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Abstract. In this paper we mainly study the uniqueness of entire functions with finite
order sharing two smaller order entire functions with their difference operators. Our
results improve some recent theorems due to Liu and Mao, Zhang and Liao.
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1. Introduction and main results

In this paper, a meromorphic function always means it is meromorphic in the
whole complex plane. We assume that the reader is familiar with Nevanlinna’s
value distribution theory (see [5, 7, 13, 14]) and its associated standard notions,
such as T (r, f),m(r, f), N(r, f), N(r, f), · · · . S(r, f) denotes any quantity sat-
isfying S(r, f) = o(T (r, f)) as r → ∞ outside some exceptional set of finite
measure, not necessarily the same at each occurrence. A meromorphic function
a(z) is said to be a small function with respect to f(z) iff T (r, a) = S(r, f).

Let f and g be two nonconstant meromorphic functions, and let a be a value
in the extended plane. We say that f and g share the value a IM, provided that
f and g have the same a-points ignoring multiplicities. Moreover, we say that f
and g share the value a CM, provided that f and g have the same a-points with
the same multiplicities; see [13]. Suppose that b is a meromorphic function. If
f − b and g− b share 0 CM, we say that f and g share b CM. If f − b and g− b
share 0 IM, we say that f and g share b IM. In addition, we denote by µ(f), σ(f)
and λ(f) the lower order of f , the order of f and the exponent of convergence
of zeros of f respectively. If µ(f) = σ(f), we say that f is of regular growth.

1977, Rubel and Yang [12] proved

Theorem A. Let f be a nonconstant entire function. If f and f ′ share two
distinct finite values CM, then f ≡ f ′.

Later, Zheng and Wang [17] improved that the conclusion still holds if f and
f ′ share two distinct non-infinite small functions a(z) and b(z) CM.
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We define the difference operator ∆f = f(z + η) − f(z) as usual, where η
is a nonzero complex constant. Recently, Nevanlinna theory for the difference
operator and the difference analogue of logarithmic derivative lemma have been
established; see [3, 4]. These new theories bring about a lot of papers (for exam-
ple [1, 2, 8, 15]) focusing on the uniqueness of meromorphic functions sharing
some values with their difference operators (or shifts). It is well known that
∆f can be considered as the difference counterpart of f ′ in certain sense. For
example, Chen and Yi [2] considered the problem that f and ∆f sharing some
values CM under the hypothesis that f has a finite Borel exceptional value. As
an improvement, Zhang and Liao [16] proved the following result, which means
the conclusion in Theorem A is still valid when f ′ is replaced by ∆f .

Theorem B. Let f(z) be a transcendental entire function of finite order and
a, b be two distinct constants. If f and ∆f( ̸≡ 0) share a, b CM, then ∆f ≡ f .
Furthermore, f(z) must be of the following form f(z) = 2zh(z), where h(z) is a
periodic entire function with period 1.

Regarding this theorem, a natural question is that what can be said if entire
function f with finite order shares some smaller order entire functions with ∆f?
This question has been studied in some recent papers [9, 10, 11]. Liu and Mao
[11] obtained the following two results.

Theorem C. Let f(z) be a nonconstant entire function of finite order and a(z)
be an entire function of σ(a) < σ(f). If f and ∆f share 0, a(z) CM, then
∆f ≡ f .

Theorem D. Let f(z) be a nonconstant entire function of finite order and
a(z)( ̸≡ 0) be an entire function of σ(a) < σ(f) and λ(f − a) < σ(f). If f and
∆f share a(z) CM, then σ(f) = 1.

In the present paper, we shall study the general case of Theorem C, that
is, if f and ∆f share two distinct smaller order entire functions a(z), b(z) CM,
does the conclusion still hold? In fact, we have

Theorem 1.1. Let f(z) be a nonconstant entire function of finite order and
a(z), b(z) be two entire functions with a(z) ̸≡ b(z) and max{σ(a), σ(b)} < σ(f).
If f and ∆f share a(z), b(z) CM, then ∆f ≡ f .

As to Theorem D, we get the following improvement.

Theorem 1.2. Let f(z) be a nonconstant entire function of finite order and
a(z) be an entire function with σ(a) < σ(f) and λ(f − a) < σ(f). If f and
∆f share a(z) CM, then a(z) ≡ 0 and f(z) must be of the form f(z) = emz+n,
where m( ̸= 0), n are two constants.
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2. Preliminary lemmas

Lemma 2.1 ([7]). Let f(z) be a nonconstant meromorphic function. Then

m

(
r,
f ′

f

)
= O(log r), r → ∞,

if f is of finite order, and

m

(
r,
f ′

f

)
= O(log(rT (r, f))), r → ∞,

possibly outside a set E of r with finite linear measure if f(z) is of infinite
order.

Lemma 2.2. ([3]). Let f(z) be a meromorphic function in the complex plane
with order σ = σ(f) < ∞, and let c be a fixed nonzero complex constant. Then,
for each ε > 0, we have

m

(
r,
f(z + c)

f(z)

)
= O(rσ−1+ε).

Remark 2.1 ([16, Remark 2.2]). The equation

m

(
r,
f(z + c)

f(z)

)
= O(rσ−1+ε),

where σ is the finite order of f and ε > 0, implies

m

(
r,
f(z + c)

f(z)

)
= S(r, f)

possibly outside a set of finite logarithmic measure.

Lemma 2.3 ([3]). Let f(z) be a meromorphic function in the complex plane
with order σ = σ(f) < ∞, and let η be a fixed nonzero complex constant. Then,
for each ε > 0, we have

T (r, f(z + η)) = T (r, f(z)) +O(rσ−1+ε) +O(log r), i.e.,

T (r, f(z + η)) = T (r, f(z)) + S(r, f)

possibly outside a set of finite logarithmic measure.

It is evident that S(r, f(z + η)) = S(r, f) from Lemma 2.3.

Lemma 2.4 ([13]). Let f(z) be a non-constant meromorphic function in the
complex plane and

R(f) =
P (f)

Q(f)
,
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where P (f) =
∑p

k=0 akf
k and Q(f) =

∑q
j=0 bjf

j are two mutually prime
polynomials in f(z). If the coefficients ak, bj are small functions of f(z) and
ap ̸≡ 0, bq ̸≡ 0, then

T (r,R(f)) = max{p, q}T (r, f) + S(r, f).

Lemma 2.5 ([13]). Let fj(z)(j = 1, 2, · · · , n)(n ≥ 2) be meromorphic functions
and gj(z)(j = 1, 2, · · · , n) be entire functions such that

(1)
∑n

j=1 fj(z) exp{gj(z)} ≡ 0;
(2) when 1 ≤ j < k ≤ n, gj(z)− gk(z) is not constant;
(3) when 1 ≤ j ≤ n, 1 ≤ h < k ≤ n, T (r, fj) = o{T (r, exp{gh − gk})}, (r →

∞, r ̸∈ E), where E ⊂ (1,∞) is of finite linear measure or finite logarithmic
measure. Then fj(z) ≡ 0 (j = 1, · · · , n).

Lemma 2.6 ([13, Theorem 2.11]). Let f be a transcendental meromorphic
function in the complex plane such that σ(f) > 0. If f has two distinct Borel
exceptional values in the extended complex plane, then µ(f) = σ(f) and σ(f) is
a positive integer or ∞.

Lemma 2.7 ([6]). Let φ(r) be a nondecreasing, continuous function on R+,

and let 0 < ρ < lim supr→∞
logφ(r)
log r and H = {r ∈ R+ : |φ(r)| ≥ rρ}. Then

log densH = lim sup
r→∞

∫
H∪[1,r]

1
t dt

log r
> 0.

It’s known that for two entire functions f(z) and a(z), σ(f) > σ(a) can not
guarantee T (r, a) = o(T (r, f)) = S(r, f). However, we have the following result.

Lemma 2.8. Let f(z) and a(z) be two entire functions, and σ(f) > σ(a). Then
T (r, a) = o(T (r, f)) holds for r ∈ H, which satisfies log densH > 0.

Proof. By the definition of the order entire function f , we know that

lim sup
r→∞

log T (r, f)

log r
= σ(f).

Set σ(f) > ρ1 > ρ2 > σ(a) and applying Lemma 2.7 to T (r, f), we get T (r, f) ≥
rρ1 holds for r ∈ H, which satisfies log densH > 0. Moreover, by the definition
of order of entire function a(z), we have T (r, a) < rρ2 . Thus, T (r, a) < rρ2 <
rρ1 ≤ T (r, f) holds when r ∈ H. Then we complete the proof.

Remark 2.2. We know the Nevanlinna characteristic function is non-decreasing
function of r, then for any two entire functions a(z) and b(z), one of fol-

lowing three cases may occur: 1. limr→∞
T (r,a(z))
T (r,b(z)) = 0, that is, T (r, a(z)) =

o(T (r, b(z))); 2. limr→∞
T (r,a(z))
T (r,b(z)) = α, 0 < α < +∞; 3. limr→∞

T (r,a(z))
T (r,b(z)) = +∞,

T (r, b(z)) = o(T (r, a(z))).
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3. Proof of Theorems

Proof of Theorem 1.1. Since f is entire function with finite order and shares
two nonequivalent smaller order entire functions a(z), b(z) CM with ∆f , then
there exists two polynomial p(z) and q(z) such that

∆f − a(z) = [f(z)− a(z)]ep(z)(3.1)

and

∆f − b(z) = [f(z)− b(z)]eq(z).(3.2)

Since max{σ(a), σ(b)} < σ(f) and σ(∆f) ≤ σ(f), by (3.1) and (3.2) we have

deg p(z) = σ(ep(z)) ≤ σ(f), deg q(z) = σ(eq(z)) ≤ σ(f).(3.3)

If ep(z) ≡ eq(z), then we can deduce f ≡ ∆f easily by (3.1) and (3.2).

By solving f and ∆f from (3.1) and (3.2), we get

f(z) =
b(z)− a(z) + a(z)ep(z) − b(z)eq(z)

ep(z) − eq(z)
(3.4)

and

∆f =
b(z)ep(z) − a(z)eq(z) + (a(z)− b(z))ep(z)+q(z)

ep(z) − eq(z)
.(3.5)

If ep(z) ̸≡ eq(z) and p(z), q(z) are two distinct constants, then by (3.4) we have
σ(f) ≤ max{σ(a), σ(b)}, which contradicts the assumption. If ep(z) ̸≡ eq(z) and
only one of p(z), q(z) is constant. Without loss of generality, we assume q(z) is
a constant q. From (3.4), if z0 is a zero of ep(z) − eq, then a(z0) − b(z0) = 0 or
ep(z0) = 1. We claim eq = 1. Otherwise, all the zeros of ep(z) − eq must be zeros
of a(z)− b(z), that is,

N

(
r,

1

ep(z) − eq

)
≤ N

(
r,

1

a(z)− b(z)

)
.(3.6)

By the second main theorem of Nevanlinna theory, we get

T (r, ep(z)) ≤ N

(
r,

1

ep(z) − eq

)
+ S(r, ep(z)) ≤ N

(
r,

1

a(z)− b(z)

)
+ S(r, ep(z))

≤ 2max{T (r, a(z)), T (r, b(z))}+ S(r, ep(z)).(3.7)

Note that q(z) = q is a constant, combining (3.4) and (3.7) we have σ(f) <
max{σ(a(z)), σ(b(z))}, which contradicts the assumption. Thus, eq = 1, then by
(3.2), we have f ≡ ∆f . In the following, we just need to consider the remaining
case that ep(z) ̸≡ eq(z) and p(z), q(z) both are nonconstant polynomials. If one
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of a(z), b(z) is zero, it reduces to Theorem C. Thus, we assume a(z), b(z) are
both nonzero entire functions.

Firstly, we set

p(z) = anz
n + an−1z

n−1 + · · ·+ a0

and

q(z) = bmzm + bm−1z
m−1 + · · ·+ b0,

where an(̸= 0), an−1, · · · , a0 and bm(̸= 0), bm−1, · · · , b0 are constants. We claim

m = n and |an| = |bm|.(3.8)

Set g(z) := f(z)− a(z), then (3.1) becomes

∆g + a(z + η)− 2a(z) = g(z)ep(z).(3.9)

By differentiating (3.9) and eliminating ep(z), we obtain

A(z)g(z) +B(z) + [2a(z)− a(z + η)]
g′(z)

g(z)
= 0,(3.10)

where

A(z) :=
g′(z + η)

g(z)
− g′(z)g(z + η)

g(z)2
− p′(z)

g(z + η)

g(z)
+ p′(z),

B(z) := a′(z + η)− 2a′(z)− a(z + η)p′(z) + 2a(z)p′(z).

If A(z) ≡ 0, then (3.10) becomes

B(z) + [2a(z)− a(z + η)]
g′(z)

g(z)
= 0.(3.11)

Solving it, we get the solutions

g(z) = c[a(z + η)− 2a(z)]e−p(z),(3.12)

where c is a nonzero constant. Substituting (3.12) into (3.9) we get

a(z + 2η)− 2a(z + η)

a(z + η)− 2a(z)
e−p(z+η) = e−p(z) +

c− 1

c
.(3.13)

If c ̸= 1, then by (3.13) we get

N

(
r,

1

e−p(z) − c−1
c

)
≤ N

(
r,

1

a(z + 2η)− 2a(z + η)

)
.(3.14)
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By the first and second main theorem of Nevanlinna theory and Lemma 2.3,
we have

T (r, ep(z)) = T (r, e−p(z)) +O(1) ≤ N

(
r,

1

e−p(z) − c−1
c

)
+ S(r, ep(z))

≤ N

(
r,

1

a(z + 2η)− 2a(z + η)

)
+ S(r, ep(z))

≤ 3T (r, a(z)) + S(r, a(z)) + S(r, ep(z))(3.15)

Thus, we have

deg p(z) = σ(ep(z)) ≤ σ(a).(3.16)

Combining (3.12) and (3.16) we have σ(g) ≤ σ(a). Since σ(f) > σ(a) and
g(z) = f(z)− a(z), we have σ(g) = σ(f). Thus, we obtain a contradiction.

Then c = 1. By (3.13), we have ∆g ≡ 0, that is, ∆f ≡ ∆a. Since |η|
can be sufficiently small and f(z), a(z) are entire functions, by the definition of
derivatives, we have f ′(z) = a′(z). Recalling σ(f) = σ(f ′), σ(a) = σ(a′) and
σ(f) > σ(a), we obtain a contradiction again.

Thus, we have A(z) ̸≡ 0. By Lemma 2.8 and Remark 2.2, we declare in
advance that the following equalities and inequalities concerning S(r, f) hold
for r ∈ H, which satisfies log densH > 0. By Lemma 2.1 and Lemma 2.2, we
obtain

m(r,A) = S(r, f).(3.17)

By the definition of A(z), we see

N(r,A) ≤ N

(
r,
1

g

)
+N

(
r,
1

g

)
.(3.18)

By (3.10), (3.18), σ(f) > σ(a) and the first main theorem of Nevanlinna theory,
we have

m(r, g) ≤ m

(
r,

1

A

)
+ S(r, f) ≤ T (r,A) + S(r, f) = N(r,A) + S(r, f)

≤ N

(
r,
1

g

)
+N

(
r,
1

g

)
+ S(r, f).(3.19)

Since g(z) is entire function, N(r, g) = 0. So, we have

(3.20) m(r, g) = T (r, g) = T

(
r,
1

g

)
+O(1) = m

(
r,
1

g

)
+N

(
r,
1

g

)
+O(1).

Thus, combining (3.19) and (3.20) we obtain

m

(
r,
1

g

)
≤ N

(
r,
1

g

)
+ S(r, f).(3.21)
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Rewrite (3.9) as

g(z + η)

g(z)
+

a(z + η)− 2a(z)

g(z)
= ep(z) + 1.(3.22)

By (3.22), we get

m(r, ep(z)) ≤ m

(
r,
1

g

)
+ S(r, f).(3.23)

Since eq(z) is entire function, by the second main theorem of Nevanlinna theory,
we can easily get

N

(
r,

1

eq(z) − 1

)
= m(r, eq(z)) + S(r, eq(z)).(3.24)

By (3.4), we deduce that

N

(
r,

1

f − a

)
≤ N

(
r,

1

eq(z) − 1

)
+N

(
r,

1

a(z)− b(z)

)
≤ N

(
r,

1

eq(z) − 1

)
+ S(r, f).(3.25)

Combining (3.21), (3.23), (3.24) and (3.25), we see

m(r, ep(z)) ≤ m(r, eq(z)) + S(r, eq(z)) + S(r, f).(3.26)

Similarly, we have

m(r, eq(z)) ≤ m(r, ep(z)) + S(r, ep(z)) + S(r, f).(3.27)

From (3.1) and Lemma 2.3, 2.4 we have

T (r, ep(z)) ≤ T (r, f) + S(r, f).(3.28)

By (3.4) we obtain

T (r, f) ≤ max{T (r, ep(z)), T (r, eq(z))}+ S(r, f).(3.29)

Without loss of generality, suppose max{T (r, ep(z)), T (r, eq(z))} = T (r, ep(z)).
Thus, we have

T (r, ep(z)) = (1 + o(1))T (r, f), S(r, ep(z)) = S(r, f).(3.30)

From (3.2) and Lemma 2.3, 2.4, we know that

T (r, eq(z)) ≤ T (r, f) + S(r, f).(3.31)
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Thus, S(r, eq(z)) = S(r, f). Combining (3.26) and (3.27), we have

m(r, ep(z)) ≤ m(r, eq(z)) + S(r, f) ≤ m(r, ep(z)) + S(r, f)(3.32)

that is,

T (r, eq(z)) = T (r, ep(z)) + S(r, f).(3.33)

Combining (3.30) and (3.33), we deduce

S(r, f) = S(r, ep(z)) = S(r, eq(z))(3.34)

and

(3.35) m(r, ep(z)) = m(r, eq(z)) + S(r, eq(z)) = m(r, eq(z)) + S(r, ep(z)).

Noting the fact that m(r, eanz
n
) = |an|rn

π , we have, for all r ∈ (0,+∞),

(3.36) m(r, ep(z)) =
|an|rn

π
(1 + o(1)), m(r, eq(z)) =

|bm|rm

π
(1 + o(1)).

Thus, from (3.35) and (3.36) we proved (3.8).

For simplicity, denote a := a(z+η), a := a(z), so do b, p, q. By (3.4) we have

∆f =
b− a+ aep − beq

ep − eq
− b− a+ aep − beq

ep − eq
.(3.37)

Combining the above identity with (3.5), we obtain that

(3.38) C1e
p + C2e

q + C3e
2p + C4e

2q + C5e
2p+q + C6e

p+2q + C7e
p+q = 0,

where

C1 := b− a+ (a− b)e∆p;

C2 := a− b+ (b− a)e∆q;

C3 := (a− a− b)e∆p;

C4 := (b− a− b)e∆q;

C5 := (b− a)e∆p;

C6 := (a− b)e∆q;

C7 := (a+ b− a)e∆p + (a+ b− b)e∆q.

Our key point is applying Lemma 2.5 to (3.38). In order to do this, we need to
verify (3.38) satisfies the conditions of this lemma. We need two steps.

Step 1, we shall show the polynomials p, q, 2p, 2q, 2p+ q, p+2q, p+ q, which
means gj(z) in Lemma 2.5, have the same degree n as the polynomial p. Since
m = n and |an| = |bm|, we just need to show that the degree of p + q is n.
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Suppose that the degree of p + q is k < n, then it must have p(z) = anz
n +

an−1z
n−1+ · · ·+ a0 and q(z) = −anz

n+ bn−1z
n−1+ · · ·+ b0. Substituting them

into (3.38), we deduce C3e
A3e4anz

n
+ (C1e

A1 + C5e
A5)e3anz

n
+ C7e

A7e2anz
n
+

(C2e
A2 + C6e

A6)eanz
n
+ C4e

A4 = 0, where Aj (j = 1, 2, · · · , 7) are polynomials
with degree at most n− 1. Denote H := eanz

n
, we have

C3e
A3H4 + (C1e

A1 + C5e
A5)H3 + C7e

A7H2

+ (C2e
A2 + C6e

A6)H + C4e
A4 = 0.(3.39)

Applying Lemma 2.5 to (3.39), we get C3 ≡ C4 ≡ 0, that is, a ≡ b. For arbitrary
z, let η → 0 we have a(z) ≡ b(z) by the continuous of functions a(z) and b(z).
This is impossible. Therefore, deg(p+ q) = n.

Step 2, we shall show that p, q, 2p, 2q, p − q, p + q, 2p + q, p + 2q, · · · , which
mean gj − gk in Lemma 2.5, are polynomials with degree n. From step 1 and
m = n, |an| = |bm|, we just need to consider polynomial p − q. Suppose that
the degree of p − q is k < n, it must be p(z) = anz

n + an−1z
n−1 + · · · + a0

and q(z) = anz
n + bn−1z

n−1 + · · · + b0. Denote r(z) := p(z) − q(z), then
deg r(z) = k < n. Substituting r(z) into (3.38), we get

(3.40) C1e
req + C2e

q + C3e
2re2q + C4e

2q + C5e
2re3q + C6e

re3q + C7e
re2q = 0,

that is,

(3.41) (C1e
r + C2)e

q + (C4 + C7e
r + C3e

2r)e2q + (C5e
2r + C6e

r)e3q = 0.

By Lemma 2.5 and (3.41), we obtain

C1e
r + C2 ≡ C5e

2r + C6e
r ≡ 0.(3.42)

Since a(z) ̸≡ b(z), we obtain er(z) ≡ 1, i.e., ep(z) ≡ eq(z), which is a contradiction.
So, deg(p− q) = n.

Finally, applying Lemma 2.5 to (3.38), we see

Cj ≡ 0, (j = 1, 2, · · · , 7),(3.43)

which means a(z) ≡ b(z). It obviously contradicts the assumption. Thus, we
complete the proof.

Proof of Theorem 1.2. Suppose that a(z) ̸≡ 0, then by Theorem D, we have
σ(f) = 1, then σ(a) < σ(f) = 1. By the assumption and as in the proof of
Theorem 1.1, there exists a polynomial p(z) such that

∆f − a(z) = [f(z)− a(z)]ep(z)(3.44)

and deg p(z) = σ(ep(z)) ≤ σ(f). Since λ(f − a) < σ(f) and the fact σ(f − a) =
σ(f) = 1, by Lemma 2.6 and Hadamard factorization theorem, there exists an
entire function H(z) and a polynomial h(z) such that

f(z)− a(z) = H(z)eh(z)(3.45)
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and σ(H) = λ(H) = λ(f −a) < σ(f) = 1. Thus, we have deg h = σ(f) = 1. We
set h(z) := sz + t, where s( ̸= 0), t are constants. By (3.45) we can obtain

eh(z)[H(z + η)esη −H(z)] + a(z + η)− 2a(z) = H(z)ep(z)+h(z).(3.46)

If a(z + η)− 2a(z) ̸≡ 0, from (3.46) and σ(H) < 1, σ(a(z)) < 1, we have

(3.47) N

r,
1

eh(z)+a(z+η)−2a(z)
w(z)

=N

(
r,

1

H(z)

)
≤T (r,H(z))=S(r, eh(z)),

where w(z) := H(z + η)esη −H(z). Moreover, by the second main theorem of
Nevanlinna theory to small functions [13, Theorem 1.36], we have

(3.48) (1− ε)T (r, eh(z)) ≤ N

r,
1

eh(z) − a(z+η)−2a(z)
w(z)

+ S(r, eh(z)),

where ε is any positive constant. From (3.47), we know it is impossible.
If a(z + η)− 2a(z) ≡ 0, i.e., a(z + η) ≡ 2a(z). Suppose a(z) is nonconstant

function, since a(z) is entire and σ(a) < 1, we can set z0 is a zero of it, then
z0 + η, z0 + 2η, z0 + 3η, · · · are zeros of a(z). Thus,

T (r, a(z)) ≥ N

(
r,

1

a(z)

)
≥ cr,(3.49)

where c is a positive constant. By (3.49), we get σ(a(z)) ≥ 1, this is also
impossible. Therefore, a(z) is a constant. We get a = 0 immediately, which
contradicts the assumption in the beginning.

So a(z) ≡ 0. Similar as the arguments in case 2, proof of Theorem 1.3 in [16],
we get f(z) must be the form of f(z) = emz+n, where m(̸= 0), n are constants.
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