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Abstract. In this paper, we introduce the extended Weyl k-fractional integral and
then present its results and some inequalities. These results and inequalities hold true
for: (i) k-Weyl fractional integral when s — 0; (ii) Weyl fractional integral when s — 0
and k — 1.
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1. Introduction

Considerable work has been done in recent years on fractional integrals because
of their applications in many fields of science and technology. The fractional
integrals are powerful tools in applied mathematics to solve many problems
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from different fields of science and engineering. By the help of fractional integrals
many useful results are found in mathematical physics, thermodynamics, control
theory, hydrology, astrophysics and bioengineering.

The objective and motivation of this work is to find the generalized results of
the Weyl fractional integrals and to highlight their applications. Many authors
had studied fractional integrals [1-21].

Diaz and Pariguan [7] paved the way for the extensions in fractional calculus
by introducing the k-gamma and k-beta functions. Now, many new results are
introduced which are based on these functions. They defined k—gamma function
as

o0 zk
(1) Ti(u) = / e k' lde = kk_lF(%),Re(u) > 0,
0
They defined the k-beta function as

1t v
(2) By (u,v) = k/ 28711 — 2)k "z, Re(u) > 0,Re(v) > 0,
0

From (1) and (2), we have

(3) I'(u) = Iil_}Hll Fi(u), Te(k) =1, Tp(u+ k) = ul'k(u).
and
@ Buled) = A — B D).

Romero and Luque [15] have used the idea of Diaz and Pariguan to define
the k—Weyl fractional integral as
o) Wlf@) = s [ (=00 0> 0

z)) = —— -z .
g kTk(a) J, ’

Here, we introduce the extended weyl k—fractional integral [ (k,s)— weyl
fractional integral] of order a. Let f be continuous on [0,00) and o € (0,1),k €
(0,00),s > —1. Then Vx > 0, the extended k—weyl fractional integral is defined
by

(5+1)1—% o

© wee) = S [ e e oo

Note: (i) For s — 0, k -Weyl fractional integral is recaptured.

(ii) For s — 0 and k& — 1, usual Weyl fractional integral is recaptured.
For a real scalar function g , the Mellin transform is dened by

(7) g*(s1) = Mlg(x)] = /0°° v~ g(x)dz, Re(s1) > 0.
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whenever the integral exists and s; is parameter.

The introduction of the extended Weyl k-fractional integral and the study
of its properties and results will help many researchers in solving the differential
as well as integral problems. These results will be very useful in solving the
problems as existing in the paper texture enhancement for medical images based
on fractional differential masks [12].

2. Main results and discussion

Theorem 2.1 (semi group property and commutative law). Let f be continuous
on [0,00) and a, 5 € (0,1),k € (0,00),s > —1. Then Vz >0

(8) W WO f(@)] = et (@) = P e (@)].

Proof. Using the result (6) in the LHS of the equation (8), we have

a_B
+ 1> e -
ST SWB _ (S / terl PSS Ay » 5
o0 B_
) (e e daat,
t
Using Fubini’s theorem, we get
a_B
LR oo
ST Q sWﬁ _ (S / s
u a_ B_
(1()) . [/ (terl _ $S+1) 71 (us+1 . t5+1)k 1t8dt]du,
Substituting z = %
42t

1
(11) . [/0 (1- z)z_l(z)i_ldz] du,
Using (2), (4) and (6), we get
(12) e i @) = Wt f (),

Similarly, we can prove

SWP WO f(2)] = sWotP f ()

and hence we get (8). O
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Theorem 2.2. Let a € (0,1), 8,k € (0,00), s > —1. ThenVx > 0,

_B
E

£l

14 ST $S+1 —% :Fk(ﬁ_a)(axs+1)
(14) ety =

Proof. Using the result (6) in the LHS of the equation (14), we have

(s + 1)1_%

] - kI‘k(a)

15 el [T e e,

CCS+1

Substituting y = $r

@ a_B
(s+ 1) F(@"h)r*

1 o —a
R - | S Ul

Using the result (2), we get (14). O

_B
Z

(16) FWe[(="*)

Theorem 2.3. Let a € (0,1), u, k € (0,00), s > —1. Then Va > 0,

s+1 e—MwSH
17 SW (e H* = —,
(7 W R

Elle)

Proof. Using the result (6) in the LHS of the equation (17), we have

s+1 11—2 © & s
as)  gween) = S [T e e e
k T

Substituting t5t! — g5t = z5+1

at1 1 17% —pzstt 00 o R
(19) PWe ) = G lil“ (6) / (25T F L et gy,
k& 0
Substituting pz*t! =y
s+1 1 -5 —past! 00 N
o) e S BRI [T,
pk kL () 0
Using (1), we get (17). O

Theorem 2.4. Let h, f be continuous on [0,00) and let o € (0,1),k € (0,00), s >
—1. ThenVz > 0,

(21) W h()] =W f(2)] = h= .
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Proof. Using (6) and linearity of integrals, we get

(s+1)F%

(22) kT ()

/OO (5 — o) [B(t) — F(t)]dE =0, t > 0.

By using theorem 2.12.5 of [3], we get

(23) h(t)— f(t)=0 = h=Ff.

Corollary 2.5. Let a € (0,1), A\, u, 8,k € (0,00), s > —1. ThenVx >0,

B B
E k.

24) (e + @) + M@ = 0 (e + a) + WO (@)

Theorem 2.6. Let g be continuous on [0,00) and let o € (0,1) ,k € (0,00), s >
—1. ThenVzx >0,

—_o
k

s1k
(25) M [We ) Fg)] = (s + MF'“() *(s1), Re(s1) > 0.

Proof. Using the results (6) and (7)
a + 1)17% ) 3
M sWa strl kol — (8 / xsl 1
W R )] =S
(26) . / (¢ — 2t R et TR g (1) de]da.

xT

By Fubini’s theorem

. T B
M W) Fo)] = Ul [T Fo

¢ .
(27) N / (1 — gt ) E T Ty g,
0

Substituting z5t! = ¢t5tly

v W) ] = BEDE [ty

1 a s1k
(28) w / (1= )ty T Lyt
0

(2) and (6) leads to (25). O
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Example 2.7. Let a € (0,1),k € (0,00),s > —1. Then Yz > 0, using theorem
2.6, we can get

s1k
(29) M [Sw,g(f“)*%(e—f)} = (s+ 1)—2‘“()%1), Re(s1) > 0.

Theorem 2.8. Let f be continuous on [0,00) and o € (0,1),k € (0,00),s > —1.
ThenVzx >0,

(30) M [*Wf(x)] =(s+1)" %Wf”))f* <sl+(3“)0‘>, Re(s1)>0.

Proof. Using the results (6) and (7)

1-%  foo 00 o
(31) M[Swgf(x)]:% /0 [T = e e (i

By Fubini’s theorem

1-%  roo t
@) Mpwes@) = S [T [ e - et et

Substituting 25! = ¢t5t1ly

1 Csik
(3) ([ =ty
(2) and (7) leads to (30). O

Example 2.9. Let a € (0,1),k € (0,00),s > —1. Then Vz > 0, using theorem
2.8, we can get

(s+ 1o

(34) M[PWglz f(o)) = (s+1)7% )|

i |:f*(51 +
s

Re(s1) > 0.
Some inequalities of extended k—Weyl fractional integral:

Theorem 2.10. Let h, f are two synchronous on [0,00) and a, f € (0,1),k >
0,s > —1. Then ¥V t > 0, we have

(35) W)W (Rf @) = W (h(1) FVE (f (1)) -

~—

AW (RS () WP (1) + WP (hf (1) g W (1)
kW‘”‘( () FWZ(F(#) +ZW7 (h(£)) Ve (f(2)) -

Y

(36)
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Proof. Since h, f are two synchronous on [0, c0), then Vv, w > 0, we have

(37) [h(v) = h(w)][f(v) = f(w)] > 0.
Therefore,
(38) h(v) £ (0) + h(w) f(w) > h(v) f(w) + h(w) f ().
Multiplying this by “,;1}3(:)% (vs+! — ¢5+1) 8 ~1ys and taking integral w.r.t. v over
(t,00), we get

(s+1)7F /OO (0L — ) s h() f(0)dv

k() /s

(39) + (/}:()a) / Tt = ) h(w) fw)do

> (,jpkl();) [t = e e

T m [ et = ) )

Using (6), we get
(40) W (Rf (1) + h(w) f(w)iW* (1) = f(w)iW® (h(2)) + h(w)iW* (f(1)).

- o
Multiplying this by (Slglz(a)k (wt! — 5+ % ~1w® and taking integral w.r.t. w

over (t,00), we get

=% o0 o
(5k¥]€1()a) [/t (ws+1 _ ts+1) k 1ws ZWa (hf(t)) dw
(41) +/too (w1 — 5+ E T b (w) £ (w) W (1) dw

S /too (w* = ) E " fw) g (B(1)) duo

+ / = e E L ) (£(8) duo).

Using (6) and simplifying we obtained (35).

B
Again multiplying (40) by (S]jlﬂl:(ﬁ)k (wstt — t5+1)%_1w5 and taking integral

w.r.t. w over (t,00), then using (6) and simplifying, we obtained (36) . O
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Theorem 2.11. Let h, f are two synchronous on [0,00), g = 0 and o, €
(0,1),k>0,s > —1. Then V z > 0, we have

IWeRfg(2)iWP (1) + iW ()W hfg(z)
(42) > sWhg(2)iWP f(2) + iW fg(2)i WP h(z)

— iWg(2)iWPhf(2) — iWhf(2)iWPg(2)

+ AW R(2)IWP fg(2) + W f(2)iWPhg(2).

Proof. Since h, f are synchronous on [0, c0), then V r,¢t > 0,

(43) [A(r) = RIS (r) = F()][g(r) + 9()] = 0.

Multiplying and arranging, we get

ap PO BT > b (r
—h{(t)[(t)g(r) = h(r)F(P)g(t) + h(r) F2)g(t) + h(D) (g 2).

Multiplying by (sljrl)( ) ( stl_ zs+1) %145 and taking integral w.r.t. 7 over
(2,00)
1 Cl (o]
T ot e ot
+hO (D) / D LA
> s+1 s+1 -1 sh( ) ( )d’l”
(45) + (1) / (% = 2 ) g(r)dr

~ b0 [ Ty E s gy

z

o) / T Y E s () () dr
(D9 / T - E s )
+ h(t)g(t) / - (5 = st TS £ () .

Using (6), we get

FWhfg(z) +h(t)f(#)g(®)FW (1)

(46) >[5 W“hg( )+ (@)W fg(2)
—h(O) f(O)FWg(2) — g(£)iWhf(2)
+ FOgOpWeh(z) + h(t)g ()W ().
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Multiplying by (SH)(B) s+ — zs“)%*lts and taking integral w.r.t. t over

(z,00), then using (6), we get the required result. O

Corollary 2.12. Let h,f are two synchronous on [0,00), g > 0 and a €
(0,1),k>0,s > —1. Then V t > 0, we have

FWELgh(@EWe (1) = W Fh(t)Wg(t)
(47) +EWEgh@QE WL (t) — FWEh()F W fg(1).

Theorem 2.13. Let h, f are two synchronous on (0,00), g = 0 and o, €
(0,1),k>0,s > —1. Then V t > 0, we have

PWe fgh(t); 5( ) — SW); WP fgh(t)

> SWEFh(t);WPg(t) + SWogh(t)s WP £ (t)
(48) — SWOR(); WP fg(t) + W Fg(t)sWPh(t)

— SWEF(ORW P gh(t) — sWg(t)i WP fh(t).

~n T®

Proof. This can be proved by using the steps as done in Theorem 2.11. O

Theorem 2.14. Let h, f are two synchronous on [0,00) and «, 8 € (0,1),k >
0,s > —1. ThenV z > 0, we have

(49) W (B*(2)) iWP (1) + W7 (£2(2)) iW® (1) = 25W (h(2))} W7 (£(2)) -
and
(50)  FWOR(2)IWO 2 (2) + FWPRA ()i W f2(2) > 25W R f(2)iWPhf(2).

Proof. Since h, f are synchronous on (0,00) then Vr,t > 0,,

(51) [h(r) — f()]* > 0.
Therefore,
(52) W2 (r) + f2(t) > 2h(r) f (t).

1—&
Multiply by (s,jrlk)(a)k (rt1 — 25t %15 and taking integral w.r.t. r over (z,00)

=

1— 0 R
(Sk—; 1()&) / (rstt — zSH)E_lrshQ(r)dr
k z

1-2 oo R
(5) s [ e P
k z

2(S+1)1 E s—i—l_zs—i-l %_17,5 r r
e G ) S0
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Using (6), we get
(54) FWE (P2 (2)) + FAOIW (1) = 2f ()W (h(2)).

Mm

Multiply by (SH)

V() (t5+ — 5+1)*_1t5 and taking integral w.r.t. ¢ over (z,c0)

I

(s+1) 7k
kL (5)
(8+1)1_ > sl_sl§*152 ST
63 e [ e e e e
2(S+ 1)1 s s %_1 s ST/«
> A [ e e )

Using the result (6), we get (49).
For (50), we take

(56) [A(r) f(t) = h(t) £ (r)]” > 0.
and get result as done in (49). O

o0 5_
/ (ts-i-l _ Zs-i-l)k 1ts ZWa (h2(z)) dt

EXISIIN

E

k

Corollary 2.15. Let h, f are two synchronous on [0,00) and «, 8 € (0,1),k >
0,s > —1. Then V y > 0, we have

(57) IWER(L)EWOR (y) + iW 2 (y)] = 25Wh(y) s W f (),
and
(58) FWERR ()W f2(y) > W Rt (y)).

Theorem 2.16. Let g : (—o00,00) — (—00,00) and we also have g(x) =
[.7 g(wyusdu, Then o € (0,1),k > 0,5 > —1,

(59) WWg(x) = kgW g (z).
Proof. Using the result (6) in the LHS of the equation (59), we have

1 o oo
(60) Weg(x) = (s ka()a) / Gals —:US‘H)’“lts[/ g(uw)u’du)dt.

Substituting the value of g(z)
S o— S + 1 17% > S S -1 S o S
(61) WeG(z) = (/ffk()oz)/ (5T — ST E T [/ g(u)u’dudt.

By Fubini’s theorem

=% oo u o
(62) iWag(:U):(Sk—;kl()a) [ ol [ - ae ) e

Integrating and using (6), we get (59). O
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Example 2.17. Let a € (0,1),k € (0,00),s > —1. Then Yz > 0 and f(z) =
e"”SH, using the theorem 2.16, we can get
s+1

63 WeF(a) = e
(63) k f(JU)—W-
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