € (0,1] and let a < b with n(p(a), p(b),m) > 0.
Assume that f : A — R be a twice differentiable function on A°. If |f"|?
is a generalized (s, m,p)-preinver Godunova-Levin function of second kind on
[me(b), mp(b) + n(e(a), p(b),m)], ¢ > 1,p~t + ¢t = 1, then for each z €
[me(b), mp(b) + n(e(a), ¢(b),m)] and a € (0,1], we have

f(mp(®d) +nle(a), p(b),m)) + f(me(d) Na+1)
2 2n(p(a), p(b), m)>

X [Tty Fmp(®) + (@), (8),m))

(38) 4 gty tatetm oterm) - Fm2(0)] ‘

PP(p(a), o(b),m) (pla+1) =1\ 7 (|f"(p(a)|? +ml|f"(p(b))]7\ 1
< T (i) ( )"

Proof. Denote

1 (p(a), (b), m)
2(a+1)

1
(3.9) X /0 (1= (1 =)™ —t2h) f"(mp(b) + tn((a), ¢(b),m))dt.

Ry o(a,m,a,b) =
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Suppose that ¢ > 1. Using Lemma 3.2, relation (3.9), the fact that |f”]|? is a
generalized (s, m, ¢)-preinvex Godunova-Levin function of second kind, Holder’s
inequality and properties of the modulus, we have

*(p(a), p(b), m)
2(a+1)

1
x /0 (L= (1 =) =) | " (mep(b) + tn(e(a), p(b),m))|dt

Ple(@ e ®),m) (1 e )
(/0 (1-(1-¢) t )dt)

n
|Rf,77730(a7 ma (l, b)| S

IN

X

(/ | (me®) + tn(o(), @(b),m))\thy

< nz(soz(?),f(lb))vm) (/1 (1 _ (1 = gypletn) _ tp<a+1>> dt);
«a 0

O @)l mlfe®) L\
(f (e gt o)
_ 7(pla), p(b),m) (p(a +1) - 1) v (\f”(sO(a))lq + mlf”(w(b))lq> e
2(a+1) pla+1)+1 1—s '
The proof of Theorem 3.7 is completed. O

X

Corollary 3.8. Under the conditions of Theorem 8.7, if we choose m = 1
and n(e(a),p(b),1) = @(a) — @(b), we get the following generalized Hermite-
Hadamard type inequality for fractional integrals:

f («p(a));f (p(0) _ T(atl) _ [Jg(b) () + T f (so(b))} ‘

2(p(a)=¢(b))

1 1
pa0) < EO (o 1) (10T
- 2(a+1) pla+1)+1 1—s
Theorem 3.9. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty m-invexr subset with respect ton: A x A x (0,1] — R for any
fized s € [0,1), some fizred m € (0,1] and let a < b with n(p(a),¢(b),m) > 0.
Assume that f : A — R be a twice differentiable function on A°. If |f"]4
is a generalized (s, m,p)-preinver Godunova-Levin function of second kind on
[mep(b), me(b) + n(e(a),¢(b),m)], ¢ > 1, then for each x € [mep(b), mp(b) +
n(p(a), p(b),m)] and o € (0, 1], we have

f(me(d) +n(e(a), p(b),m)) + f(me(d) (o +1)
2 2n(p(a), p(b), m)*

X [J(amgo(b))Jrf(mSD(b) +n(p(a), ¢(b),m)) + Jﬁnw(b)+n(¢(a),¢(b),m))_f(mso(b))] '
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P(p(a), o(b),m) (o \'77
B < 2(a+1) <a+2>

X <(1—3;(404_‘_i$+2)_5(a+2’ 1—3)>(11 [|f’/(<p(a))\q+m\f"(go(b))|‘1} %'

Proof. Suppose that ¢ > 1. Using Lemma 3.2, relation (3.9), the fact that |f”|4
is a generalized (s, m, ¢)-preinvex Godunova-Levin function of second kind, the
well-known power mean inequality and properties of the modulus, we have

n*((a), p(b), m)
2(+1)

|Rf (e, m,a,b)| <
1
X /0 (1 — (1 _ t)01+1 . ta+1) |f”(m(p(b) I tn(QO(a),cp(b),m))\dt

11
< 772(902(a)¢30(b)7m) (/; (1 —(1- t)a—H o ta—l—l) dt) 1

1

1 q
X (/(; (1 — (1 — t)Oé-‘rl _ toz+1) ’f”(m@(b) + tn((p(a), (p(b)’ m))|th>
P2(p(a),o(b)m) [ o \'
oty (at2)

IN

o+ 2

X (/01 (1= (1= )+ — o+l <|f"(si£a))q n m’{f(_sog)s))q) dt>;

:nz(wa),so(b),m)( N )1_31

2(a+1) a+2
a+l é " q " q %
(ot g~ flat -9 [ el + ml )]
]

Corollary 3.10. Under the conditions of Theorem 3.9, if we choose m = 1
and n(e(a),p(b),1) = @(a) — @(b), we get the following generalized Hermite-
Hadamard type inequality for fractional integrals:

‘ flpa)+f(e(®) — Tlatl) [ TS (0(@) +T% 0 f(gp(b))} ‘

2 2(p(a)— (b))
(p(®) — p(@)? [ a \'u
(812) < 2(a+1) (a+2)

1

(oo gy a2 3>)3 (17" eI+ 1" o)1) "
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4. Applications to special means

Consider the following special means for arbitrary real numbers «a, 8 (a # [3) as
follows:

1. The arithmetic mean:

2. The harmonic mean:

H:=H(a,B) = SR a, B € R\{0},

L 1’
a3
3. The logarithmic mean:
Li= Lo f) = b =i ol £16], aB#0
= L(o,B) = ;o !
’ In|3| —In|al’ ’ ’

4. The generalized log-mean:

/8n+1 _ an+1

b= Il D) = GG -0

]"; neZ\{-1,0}, a#B.

It is well known that L,, is monotonic nondecreasing over n € R with L_; := L.
In particular, we have the following inequality H < L < A. Now, using the
theory results in Section 3, we give some applications to special means of real
numbers.

Theorem 4.1. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty l-invex subset with respect ton : A x A x (0,1] — R for any
fized s € [0,1). Then the following inequality for fractional integrals holds:

(41) < (ol6) — pla) (5 );(@9”2"(“)“"2‘1(1’) )

where ¢ > 1, p~ 1 +q¢ 1 =1.

Proof. Applying Theorem 3.3 for f(x) = 1, n(v(a), ¢(b),1) = p(a) — p(b),a =

xr
A =1 one can obtain the result immediately. O



698 ARTION KASHURI aNnD ROZANA LIKO

Theorem 4.2. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty 1-invex subset with respect ton : A x A x (0,1] — R for any
fized s € [0,1) and n € Z\{—1,0}. Then the following inequality for fractional
integrals holds:

A" (@), 9" (1) — La((a), 9(0))| < 20 n(p(b) ~ ()
gp("fl)q(a) <p("*1)q(b) ‘ (P(nfl)q(a) w(”*l)q(b) 7
( 2 s +(s—l)(s—2)> +<(8—1)(8—2)+ 2-s ) ]’

where ¢ > 1.

(4.2) x

Proof. Applying Theorem 3.5 for f(z) = 2™, n(p(a), ¢(b),1) = p(a)—¢(b),a =
A =1 one can obtain the result immediately. O

Theorem 4.3. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty l-invex subset with respect ton : A x A x (0,1] — R for any
fized s € [0,1). Then the following inequality for fractional integrals holds:

(13) 3232<so<b>—so<a>>2(2p1)’1’(¢3fsq<“)“”3q(b’ )

where ¢ > 1, p~ ' 4+ ¢~ 1 = 1.

Proof. Applying Theorem 3.7 for f(z) = L, n(p(a), ¢(b),1) = p(a) — p(b), o =

x
1 one can obtain the result immediately. O

Theorem 4.4. Let ¢ : I — A be a continuous function. Suppose A C R be an
open nonempty 1-invex subset with respect ton : A x A x (0,1] — R for any
fized s € [0,1) and n € Z\{—1,0}. Then the following inequality for fractional
integrals holds:

1o
A" (@), 6" (0) — Lin(pla), o(0))] < ; —nn = 1)(pb) - p(a))’
1 1 : (n=2)q( )4 p(n—2)a a
9 (g eeaey) [ o)

where ¢ > 1.

Proof. Applying Theorem 3.9 for f(z) = z™, n(p(a), ¢(b),1) = p(a)—p(b),a =
1 one can obtain the result immediately. O
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