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Abstract. Integral transforms involving Bessel functions play a crucial role in prob-
lems related to many diverse field of mathematical physics. Due to the importance
of such type of transforms, in this paper, we present (presumably) a new (potentially)
useful integral transform involving the product of Whitaker and generalized Bessel func-
tions, which is expressed in terms of Kampé de Fériet functions. Some more results as
special cases of our main integral transform are also considered.
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1. Introduction and definition

The generalized Bessel function w,lj’c(z) of the first kind is defined for z € C'\{0}
and b,c,v € C with R(rv) > —1 by the following series [12], (see also, eg., [4,
p.10]), for recent works (see also [1,2,3] and [13, p.2]):

00 (—1>kck (%)ll+2k

(1.1) Wb o(2) = ;
7 ; K TD(v+ k + 132)

where C' denotes the set of complex numbers, I'(z) is the familiar Gamma func-
tion (see, eg., [11, Section 1.1]), and w? .(0) =0
It is well known that

(1.2) whi(2) = T (),
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where J,(z) is the Bessel function of first kind [6] and
(1.3) wy,1(2) = L(2),

where I,,(z) is the Modified Bessel function of first kind [6].

wic(z) also have the following relations with sine and cosine functions ([12],

see also [13])

(14) Wy () = (2)3 o

—
—_
ot
SN—
&
|O"
IS
|
o
N
—
I\
N—
|
N
| o
N—
[V
(@]
o
®
=
o
N

b
2\ 2 sinh
(1.7). s _a(2)= () -y

The Whitaker function of second kind W, ,(2) is defined as [10, p,39, eq.(24)],
(see also [7],[8] and [9])

1
(1.8) Wi u(2) = zit3 exp (—g)\IJ <,u—k+2,2u+1;z> ,
which have the following relations with other special functions

—z a1
(1.9) W%+%+n7%(z) = (=1)"nle" 222"z L%(2),
where L%(z) is a Laguerre polynomial [6],

22
(1.10) Wi, 1(2%) = 27" 7 z Ha(2),
where H,,(z) is a Hermite polynomial [6],

(1.11) Wi (22) = 27{ Ku(2),

where K, (z) is the Modified Bessel function of second kind [6].
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2. Main transformation

We establish an integral of the form

oo
/ g pt Wi, (at)wb, (Bt) dt
0
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p+a) T(p—k+ 5TA+v—k+2)
(2.1)
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where ﬂpnzlfl denotes the Kampé de Fériet function [10; p.63, Eq.(16)].
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Proof. In order to derive our main result (2.1), we denote the left-hand side of
(2.1) by I, expressing w, .(8t) as a series with the help of (1.1) and integrating

term by term with the help of the result [5; p.216(16)], we get

3 v L& (_1)mcm <g)2m

I'= () al2 Z 1+b

2 = m!T(v+m+ 57)
Flp+AX+v+2m+1DI'A+v+2m—p+1)
T(A+v+2m—k+3)(p+ sa)ptitvamtl

p+A+v+2m+1, A+v+2m—p+1

(2.2) ><2F1
Atv+2m—k+3

where Re(A+ v+ § +p) > —1.

On expanding oF] in its defining series, separating this series into its even
and odd terms, and then by arranging the resulting expression into Kampé de
Fériet function [10; p.63, Eq.(16)], we get our required result (2.1).

3. Special cases

(i) On taking b = ¢ =1 in (2.1) and then by using (1.2), we get

/O A2 P (at)J, (BE) dt
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(ii) On taking b =1,c¢ = —1 in (2.1) and then by using (1.3) , we get

a1l
/ D3 e PW, L (at) L (B) di
0
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where I,,(5t) is the Modified Bessel function of first kind.
(iii) On taking £ = 0 in (2.1) and then by using (1.11), we get

o0
A —pt @ b
A the P'K,, <2t> w, (Bt) dt
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(3.3)
pAAUH2 ptAtu+3 | Adw—ptl Adv—pt2 | pHE pdd
2 ) 2 : 2 ) 2 ) 2 2 ’
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Avdd v 1+b . 3
2 2 ¢ vt 5 ; 2 ;

where K, (§t) is the Modified Bessel function of second kind.
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(iv) On taking v = —2, replacing ¢ by —c? in (2.1) and then on using (1.5), we

get
RSN S R
/ 1" 27 2e" PPWy, ,(at) cosh(cBt) dt
0
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- _b b 3
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2 ) 2 : 2 ’ 2 ) 2 ’ 2
2:2;2
xFy 10
A—b—k+2 A-L2-k+3 1 1
2 ) 2 2 ) 2
b
+(%—a)Fw+A—§+mNﬂ—k+%
p+a) T(n—k+3IA-2—k+3)
(3.9)
prA=b+2 prr—b43  A-L—pt1 A-L—pt2  p—k+3 p—k+3
5 ) 2 . 2 ’ 2 ’ 2 ’ 2
2:2;2
><}7‘2:1;1
A8 —k+§ ALkt 1 ) 3
2 ’ 2 2 ’ 2

2¢cp
2p+a

(%)

(

2p—«
2p+a

.

2 op—a)2
T\ 2p+a

(v) On taking v = 1 — &, replacing ¢ by ¢? in (2.1) and then on using (1.6), we

get
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(vi) On taking v = 1 — %, replacing ¢ by —c? in (2.1) and then by using (1.7),

we get
P S .
/0 " 272" Wy (o) sinh(cBt) dt

.
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where Lg(at) is the Laguerre polynomial.

(vili) On taking k =  + ¢, =  in (2.1) and then by using (1.10), we get
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(vii) On taking k = $ + 3 +¢, = 3 in (2.1) and then by using (1.9), we
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where H,(y/at) is the Hermite polynomial.
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(ix) On taking v = —%, replacing ¢ by ¢? in (2.1) and then by using (1.4), we
get
oAbl
/ "2 2e7 PPWy (o) cos(cBt) dt
0
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b
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A—b—k+d A-L-kt] 1 ) 1
2 ) 2 2 ’ 2
2p—a\ T+ A—5+2)0(p—k+3)
- 2p+o) M(p—k+HIO0-2 —k+5)
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Remark. In a similar way, for some parametric replacement of b, c,v, k and
1, we can eagsily establish some other integral transforms involving the product
of Laguerre polynomial, Hermite polynomial and Modified Bessel function of
second kind with Bessel function of first kind, Modified Bessel function of first

kind, sine function and cosine function.
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