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Abstract. In this paper, we investigate the derived of some polygroups and we give
some results on them. Also, we define generalized alternative polygroups which is the
derived of generalized symmetric polygroups.
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1. Introduction

Hyperstructure theory was born in 1934 at the 8th congress of Scandinavian
Mathematicians, when Marty [11] introduced the hypergroup notion as a gen-
eralization of groups and later, he proved its utility in solving some problems of
groups, algebraic functions and rational fractions. Surveys of the theory can be
found in the books of Corsini [3], Davvaz and Leoreanu-Fotea [6], Corsini and
Leoreanu [4] and Vougiouklis [12]. One of the important classes of hypergroups
is polygroups which their properties are close to groups. There are many mathe-
maticians that interest to work on this class. The authors introduced the notion
of derived of polygroups in [1], in this paper we investigate the derived of A[B],
the extension of A by B, where A and B, are two polygroups and introduced by
Comer [2]. Also, we define generalized alternative polygroup by the derived of
generalized symmetric polygroups.

2. Preliminaries

In this section, first we recall some basic notions of polygroup theory and we
give some results on the derived polygroups that we introduced in [1].

x. Corresponding author
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Let H be a non-empty set and P*(H) be the set of all non-empty subsets of
H. Let - be a hyperoperation (or join operation) on H, that is, - is a function
from H x H into P*(H). If (a,b) € H x H, its image under - in P*(H) is denoted
by a-b. The join operation is extended to subsets of H in a natural way, that is,
for non-empty subsets A, B of H, A-B=U{a-b | a € A,b € B}. The notation
a-Ais used for {a} - A and A-a for A-{a}. Generally, the singleton {a} is
identified with its member a. The structure (H,-) is called a semihypergroup if
a-(b-c)=(a-b)-cforall a,b,c € H, which means that

U U-z= U T v,

uexr-y VEYZ

A semihypergroup is a hypergroup if a - H = H-a = H for alla € H. A
non-empty subset K of a hypergroup (H,-) is called a subhypergroup if it is a
hypergroup. The subhypergroup K is called invertible on the left ( on the right)
if for all (z,y) € H? from z € K -y (resp. z € y- K), it follows that y € K -z
(resp. y € - K). We say K is invertible if it is invertible to the left and to the
right. An element e of H is called an identity if, forallz € H, x € x-eNe-x
and a' € H is called an inverse of a in H if e € a-a’ Na’-a. Suppose that (H,-)
and (H' o) are two semihypergroups. A function f:H ——= H’' is called a
homomorphism if f(a-b) C f(a) o f(b) for all a and b in H. We say that f is
a good homomorphism if for all a and b in H, f(a-b) = f(a) o f(b). If (H,") is
a hypergroup and p C H x H is an equivalence relation, then for all non-empty
subsets A, B of H we set

A;B<:>a,0b, foralla € A, be B.

The relation p is called strongly reqular on the left ( on the right) if x p y =
a-zpPa-y(zpy=x-apy-a, respectively), for all (x,y,a) € H®. Moreover,
p is called strongly regular if it is strongly regular on the right and on the left.

Theorem 2.1 (Theorem 31, [3]). If (H,-) is a semihypergroup (hypergroup)
and p is a strongly reqular relation on H, then the quotient H/p is a semigroup
(group) under the operation :

p(z) @ py) = p(z), forallz € x-y.

We denote p(z) by & and instead of Z ® § we write Zj.
For all n > 1, we define the relation 3, on a semihypergroup H, as follows :

apBnbe I(xr,...,xn) € H" : {a,b} CI[L, 2,

and Sy = U;—, Bn, where 81 = {(z,z) | x € H} is the diagonal relation on H.
This relation was introduced by Koskas [10] and studied mainly by Corsini [3].
Suppose that (7 is the transitive closure of 3. The relation gj; is a strongly
regular relation [3]. Also, we have :
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Theorem 2.2 (Freni, [9]). If H is hypergroup, then By = (.

Note that, in general, for a semihypergroup may be 8y # 37;. The relation
Bj; is the least equivalence relation on a hypergroup H, such that the quotient
H/B3; is a group. The heart wy of a hypergroup H is the set of all elements x
of H, for which the equivalence class §};(x) is the identity of the group H/3j;.

A hypergroup P is called polygroup and is denoted by (P,-,e,”') if the
following conditions hold :

(1) P has a scalar identity e (i.e., e-x =z -e = z, for every x € P);

(2) every element z of P has a unique inverse z ! in P;

(3) xcy-zimpliesycx-2ztand z €y~ !

In the following we recall some properties of derived subpolygroups from [1].
Definition 2.3. Let P be a polygroup. We define

(1) [z,yl, ={hePlxz-yNy-z-h#0};

2) [zyl, ={hePlz-yNh-y-z#0};

®3) [yl = [z, yl, Ulz, vl

We call [z,y],, [z,y], and [x,y] right commutator x and y, left commutator =
and y and commutator x and y, respectively. Also, we will denote [P, P],, [P, P],
and [P, P] the set of all right commutators, left commutators and commutators,
respectively.

A non-empty subset K of a polygroup (P, -, e,”!) is a subpolygroup of P if
z,y € K implies z -y € K, and z € K implies 27! € K.

Let X be a nonempty subset of a polygroup (P,-,e,~1). Let {4;] i € J} be
the family of all subpolygroups of P in which contain X. Then, N;csA4; is called
the subpolygroup generated by X. This subpolygroup is denoted by < X >
and we have < X >= U{af' - ... 2f* |z; € X,k e Njg; € {—1,1}}. f X =
{z1,x2,..., 2y}, then the subpolygroup < X > is denoted < x,z2,...,2, >.
In a special case < [P, P], >, < [P, P], > and < [P, P] > are shown by P’, P/
and P’, respectively.

Proposition 2.4. Let (P,-,e,”') be a polygroup (x,y) € P?. Then,
1) [zyl, =[=""y s
(2) PP=P =P/;
B)xe P =2tecpP.
Corollary 2.5. If (P,-,e,~') is a polygroup, then P is a subpolygroup of P.

From now on we call P’ the derived subpolygroup of P.
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Proposition 2.6. Let (P,-,e,~') be a polygroup. Then, P' = {e} if and only if
P be an abelian group.

A subpolygroup N of a polygroup (P, -, e,” ') is normalin Pifz=*-N.2 C N,
for all x € P.
Let K and N be subpolygroups of a polygroup P with N normal in P. Then,

1) Na =aN, for all a € P;

2) (Na)(Nb) = Nab, for all a,b € P;

4

(1)

(2)

(3) Na = Nb, for all b € Ng;

(4) NN K is a normal subpolygroup of K;
(5)

5) NK = KN, is a subpolygroup of P;

(6) N is a normal subpolygroup of NK.

Proposition 2.7. If N is a normal subpolygroup of P, then (P/N,o, N,—I) is
a polygroup, where Nx o Ny = {Nz|z € zy} and (Nz)~{ = Nz~1.

Proposition 2.8. If N is a normal subpolygroup of P, then (P/N) = NP'/N
Proof. Suppose that (z,y) € P2. From the equations
[tN,yN] = tNyNx 'Ny N = {zN | z € [z,y]}

and
NP'/N={yN |ye NP'} ={yN |yenz,ne N,ze€ P'} ={zN | z € P'},
we obtain (P/N) =< [P/N,P/N] >= NP’/N. O

3. On extension polygroups

In this section, we investigate extension polygroups and we give some new results
on this class of polygroups.

Suppose that A = (A,-,e,”' ) and B = (B, -,e,”!) are two polygroups whose
elements have been renamed so that AN B = {e}. A new system A[B] =
(M, *,e,I) called the extension of A by B is formed in the following way : Set
M=AUBandletel =e,a! =27 xxe=exx =z for all z € M, and for all
x,y € M —{e},

x -y, if x,y€ A,

x, if reBye A
TxY =11, if r€e Ajye B

x -, if z,ye B,y#a"!

(z-yUA, if z,y € B,y=a"1

In this case, A[B] is a polygroup which is called the extension of A by B [2].
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Remark 3.1. Notice that if A = {e}, then A[B] = B.

Lemma 3.2. Let A= (A,-,e,”!) and B= (B,-,e,” ') be two polygroups, where
A # {e} and A[B] = (M,x,e,I) be a extension of A by B. Then, for all
(x1,22,++ ,xy) € M™ we have

(i) If & € A, for all 1 < i < n, then *[[;_;z; C A, where [ x; =
T1 XTg k- kTp.

(it) If there exists j such that x; € B, then [ x; € B or A C « [, x;.

(i13) If A C *[[;y @i, then there exists j such that for all k > j, xp = w,;_ll or
z e T @i

(iv) If A C Iy @i, then * [[1my @i = - T[], t; U A and e € - [[}2, t;, where
t] € {xlvaa"' 7$n}ﬂB§M, fOT all 1 S] Sm

Proof. The part (i) is obvious. (ii) Suppose that there exists j, such that z; €
B. Tt is easy to see that * [[}_; x; = «[[_, y;, where y; € {x1,22,--- ,2,} N B.
Hence * [[[_) z; = *[[jL,y; € Bor A C*[[L, x; = *[[j, y;. (iii) Suppose
that (iii) is not true therefore xj, # m,;_ll and :U,Zl ¢ - Tlieq @i, for all 1 <k <n.
Thus *[[;", 2; = -[[;~; 2; € B, which is a contradiction. (iv) It is easy to
see that =[], x; = =[[;~ t;, where t; € {z1,22, -+ ,xm} N B. According
to (iii) there exists j such that for all k > j, t, = t;.}, or t;' € -[[%, t;.
Suppose that j is the smallest number with the mentioned condition hence
*H:L ti = (- Hi;% ti) ety * (x H:‘ij—l—l ti) = (Ilioyti U A) = (x H;‘Zjﬂ ti) =
(T t) (e TI e t) U T 0 te = - T2, tiUA. Moreover e € - [[[2, ;. O

Example 3.3. Let A and B be the following polygroups

1
2

12 13 4
12 11 3 4
2 {1,2} 313 {1,4} {3,4}

414 {3,4} {1,3}

The hyperoperation extension A by B, A[B] = M as follows :

|1 2 3 4
/1 2 3 4
202 {1,2} 3 4
313 3 {1,2,4} {3,4}
414 4 {34} {1,2,3}

Notice that if (z1,22,...,2,) € M™ and A C *[[;", 2; we have =[], z; =
{{e,a},{e,a,b},{e,a,c},{e,a,b,c}}. Hence [ ;xi=e-eUA, orc-cUA, or
b-bUAandorb-b-cUA, wheree€e-eNc-cNb-bNb-b-c.
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Theorem 3.4. Let A= (A,-;e,”!) and B = (B,-,e,”!) be two polygroups and
A[B] be an extension of A by B. Then,

AlB]/ B = B/Pp-

Proof. Suppose that ¢ : .A[B]/BZ[B] —— B/Bj , such that

(la]) e, if x€A
€T =
4 Z, if zeB— A,

where [2] = 37 () and Z = B(x). First of all, we prove ¢ is well defined map.
Suppose that =,y € M and [z] = [y], so there exists (21,22, -, 2n) € M"™ such
that x,y € *[[;_, zi. By Lemma 3.2, we have the following cases:

Case 1. If z; € A, for all 1 <+i <n, then z,y € A and so ¢([z]) = ¢([y]) = e.

Case 2. If there exists j such that z; € B and =[],z C B, we have
«[[iey 2 = #I[jL1 tj, where t; € {21,20,- -+ ,2,} N B and hence z,y € - [[[_, ¢,
and so T = y which means that ¢([z]) = ¢([y]).

Case 3. If there exists j, z; € B and A C «[[;"; z. In this case, we have
«[[imyzi = TjLit; U A, where t; € {z1,22,---,2,} N B and e € -[[}_, ;.
Since {z,y,e} C *[[\ z;, one of the following statements happen :

(i) {z,y} € -TI b5
(i) {z,y} € 4;
(ili) = € -[[}L; tj and y € A;
(iv) y € - I[}L; tj and z € A.
In all of the above cases, we have p([z]) = ¢([y]). Therefore, ¢ is well defined.

Suppose that x,y € M. In order to prove that ¢ is a good homomorphism we
need to consider the following steps :

(1) (z,y) € A%, p([z] ® [y]) = ¢([z]), where z € z*y = x-y. So, z € A and
hence ¢([2]) = € = ee = o([z])¢([y])-

(2) (z,9) € B%, p([z]®[y]) = ©([2]), where z € xxy =z -yor xxy =x-yUA
andy =a L Ifz€xxy=ux-y, then ([2]) =2 =2 -5 = o([z])o([y])-
Ifzcax*xy=2-yUAandy =a2"" then 2 € A or 2 czx-yifze A
we have ([2]) = € and p([z])¢([y]) = ¢([z])¢([z7!]) = 727! =22~ =¢.
Consequently, o([z] @ [y]) = ¢([z])e([y]). If 2 € 2y = x- 271, then
=z §=1-7 " =& Thus, &= o([z]) = p([z])e(y]).

(3) x€ Aand y € B, p([z]®[y]) = ¢([2]), where z € x*y = y. So, z =y and
hence o([z] @ [y]) = () =¥ =€y = o([=z])e([y])-

(4) = € B and y € A, this step is similar to (3).
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It is easy to see that ¢ is one to one and onto and the proof is completed. [

Corollary 3.5. Let A= (A, -, e,”') and B= (B,- e, ) be two polygroups and
A[B] be an extension of A by B. Then, A[B] is special (in the sense of Definition
4.8) if and only if B is special.

4. Derived of extension polygroups and generalized symetric
polygroups
In this section first we investigate the derived of A[B], the extension of the A

by B, and then we define generalized alternative polygroup by the derived of
generalized symmetric polygroups. Also, we give some properties of alternative

polygroups.

Proposition 4.1. Let A = (A,-,;e,”!) and B = (B,-,e,~!) be two polygroups
and A[B] = (M, x,e,I) be a extension of A by B. Then, for all x,y € M,

[evx]Aa if r€A
le,x]pUA, if x€ B.

[, e]lp = [e,x]pr = {

[, y]a, if v,ye A

[z,ylpUA, if z,ye Byy#z YoyNyr#0 orz,y€ B,y =x"1
[z, ylm = { [2,9]5, if x,yeBy#a L ayNyr =10

[x,e]pUA, if x€B,ye A

le,ylpUA, if x€AyecB.

Proof. Suppose that (z,y) € M?. If (z,y) € B?, then

[yl = (x*y)* (y*x)™?

@y yea) if @yt
(x-yUA) *(y-zUA)~L if z=y1

@y xyea)7h if 7y
(x-y)x(y-2)tuz - yU(y-2)"tUA, if z=y"

Since # = y~!, we conclude that e € z-y and so x-yU(y-z)~! C (z-y)-(y-2)~ .

Hence, we have

2. 4] [z,y]pUA, if z,yeBa#y ayNyz#0 oraz,yeBz=y ',
T,y Y M = .
Y [x,y]B, if z,yeB,x#y L zynyx=0.

It is not difficult to see that the other cases also hold. O

Corollary 4.2. Let A= (A,- e,”') and B= (B,-, e, ) be two polygroups and
A[B] = (M, x,e,I) be an extension of A by B. Then, AUB' C (A[B])".
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In [7], Davvaz studied some aspects of polygroups. By using the concept of
generalized permutation, he defined permutation polygroups and some concepts
related to it. He obtained a generalization of Cayley’s theorem, too. In the
following, we recall the definition.

Definition 4.3. Let €2 be a non-empty set. A map f:Q ——= P*(Q) is called
a generalized permutation on € if

U fw) =r) =2,

we

where P*(£2) is the set of all the non-empty subsets of 2. We write f = (fétx))
for the generalized permutation f. Denote Mgq the set of all the generalized
permutations on ().

Definition 4.4. Let M = (P,-,e,”!) be a polygroup and 2 be a non-empty

set. A map f:Q x P——= P*(Q) is called an action P on {2 if the following
axioms hold :

1) f(w,e) ={w} =w, for all w €

(1)

(2) f(f(w,9),h) =Uy,egn f(w, ), for all g,h € P and w € ;
(3) Upeq f(w,9) =Q, for all g € P;

(4) Forallge P, a € f(B,9) = B € fla,g7}).

From the second condition, we obtain |, ¢ f(w.q) f (w0, 1) = Upegn f(w, @).
For w € Q, we write w9 := f(w,g). In this case, we say that P is a permutation
polygroup on a set {2 and it is said that P acts on €.

Theorem 4.5 (Generalization of Cayley’s Theorem). Let P be a polygroup
acting on a nonempty finite set Q. Then, there is a subset of Mq which is a
polygroup under the induced action of P and is isomorphism to P.

a a PEEEY a
Proposition 4.6 ([7]). Let So={| ¢ & 51) |gePY. Then, (Sq,0,i,~1)
al a2 PR alﬂ‘
18 a polygroup, where
o of - afﬁl ol ol a\hﬂ\
(0%} Qg v O[|Q‘
={ |f€g-h}
of of - o,

and

—I
al a2 o e a‘ﬂ‘ . all a21 . e Oé|Q| X
g g ... g - g~ g~ g~ :



M. JAFARPOUR, H. AGHABOZORGI, B. DAVVAZ 16

Example 4.7. Let Q = {1,2,3,--- ,n}, n € N, P = S,( the symmetric group
of order n). Then, f:Q x P—— P*(Q), such that f(k,0) = {o(k)} is an
action, which we call it trivial action P on ().

Definition 4.8. A polygroup P is called special if P/g* = S,,.

Example 4.9. Let P = {1,2,3,4,5,6,7}. Consider the polygroup (P,e,1,71),
where e is defined on P as follows :

ol 2 3 4 5 6 7
11 2 3 4 5 6 7
2012 {1,2} 3 4 5 6 7
33 3 (1,2} 7 6 5 4
414 4 6 {1,2} 7 3 5
55 5 7 6 {1,2} 4 3
6/6 6 4 5 3 7 {1,2}
T\7 7 5 3 4 {1,2} 6

It is easy to see that P is a special polygroup.

Definition 4.10. Let P be a special polygroup and f be an action of P on
Q={1,2,3,--- ,n}, we call Sq generalized symmetric polygroup and S, = Aq
is called the generalized alternative polygroup.

Example 4.11. Let P be the special polygroup of Example 4.9 and Q =
{1,2,3,---,7}. Consider the action k-g = k e g. In this case So = P and
Aq = P, where P' = (1,2,6,7) = {1,2,6,7} < P.

Lemma 4.12. Aq = g g g g€ P},
{<a1 o e r)
Proof. We have
—I
ap Q2 - Q) o <Oé1 Qg - a|Q> ° ap Qg -
h h h g g g
ag a‘g ... a‘gQ| al a2 .. a‘Q| al a2 ... alﬂ‘
-1
ap o - aQ|> al G2 -t Qg 1, -1
ol h _h h = feg-h-g-h "}
(ozl ay e Qg {<0¢{ ag O‘\fm | }
a a DY a
It is easy to see that Ag = {(a% agy o a?) lg € P'} O
Q

Theorem 4.13. Ag < Sq.

Proof. Suppose that

(a1 az .- Oém) - <51 Ba - ﬁm)
r=\| a4 & a ] € Sqand y = € Aq, where a €
<a1 ag - aly Q Yy g By B\bﬂl Q
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« ay - @ e
Pandb e P'. Wehave z lyzx = all a_21 |2‘_1 o(@ Bi 6|b9>o
of as Ce a|Q| 51 g e 6|Q‘
o] Qg - OZ|Q> o] g e Oé‘m 1
= g €a ba}.
(ag a§ - aly {<a§ af - aly | }
Since a~'ba C bb~'a~'ba C P’, hence 2 'yx C Aq. Therefore, 71 Aqx C
Aq. O
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