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Abstract. Integral transforms involving Bessel functions play a crucial role in prob-
lems related to many diverse field of mathematical physics. Due to the importance
of such type of transforms, in this paper, we present (presumably) a new (potentially)
useful integral transform involving the product of Whitaker and generalized Bessel func-
tions, which is expressed in terms of Kampé de Fériet functions. Some more results as
special cases of our main integral transform are also considered.
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1. Introduction and definition

The generalized Bessel function ωb
ν,c(z) of the first kind is defined for z ∈ C\{0}

and b, c, ν ∈ C with ℜ(ν) > −1 by the following series [12], (see also, eg., [4,
p.10]), for recent works (see also [1,2,3] and [13, p.2]):

(1.1) ωb
ν,c(z) =

∞∑
k=0

(−1)kck
(
z
2

)ν+2k

k! Γ(ν + k + 1+b
2 )

,

where C denotes the set of complex numbers, Γ(z) is the familiar Gamma func-
tion (see, eg., [11, Section 1.1]), and ωb

ν,c(0) = 0
It is well known that

(1.2) ω1
ν,1(z) = Jν(z),
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where Jν(z) is the Bessel function of first kind [6] and

(1.3) ω1
ν,−1(z) = Iν(z),

where Iν(z) is the Modified Bessel function of first kind [6].

ωb
ν,c(z) also have the following relations with sine and cosine functions ([12],

see also [13])

(1.4) ωb
− b

2
,c2
(z) =

(
2

z

) b
2 cos cz√

π
,

(1.5) ωb
− b

2
,−c2

(z) =

(
2

z

) b
2 cosh cz√

π
,

(1.6) ωb
1− b

2
,c2
(z) =

(
2

z

) b
2 sin cz√

π

and

(1.7). ωb
1− b

2
,−c2

(z) =

(
2

z

) b
2 sinh cz√

π
.

TheWhitaker function of second kindWk,µ(z) is defined as [10, p,39, eq.(24)],
(see also [7],[8] and [9])

(1.8) Wk,µ(z) = zµ+
1
2 exp

(
−z

2

)
Ψ

(
µ− k +

1

2
, 2µ+ 1; z

)
,

which have the following relations with other special functions

(1.9) Wα
2
+ 1

2
+n,α

2
(z) = (−1)nn!e−

z
2 z

α
2
+ 1

2 Lα
n(z),

where Lα
n(z) is a Laguerre polynomial [6],

(1.10) W 1
4
+n, 1

4
(z2) = 2−ne−

z2

2
√
z Hn(z),

where Hn(z) is a Hermite polynomial [6],

(1.11) W0,µ(2z) =

√
2z

π
Kµ(z),

where Kµ(z) is the Modified Bessel function of second kind [6].



STUDY OF INTEGRAL TRANSFORMS ... 63

2. Main transformation

We establish an integral of the form

∫ ∞

0
tλ−

1
2 e−pt Wk,µ(αt)ω

b
ν,c(βt) dt

=

(
β

2

)ν

αµ+ 1
2

Γ(λ+ ν − µ+ 1)

Γ(ν + 1+b
2

)(p+ α
2
)µ+λ+ν+1

{
Γ(µ+ λ+ ν + 1)

Γ(λ+ ν − k + 3
2
)

×F 2:2;2
2:1;1


µ+λ+ν+1

2
, µ+λ+ν+2

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 3
2

2
,
λ+ν−k+ 5

2
2

: ν + 1+b
2

; 1
2

;



+

(
2p− α

2p+ α

)
Γ(µ+ λ+ ν + 2)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ+ ν − k + 5

2
)

(2.1)

×F 2:2;2
2:1;1


µ+λ+ν+2

2
, µ+λ+ν+3

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 3
2

2
,
µ−k+ 5

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 5
2

2
,
λ+ν−k+ 7

2
2

: ν + 1+b
2

; 3
2

;


 ,

where F p:q:k
l:m;n denotes the Kampé de Fériet function [10; p.63, Eq.(16)].

Proof. In order to derive our main result (2.1), we denote the left-hand side of
(2.1) by I, expressing ωb

ν,c(βt) as a series with the help of (1.1) and integrating
term by term with the help of the result [5; p.216(16)], we get

I =

(
β

2

)ν

αµ+ 1
2

∞∑
m=0

(−1)mcm
(
β
2

)2m

m! Γ(ν +m+ 1+b
2 )

Γ(µ+ λ+ ν + 2m+ 1)Γ(λ+ ν + 2m− µ+ 1)

Γ(λ+ ν + 2m− k + 3
2)(p+

1
2α)

µ+λ+ν+2m+1

× 2F1

µ+ λ+ ν + 2m+ 1, λ+ ν + 2m− µ+ 1 ;
2p−α
2p+α

λ+ ν + 2m− k + 3
2 ;

 ,(2.2)

where Re(λ+ ν + 1
2 ± µ) > −1

2 .

On expanding 2F1 in its defining series, separating this series into its even
and odd terms, and then by arranging the resulting expression into Kampé de
Fériet function [10; p.63, Eq.(16)], we get our required result (2.1). �

3. Special cases

(i) On taking b = c = 1 in (2.1) and then by using (1.2), we get

∫ ∞

0
tλ−

1
2 e−ptWk,µ(αt)Jν(βt) dt



N.U. KHAN, M. GHAYASUDDIN, WASEEM A. KHAN and SARVAT ZIA 64

=

(
β

2

)ν

αµ+ 1
2

Γ(λ+ ν − µ+ 1)

Γ(ν + 1)(p+ α
2
)µ+λ+ν+1

{
Γ(µ+ λ+ ν + 1)

Γ(λ+ ν − k + 3
2
)

×F 2:2;2
2:1;1


µ+λ+ν+1

2
, µ+λ+ν+2

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

;

−
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 3
2

2
,
λ+ν−k+ 5

2
2

: ν + 1 ; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ+ ν + 2)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ+ ν − k + 5

2
)

(3.1)

×F 2:2;2
2:1;1


µ+λ+ν+2

2
, µ+λ+ν+3

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 3
2

2
,
µ−k+ 5

2
2

;

−
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 5
2

2
,
λ+ν−k+ 7

2
2

: ν + 1 ; 3
2

;


 .

(ii) On taking b = 1, c = −1 in (2.1) and then by using (1.3) , we get

∫ ∞

0
tλ−

1
2 e−ptWk,µ(αt)Iν(βt) dt

=

(
β

2

)ν

αµ+ 1
2

Γ(λ+ ν − µ+ 1)

Γ(ν + 1)(p+ α
2
)µ+λ+ν+1

{
Γ(µ+ λ+ ν + 1)

Γ(λ+ ν − k + 3
2
)

×F 2:2;2
2:1;1


µ+λ+ν+1

2
, µ+λ+ν+2

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

; (
2β

2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 3
2

2
,
λ+ν−k+ 5

2
2

: ν + 1 ; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ+ ν + 2)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ+ ν − k + 5

2
)

(3.2)

×F 2:2;2
2:1;1


µ+λ+ν+2

2
, µ+λ+ν+3

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ−k+ 3
2

2
,
µ−k+ 5

2
2

; (
2β

2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−k+ 5
2

2
,
λ+ν−k+ 7

2
2

: ν + 1 ; 3
2

;


 ,

where Iν(βt) is the Modified Bessel function of first kind.
(iii) On taking k = 0 in (2.1) and then by using (1.11), we get

∫ ∞

0
tλe−ptKµ

(α

2
t
)
ωb
ν,c(βt) dt

=
√
π

(
β

2

)ν

αµ Γ(λ+ ν − µ+ 1)

Γ(ν + 1+b
2

)(p+ α
2
)µ+λ+ν+1

{
Γ(µ+ λ+ ν + 1)

Γ(λ+ ν + 3
2
)

×F 2:2;2
2:1;1


µ+λ+ν+1

2
, µ+λ+ν+2

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ+ 1
2

2
,
µ+ 3

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν+ 3
2

2
,
λ+ν+ 5

2
2

: ν + 1+b
2

; 1
2

;



+

(
2p− α

2p+ α

)
Γ(µ+ λ+ ν + 2)Γ(µ+ 3

2
)

Γ(µ+ 1
2
)Γ(λ+ ν + 5

2
)
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(3.3)

×F 2:2;2
2:1;1


µ+λ+ν+2

2
, µ+λ+ν+3

2
: λ+ν−µ+1

2
, λ+ν−µ+2

2
;

µ+ 3
2

2
,
µ+ 5

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν+ 5
2

2
,
λ+ν+ 7

2
2

: ν + 1+b
2

; 3
2

;


 ,

where Kν(
α
2 t) is the Modified Bessel function of second kind.

(iv) On taking ν = − b
2 , replacing c by −c2 in (2.1) and then on using (1.5), we

get ∫ ∞

0
tλ−

b
2
− 1

2 e−ptWk,µ(αt) cosh(cβt) dt

= αµ+ 1
2
Γ(λ− b

2
− µ+ 1)

(p+ α
2
)µ+λ− b

2
+1

{
Γ(µ+ λ− b

2
+ 1)

Γ(λ− b
2
− k + 3

2
)

×F 2:2;2
2:1;1


µ+λ− b

2
+1

2
,
µ+λ− b

2
+2

2
:

λ− b
2
−µ+1

2
,
λ− b

2
−µ+2

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

; (
2cβ

2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 3

2
2

,
λ− b

2
−k+ 5

2
2

: 1
2

; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ− b

2
+ 2)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ− b

2
− k + 5

2
)

(3.4)

×F 2:2;2
2:1;1


µ+λ− b

2
+2

2
,
µ+λ− b

2
+3

2
:

λ− b
2
−µ+1

2
,
λ− b

2
−µ+2

2
;

µ−k+ 3
2

2
,
µ−k+ 5

2
2

; (
2cβ

2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 5

2
2

,
λ− b

2
−k+ 7

2
2

: 1
2

; 3
2

;


 .

(v) On taking ν = 1− b
2 , replacing c by c2 in (2.1) and then on using (1.6), we

get ∫ ∞

0
tλ−

b
2
− 1

2 e−ptWk,µ(αt) sin(cβt) dt

= αµ+ 1
2 β

Γ(λ− b
2
− µ+ 2)

(p+ α
2
)µ+λ− b

2
+2

{
Γ(µ+ λ− b

2
+ 2)

Γ(λ− b
2
− k + 5

2
)

×F 2:2;2
2:1;1


µ+λ− b

2
+2

2
,
µ+λ− b

2
+3

2
:

λ− b
2
−µ+2

2
,
λ− b

2
−µ+3

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

;

−
(

2cβ
2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 5

2
2

,
λ− b

2
−k+ 7

2
2

: 3
2

; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ− b

2
+ 3)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ− b

2
− k + 7

2
)

(3.5)

×F 2:2;2
2:1;1


µ+λ− b

2
+3

2
,
µ+λ− b

2
+4

2
:

λ− b
2
−µ+2

2
,
λ− b

2
−µ+3

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

;

−
(

2cβ
2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 7

2
2

,
λ− b

2
−k+ 9

2
2

: 3
2

; 3
2

;


 .

(vi) On taking ν = 1 − b
2 , replacing c by −c2 in (2.1) and then by using (1.7),

we get ∫ ∞

0
tλ−

b
2
− 1

2 e−ptWk,µ(αt) sinh(cβt) dt
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= αµ+ 1
2 β

Γ(λ− b
2
− µ+ 2)

(p+ α
2
)µ+λ− b

2
+2

{
Γ(µ+ λ− b

2
+ 2)

Γ(λ− b
2
− k + 5

2
)

×F 2:2;2
2:1;1


µ+λ− b

2
+2

2
,
µ+λ− b

2
+3

2
:

λ− b
2
−µ+2

2
,
λ− b

2
−µ+3

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

; (
2cβ

2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 5

2
2

,
λ− b

2
−k+ 7

2
2

: 3
2

; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ− b

2
+ 3)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ− b

2
− k + 7

2
)

(3.6)

×F 2:2;2
2:1;1


µ+λ− b

2
+3

2
,
µ+λ− b

2
+4

2
:

λ− b
2
−µ+2

2
,
λ− b

2
−µ+3

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

; (
2cβ

2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 7

2
2

,
λ− b

2
−k+ 9

2
2

: 3
2

; 3
2

;


 .

(vii) On taking k = δ
2 + 1

2 + q, µ = δ
2 in (2.1) and then by using (1.9), we

obtain ∫ ∞

0
tλ+

δ
2
+ 1

2
− 1

2 e−(p+α
2
)tLδ

q(αt)ω
b
ν,c(βt) dt

=
1

(−1)qq!

(
β

2

)ν Γ(λ+ ν − δ
2
+ 1)

Γ(ν + 1+b
2

)(p+ α
2
)
δ
2
+λ+ν+1

{
Γ( δ

2
+ λ+ ν + 1)

Γ(λ+ ν − δ
2
− q + 1)

×F 2:2;2
2:1;1


δ
2
+λ+ν+1

2
,

δ
2
+λ+ν+2

2
:

λ+ν− δ
2
+1

2
,
λ+ν− δ

2
+2

2
; −q

2
, −q+1

2
;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν− δ
2
−q+1

2
,
λ+ν− δ

2
−q+2

2
: ν + 1+b

2
; 1

2
;



+

(
2p− α

2p+ α

)
Γ( δ

2
+ λ+ ν + 2)Γ(−q + 1)

Γ(−q)Γ(λ+ ν − δ
2
− q + 2)

×F 2:2;2
2:1;1


δ
2
+λ+ν+2

2
,

δ
2
+λ+ν+3

2
:

λ+ν− δ
2
+1

2
,
λ+ν− δ

2
+2

2
; −q+1

2
, −q+2

2
;

λ+ν− δ
2
−q+2

2
,
λ+ν− δ

2
−q+3

2
: ν + 1+b

2
; 3

2
;

(3.7) −c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2


 ,

where Lδ
q(αt) is the Laguerre polynomial.

(viii) On taking k = 1
4 + q, µ = 1

4 in (2.1) and then by using (1.10), we get∫ ∞

0
tλ+

1
4
− 1

2 e−(p+α
2
)tHq(

√
αt)ωb

ν,c(βt) dt

= 2q
(
β

2

)ν √
α

Γ(λ+ ν + 3
4
)

Γ(ν + 1+b
2

)(p+ α
2
)λ+ν+ 5

4

{
Γ(λ+ ν + 5

4
)

Γ(λ+ ν − q + 5
4
)

×F 2:2;2
2:1;1


λ+ν+ 5

4
2

,
λ+ν+ 9

4
2

:
λ+ν+ 3

4
2

,
λ+ν+ 7

4
2

;
−q+ 1

2
2

,
−q+ 3

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−q+ 5
4

2
,
λ+ν−q+ 9

4
2

: ν + 1+b
2

; 1
2

;


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+

(
2p− α

2p+ α

)
Γ(λ+ ν + 9

4
)Γ(−q + 3

2
)

Γ(−q + 1
2
)Γ(λ+ ν − q + 9

4
)

(3.8)

×F 2:2;2
2:1;1


λ+ν+ 9

4
2

,
λ+ν+ 13

4
2

:
λ+ν+ 3

4
2

,
λ+ν+ 7

4
2

;
−q+ 3

2
2

,
−q+ 5

2
2

;

−c
(

2β
2p+α

)2
,
(

2p−α
2p+α

)2

λ+ν−q+ 9
4

2
,
λ+ν−q+ 13

4
2

: ν + 1+b
2

; 3
2

;


 ,

where Hq(
√
αt) is the Hermite polynomial.

(ix) On taking ν = − b
2 , replacing c by c2 in (2.1) and then by using (1.4), we

get ∫ ∞

0
tλ−

b
2
− 1

2 e−ptWk,µ(αt) cos(cβt) dt

= αµ+ 1
2
Γ(λ− b

2
− µ+ 1)

(p+ α
2
)µ+λ− b

2
+1

{
Γ(µ+ λ− b

2
+ 1)

Γ(λ− b
2
− k + 3

2
)

×F 2:2;2
2:1;1


µ+λ− b

2
+1

2
,
µ+λ− b

2
+2

2
:

λ− b
2
−µ+1

2
,
λ− b

2
−µ+2

2
;

µ−k+ 1
2

2
,
µ−k+ 3

2
2

;

−
(

2cβ
2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 3

2
2

,
λ− b

2
−k+ 5

2
2

: 1
2

; 1
2

;


+

(
2p− α

2p+ α

)
Γ(µ+ λ− b

2
+ 2)Γ(µ− k + 3

2
)

Γ(µ− k + 1
2
)Γ(λ− b

2
− k + 5

2
)

(3.9)

×F 2:2;2
2:1;1


µ+λ− b

2
+2

2
,
µ+λ− b

2
+3

2
:

λ− b
2
−µ+1

2
,
λ− b

2
−µ+2

2
;

µ−k+ 3
2

2
,
µ−k+ 5

2
2

;

−
(

2cβ
2p+α

)2
,
(

2p−α
2p+α

)2

λ− b
2
−k+ 5

2
2

,
λ− b

2
−k+ 7

2
2

: 1
2

; 3
2

;


 .

Remark. In a similar way, for some parametric replacement of b, c, ν, k and
µ, we can easily establish some other integral transforms involving the product
of Laguerre polynomial, Hermite polynomial and Modified Bessel function of
second kind with Bessel function of first kind, Modified Bessel function of first
kind, sine function and cosine function.

References

[1] A. Baricz, Geometric properties of generalized Bessel functions of complex
order, Mathematics 48(71), (2006), no.1, 13-18.

[2] A. Baricz, Geometric properties of generalized Bessel functions, Publ. Math,
Debrecen 73(2008), no.1-2, 155-178.

[3] A. Baricz, Jordan-type inequalities for generalized Bessel functions, J. In-
equal. Pure. Appl. Math. 9(2008), no.2, Art.39,pp 6.

[4] A. Baricz, Generalized Bessel functions of the first kind, Springer-Verlag,
Berlin, Heidelberg, 2010.



N.U. KHAN, M. GHAYASUDDIN, WASEEM A. KHAN and SARVAT ZIA 68

[5] A. Erdelyi et al., Table of integral transfoms, Vol.I, McGraw-Hill New york,
1954.

[6] E.D. Rainville, Special functions, The Macmillan Company, New York,
2013.

[7] E.T. Whitaker, An expression of certain known function as generalized hy-
pergeometric functions, Bull. Amer. Math. Soc., 10(1903), 125-134.

[8] E.T. Whitaker and G.N. Watson, A Course of modern analysis, 4th ed
Cambridge, England, Cambridge University, (1927).

[9] G.N. Watson, Treatise of the theory of Bessel function, 2nd ed. Cambridge
University Press, Camridge (1944).

[10] H.M. Srivastava and H.L. Manocha, A Treatise on generating functions:
Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons,
New York, (1984)

[11] H.M. Srivastava and J. Choi, zeta and q-Zeta functions and associated se-
ries and integrals, Elsevier Science Publishers, Amsterdam, London and
NewYork, 2012.

[12] J. Choi, P. Agarwal, S. Mathur and S.D. Purohit, Certain new integral
formulas involving the generalized Bessel functions, Bull. Korean Math.
Soc. 51 (2014) no.4, pp.995-100.

[13] P. Malik, S.R. Mondal and A. Swaminathan, Fractional integration of the
generalized Bessel function of the first kind, IDETC/CIE, 2011, USA.

Accepted: 16.09.2016


