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Abstract. An approach to the concept of fuzzy event as an extension of conditional
event is introduced. The probability of fuzzy events is presented as an extension of the de
Finetti’s probability of conditional events and depends on a score function subjectively
assigned by an expert. It is shown that the introduced fuzzy probability extends in
a fuzzy ambit the conditions considered by Dubins for finitely additive conditional
probability. Possible applications for decision-making under uncertainty are sketched.
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1. Introduction

According to the de Finetti’s theory (1970), a conditional event A|B is consid-
ered as a logical entity with three truth values: true, false, and a third truth
value that can be: undeterminate or empty or undecidable or other term, de-
pending occurring A N B, A° N B, B¢. Many authors have studied the three-
valued logic (Reichenbach, 1944: 269-297; Gentilhomme, 1968: 54; De Finetti,
1970:685-686; Fadini, 1979:41; Nguyen et al., 2003: 1061), attributing different
terms and meanings to the third truth value. However, the logical operations
do not depend on the term which is used. Following the literature regarding
the three value logic (Gentilhomme, 1968; Fadini, 1979:45; Lane, 1999; Nguyen
et al., 2003: 1061; Negarestani, 2012; 54), we represent the three logical values
“true”, “false”, and “third truth value” with “17, “0”, and “1/2”, respectively.

The formalization of conditional probability of de Finetti has been largely
studied in the literature (de Finetti, 1970; Dubins, 1975; Scozzafava, 1993, 2001;
Yexin et al., 2005; Mundici, 2006; Montagna et al., 2013; Flaminio et al., 2015a;
2015b). In many of these studies the assessment of conditional probability is
obtained by the concept of coherent bet. Various authors (e.g. Zadeh, 1968;
Yager, 1999; Maturo, 2000; Mundici, 2006; Maturo and Doria, 2008) have con-
sidered fuzzy events and fuzzy probability. In this paper, we follow a different
perspective; specifically, we consider the concept of fuzzy event as an extension
of conditional event, propose a possible approach to the idea of probability of
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fuzzy events, and study their mathematical properties. Moreover, we introduce
some possible meanings of fuzzy event and fuzzy probability (which are defined
following our approach) in the context of decisional processes. Furthermore, we
aim to discover formulas for the probability of fuzzy events, which satisfy, under
broad conditions, the mathematical properties of conditional events, in particu-
lar the axiomatic conditions of Dubin (1976) for the finitely additive conditional
probability.

2. Functional and algebraic representations of conditional events

In the subjective approach to the calculus of probability (e.g. de Finetti, 1970;
Dubins, 1975; Scozzafava, 1993, 2001), a conditional event A|B, defined if B is
a non-impossible event, is a statement assuming the following values: true if the
intersection A N B is true, false if the intersection A°N B is true (where A€ is
the contrary of A), and undetermined if B is false. In this paper, for a better
algebraic treatment, we also consider the conditional event A|B with B = (),
called the totally undetermined conditional event.

To show how fuzzy events, as will be defined in this paper, can be seen
as extensions of conditional events, let’s introduce an alternative (but logically
equivalent) definition of conditional event A|B. Then we give the following
definition.

Definition 2.1. Let II be a partition of the certain event. We define conditional
event in functional form (briefly FFCE), with domain II, every function X :
IT — {0,1/2,1}. The union of the elements a € II such that X(a) = 1 (resp.
X(a) = 0,X(a) = 1/2) is said to be the true part of X, denoted by T'x (resp.
the false part of X, denoted by F'x, and the undetermined part of X, indicated
with Ux). The event Dx = T'x U Fx is called the determined part of X.

Definition 2.2. If X and Y are FFCE, we say that X is equivalent to Y, we
write X ~ Y if (Tx, Ux,FX) = (Ty, Uy, Fy)

Evidently, a FFCFEX, and all the FFCEY equivalent to X, individuate the
conditional event in normal form T'x|Dx and vice versa, every conditional event
A|B represents the equivalence class of the FFCFE with Tx = AN B, Ux = B¢,
Fx = A°N B. In other words, an F'F'C'F equivalence class is a random number
with codomain {0,1/2,1}.

The contrary of X is the conditional event X€¢ : II — {0,1/2,1} having the
same domain and determined part of X, but with false part equal to the true
part of X.

The triplet (Tx,Ux, Fx) is said to be the algebraic representation of X.
For indicating that X is a conditional event with algebraic representation (T’x, Uy,
Fx), we write X = (TX, UX,FX).

Definition 2.3. Two conditional events X and Y are:
e disjoint, if Tx N Ty = 0;
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e exhaustive, if Fx N Fy = (;

e homogeneous, if Dx = Dy.

Clearly, X and Y are contrary, if and only if, they are disjoint, exhaustive,
and homogeneous.

In the subjective probability framework, a conditional event X is interpreted
as a bet in which a decision-maker D wins if the true part occurs, loses if the
false part happens, and the bet is canceled if the undetermined part is obtained.

Given two partitions II; and Il of the certain event, the product II; e Il is
the set of the not impossible intersections a N b, with a € 113, b € Il,.

Definition 2.4. Let % be an operation on {0,1/2,1}. For all conditional events
X :IIx —{0,1/2,1},Y : IIy — {0,1/2,1}, the product of X and Y induced
by %, or “s«-product”, is the conditional event X Y : IIx e IIyy — {0,1/2,1}
such that:

(zellx olly,z=anbacllx,belly) = (X *Y)(2) = X(a)* Y (b).

Important operations in {0,1/2,1} are:
e the union (or disjunction) U, defined by: a Ub = max{a,b};
e the intersection (or conjunction) N, defined by: a Nb = min{a, b}.

3. Fuzzy event as an extension of the concept of conditional event

We assume the following definition of fuzzy event as extension of conditional
event.

Definition 3.1. Let II be a partition of the certain event. A fuzzy event with
domain II is a function X : II — [0, 1]. The union of the elements a € II such
that X(a) > 1/2 (resp. X(a) < 1/2, X(a) = 1/2) is said to be the true part of
X, denoted with T'x (resp. false part of X, denoted with F'y, and undetermined
part of X, denoted with Ux). The event Dx = T'x U Fx is the determined part
of X.

The contrary of X is the fuzzy event X¢ : II — [0,1] such that, Va €
IT, X¢(a) = 1 — X(a).

The conditional event Xo, with domain IT and such that Xo(a) = 1, 1/2,
0 depending on which X (a) > 1/2, X (a) = 1/2,X(a) < 1/2, is said to be the
crisp approzimation of X. In algebraic form Xy = (Tx,Ux, Fx).

Let Vx be the set of all the values assumed by the fuzzy event X : II — [0, 1].
For all v € Vx, the union of the a € II such that X (a) = v is called part at level v
of X, denoted X,,. The fuzzy event X* : {X,,v € Vx} — [0, 1] that associates to
X, the number v is said to be the normal form of X. Using a slight modification
of the notations introduced by Zadeh (Zadeh, 1965, 1968, 1975a, 1975b; Klir,
Yuan, 1995; Zadeh at al., 1996), we write X = {v/X,,v € Vx}.

Two fuzzy events X and Y will be said equivalent if they have the same
normal form, i.e. Vx = V3 and, Vv € Vx, Xy = Yy.
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With this notation, a FFCEX = (Tx,Ux, Fyx) is a fuzzy event such that
Vx C {1,1/2,0}. Using the fuzzy notation, we can write X = {1/Tx,0.5/Ux,
0/Fx}.

Extending to fuzzy events the basic ideas of subjective setting of probability
theory, a fuzzy event X is interpreted as a bet in which a decision-maker D
partially or totally wins if the true part occurs, partially or totally loses if the
false part happens, and the bet is canceled if the undetermined part is obtained.
Unlike the conditional event, the amount of winning (if v > 1/2) or loss (if
v < 1/2) depends on the truth-value v, i.e. it decreases if v approaches 1/2,
increases when v approaches the extremes of the interval [0, 1], and is null if
v=1/2.

The concepts expressed by the definition 2.3 can be extended in various ways
to fuzzy events. For this purpose, we introduce the following definition:

Definition 3.2. Two fuzzy events X and Y are called:

e quasi-disjoint, if Tx N Ty = (;

e quasi-exhaustive, if F'x N Fy = (;

e quasi-homogenous, if Dx = Dy.

In general, for each fuzzy event X, we use the prefix ”quasi” for indicating
a property that holds for the crisp approximation X of X.

We can extend the definition 2.4 to fuzzy events as follows:

Definition 3.3. Let % be an operation in [0,1]. If X : IIx — [0,1] and
Y : IIy — [0, 1] are two fuzzy events, we define product of X and Y induced by
%, or “x- product”, the fuzzy event X %Y : IIx e IIy- — [0, 1] such that:

(zellx oIlly,z=anbacllx,belly) = (X *xY)(z) = X(a) *Y()).

The most important operations in [0,1] we will use during the work are the
following:

e the union (or disjunction) U, defined by: a Ub = max{a, b};

e the intersection (or conjunction) N, defined by: a N'b = min{a, b};

4. An approach to subjective probability of fuzzy events

Let II be a finite partition of the certain event and let X : II — {0,1/2,1}
be a conditional event. The subjective conditional probability p = p(X) of
X is defined from a bet, with stake S and possible winning V' > S. Three
circumstances may happen:

e if T'x occurs, he receives the winning V';

e if Ux occurs, he gets back the stake S

e if F'x happens, he loses the stake S.

The subjective conditional probability p is defined as the ratio p = S/V.
Therefore, the gain of D is the random number:

(4.1) G =[(1 = p)|Tx| - plFx]]V,



814 FABRIZIO MATURO

where, for any event E, we denote by |F)| its indicator.
The bet is coherent with respect a probability p; : IT — [0, 1], if and only if
the prevision of G is null, i.e.

(4.2) [p1(Tx) + p1(Fx)]lp = p1(Tx),

where pi(Tx) and pi(Fx) are, respectively, the probabilities of the true part
and the false part of X, and p1(Tx) + p1(Fx) = p1(Dx).

If p1(DX) # 0, we get a single coherent value for p. Precisely, if we put
Q% = (Dx) = p1(Tx) +p1(Fx), Q% = p1(Tx), Q%' = p1(Fx), we have:

(4.3) p(X) = Q% /Q% . p(X°) = Q' /Qk.

If p1(Dx) =0, but Dx # 0, we can consider the set II; = {F € II : p1(F) =
0} and we can assign (de Finetti, 1970) a subjective conditional probability
p2(E) = p(E/I1y) for every E € II with the condition

(4.4) > {p2(E):EcIl} =1.

The bet is coherent with respect the conditional probability py : IT — [0, 1], if
and only if the prevision of G is null, i.e.

(4.5) [p2(Tx) + p2(Fx)]p = p2(Tx).

If po(Dx) # 0, we get a single coherent value for p. Precisely, if we put Q% =
p2(Dx) = p2(Tx) + p2(Fx), Q% = p1(Tx), Q> = p1(Fyx), we have:

(4.6) p(X) = Q¥ /Q%. p(X°) = Q*/Q%-

Let us call 1st order probability and 2nd order probability, the probabilities
given by (4.3) and (4.6), respectively. Proceeding for recurrence, as II is finite,
if Dx # (), we obtain an integer j and a j* order probability for X and X¢
given by formulae:

(4.7) p(X) = Q¥ /Q% (X)) = QY / Q.

where Q% = p;(Dx) = p;j(Tx) + p;j(Fx), QY = p;(Tx), Q% = p;(Fx).

We can get an extension of the subjective conditional probability to fuzzy
events in various ways. We propose a possible approach, which is based on
a suitable assessment of a ”score function”. The decision maker D assigns a
”score function” f : [0,1] — [0,1], decreasing in [0,1/2], increasing in [1/2;1],
and satisfying the conditions f(0) =1, f(1/2) =0, f(1) = 1.

Some desirable additional conditions are:

(a) f(x) = F(1 - @) (symmetry):

(b) f(x) # 0 for x # 1/2 (positivity);

(c) f(x) is strictly decreasing in [0,1/2] and strictly increasing in [1/2,1];
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(d) f(x) is continuous.

The condition of symmetry has the following interesting implications:

(1) the number 2|z — 1/2| can be interpreted as the degree of occurrence or
non-occurrence of an event of the partition with value x;

(2) the meaning of f(x) is that of a function that increases with the increase
of the degree of occurrence or non-occurrence”.

The other three conditions can be useful in many contexts. Hereafter, we
assume that the conditions of symmetry and positivity hold.

Suppose, from now on, that the domains of fuzzy events considered are finite.

Let X : II = {A;, Ay, ..., Ay} — [0,1] be a fuzzy event, X(A;) = x;. Let us
define the gain of the bettor D as the random number:

(4.8) G =[(1—-p)Z{f(x:)|As| : 2 > 1/2} — pX{ f(2:)|Ai] : 2 < 1/2}]V,

where p = p(X) is the unknown probability of the fuzzy event X.

We assume that the bet is coherent with respect a probability p; : IT — [0, 1]
if and only if the prevision of GG is null. Then the coherence condition implies
the formula:

(4.9) [E{f(zi)p1(Ai) : 25 # 1/2}]p = E{f(@i)p1(Ai) : 7 > 1/2}

If p1(Dx) # 0, because of the condition of positivity, we obtain a single coherent
value for p. Precisely, if we put

(4.10) Q% = X{f(zi)p1(4;) : z; # 1/2},
(411) Q% =S{f(z)p1(Ai) s i > 1/2}, Q%" = S{f(wi)p1(As) : s < 1/2},

we have formulae:

(4.12) p(X) = QX' /Qk,p(Xc) = Q%' /Qk.,

that extends to fuzzy events formulae (4.3). If X is a conditional event, then p,
defined by (4.12), reduces to the conditional probability.
If p1(Dx) =0, but Dx # ), we can consider the set I} = {E € I : p;(E) =
0} and we can assign (de Finetti, 1970) a subjective conditional probability
p2(E) = p(E/1I;) for every E € II with the condition X{py(F): E € II;} = 1.
Formulae (4.10), (4.11), and (4.12) are replaced by:
(4.13) Q% = S{f(wi)pa(Ai) : mi #1/2},
(4.14) }"_{2 = E{f(l‘z)pg(Az) T > 1/2},@;(2 = E{f(xl)pg(Az) T < 1/2},

and we have formulae:

(4.15) p(X) = QFF/Q%. p(X°) = Q5*/Q%-

Proceeding for recurrence, as II is finite, if Dx # (), we obtain an integer j and
a jth order probability for X and X¢ given by formulae:

(4.16) p(X) = Q¥ Q. p(X°) = Q% /QY,
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where
(4.17) = X{f(@i)p;(Ai) : @i # 1/2},
(4.18) = S{f(zi)p;(Ai) : 3 > 1/2}, QY = S{f(wi)p;(Ai) : w5 < 1/2}.

Let us call “subjective fuzzy probability (briefly SFP) associated to the function
f and the probability p;” the probability p given by (4.16).

In the theory of decisions under uncertainty, a fuzzy event X represents an
alternative compared with a given alternative Xo, called the null alternative,
QY y represents the positive change (anrovement) compared to the Xo, Q7 is
the negative change (worsening), and @’ is the total variation. Then, the fuzzy
probability p(X) is the ratio of the positive change to the total change, and can
represent a significant index of the validity of the alternative X. In particular,
if p(X) > 1/2, we can assume that X is better than the null strategy, while it
is worst whether p(X) < 1/2.

The applications of fuzzy events to decision making may be particularly
significant in multiagent decision-making (see, e.g., Maturo and Ventre, 2009)
or in fuzzy statistical decisions related to, for example, fuzzy regression (see,
e.g., Maturo, 2016; Maturo and Hoskova-Mayerova, 2017; Maturo and Ventre,
2018).

An approximation of p(X) is obtained by the probablhty of the crlsp approx-
imation Xo of X. Precisely, if we put Qo = p](D] ), QXO = pj(T%), Qxh =
pJ(F ), we have:

(4.19) P(Xo0) = Qx/ Qs P(XE) = Qx/ Qo
Formula (4.16) reduces to (4.19) if f(z) = 1 for  # 1/2 and f(1/2) = 0. Such

a function satisfies the conditions of symmetry and positivity but not the other
conditions. Let us call it “the crisp score function”.

5. A fuzzy extension of the axiomatic definition by Dubins

In (Dubins, 1975) the following axiomatic definition of finitely additive condi-
tional probability is assumed.

Definition 5.1. Let E be an algebra of events. A finitely additive conditional
probability on E is a function p : (A, B) € (E x (E —{0})) — p(A|B) € [0,1]
such that:

(PC1) VB € (E — {0}), the partial function pp : A € E — p(A|B) is a finitely
additive probability on E;

(PC2) VB € (E - {0)),p(BIB) = 1;
(PC3) VA € E\VB,C € (E — {0}),AC B C C = p(A|B)p(B|C) = p(A|C).
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To extend the definition 5.1 to fuzzy events, it is necessary to rewrite it in
the fuzzy (functional) notation, which has been introduced in Sec 3.

Let us denote with € (called the totally true event), () (totally false), and U
(totally undetermined), the fuzzy events with X (II) = {1}, X(II) = {0}, and
X(IT) = {1/2}, respectively. The definition 5.1 is equivalent to the following
one in functional notation:

Definition 5.2. Let Cg be the family of the conditional events X : II —
{0,1/2,1} with the domain II contained in an algebra of events E. A finitely
additive conditional probability on Cg is a function p: X € C}, = Cg —{U} —
p(X) € [0,1] such that:

(PAL) VX,Y € C}, (Txny =0,Dx = Dy) = p(X UY) = p(X) + p(Y);
(PA2) VX € C}, (Fx =0) = p(X) = 1;
(PA3) VX,Y,Z € Cf, (Tx = Tz, Dx = Ty, Dy = Dz) = p(X)p(Y) = p(Z).

Let us extend to fuzzy events the notions of disjoint, exhaustive, and homoge-
neous events. Without loss of generality, considering eventually refinements of
the domains of the fuzzy events, we can assume that each pair of considered
fuzzy events has the same domain.

Definition 5.3. Let X : Il = {E, Es,...,E,} = [0,1],Y : 11 = {E1, Es, ..., Ey}
— [0,1], be two fuzzy events, X (E;) = x;,Y (E;) = y;. We say that X and YV
are:

e homogeneous, if x; = y; or x; = 1 — y;;

e disjoint, if x; +y; < 1;

e exhaustive, if x; +y; > 1.

The homogeneity is equivalent to the fact that the values x; and y; are
equidistant from 1/2. In particular (X and Y homogeneous) = (X and Y
quasi-homogeneous, i.e. Dx = Dy). If X and Y are conditional events, then
we have also (X and Y quasi-homogeneous) = (X and Y homogeneous).

By previous definition, it follows:

Proposition 5.1. Let X and Y be two fuzzy events. If they are homogeneous,
then also X¢, Y, X UY, X NY are homogeneous with X and Y .

Moreover, the following properties are equivalent:

e X and Y are homogeneous;

e XUX=YUYY

e XNX=YnNYe"

For each fuzzy event X : II — [0, 1] with set of values Vx, X = {v/X,,v €
Vx}, we put X = {v/X,,v € Vx,v>1/2}, X~ ={v/X,,v € Vx,v < 1/2}.

We note that, for conditional events, the condition (Tx N Ty = 0, Dx =
Dy) is equivalent to (X and Y are disjoint and homogeneous); moreover, the
condition (Tx = Tz, Dx = Ty,Dy = Dy) is equivalent to (X* = Z+ (X U
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Xt =Y+ YUY®=ZUZC). Then the definition 5.2 can be extended to fuzzy
events in the following way.

Definition 5.4. Let Fg be the family of fuzzy events X : IT — [0, 1], with the
domain II contained in an algebra of events E. We define finitely additive fuzzy
probability on Fg every function p : X € Fg = Fg — {U} — p(X) € [0,1] such
that:

(PF1) VX,Y € F, (Txny =0, X UX® =Y UY®) = p(X UY) = p(X) + p(Y);
(PF2) VX € Fj, (Fx = 0) = p(X) = 1;

(PF3) VX,Y,Z € Fi, (Xt = ZT (X UX)t = Yt YUY® = ZU 2 =
p(X)p(Y) = p(2).

6. An extension theorem to subjective fuzzy probability

We prove that the fuzzy probability given by (4.16) satisfies the conditions
(PF1), (PF2), and (PF3) of the definition 5.4, and then, according to this
definition, it is a finitely additive fuzzy probability on Fg.

Theorem 6.1 (Extension theorem). Let Fg be the family of fuzzy events
X : I — [0, 1] with the domain IT contained in a finite algebra of events E. If p
is a fuzzy probability associated to a function f that satisfies the conditions of
symmetry and positivity, then p is a finitely additive fuzzy probability on Fg.

Proof. Let X and Y be two fuzzy events of F. Considering possibly a re-
finement, we can always assume that X and Y have the same domain II =
{Al, AQ, . ,An} Let X(A,) = T, Y(AZ) = Y;.

(PF1) Let Txny =0, XUX¢=YUY* Then we have z; = y;, or x; = 1—y;
and min{z;,y;} <1/2, Dx = Dy. Using the notations of Section 4, if Dx # (),
we have, for every j:

I = S{f(w)pi(Ad) : 2 # 1/2}; QL = S{f(wi)pi (A) : vi # 1/2}.

Since f(z) = f(1 — ), it follows Q% = Q{/ = {XUY)'

Then from the procedure of Section 4 we obtain an integer j and the 4t order
probability for X, Y and X UY given by formulae p(X) = Q;—(] /@, p(Y) =
Q;ﬁ/@; ,p(XUY) = Q?)?UY)/QgXuY)’ where denominators are equal and not
null an

¥ =S{f()pi(Ai) s 2 > 1/21; Q5 = S{f(wi)pi(Ai) : yi > 1/2}.

Since T'xny = 0, it follows erj

Xuv) = Q}j + Q;Zj . Therefore, we have:

P(XUY) = Q{uy)/Qlxuy) = QX /@5 + QY Q4 = p(X) +p(Y).
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Thus, (PF1) is verified.

(PF2) If Fx = () then Q% = Q¥ # 0, and we have p(X) = Q17 /Q% =1
and so (PF2) holds.

(PF3) Let X,Y,Z € Fy, such that X+ = Z+, (XUX)* =Y+, Y UY® =
Z U Z¢. From formula (4.16), there exist integers 4, 7, ¢ such that:

p(X) = Q¥ /Q%.p(Y) = QF7 /Q).p(2) = QL' /QY.

Since YUY =ZUZ (XUX)" =YY", we have j =t,1 > j.

If i > j then Q;Z] = Q% =0, Q}' = Q} = 0 and equality (PF3) reduces to
0=0.

If i = j then Q% = QFLQY = QFLQL = Q. and so p(X)p(Y) =
(QF/Q(QY Q4) = Q¥ /@y = Q5'/Q = p(Z). Therefore, (PF3) is ver-
ified.

In conclusion, the theorem 6.1 extends the relationship between the sub-
jective probability of de Finetti and finitely additive conditional probability of
Dubins, to the more general relation between the fuzzy probability and finitely
additive fuzzy probability, which have been introduced in the previous sections.

7. Conclusions and perspective of research

In this study, we have shown how the fuzzy probability introduced in Sec. 4
as an extension of the conditional probability can be significant in the case of
decision-making under uncertainty.

This probability depends on a score function and appears to have good math-
ematical properties if this function satisfies at least the conditions of positivity
and symmetry. In particular, we have shown that it is possible to obtain a fuzzy
extension of Dubins conditions for finitely additive conditional probabilities.

An extension of the theory introduced can be made by replacing the crisp
partitions of the certain event with fuzzy partitions. This may be useful for
classification problems based on a given objective function.

In particular contexts, the imposition of suitable conditions to the score
function can lead to very significant results both from the mathematical point
of view and from the point of view of applications.
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