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Abstract. A topological index is called vertex-degree-based if it can be defined by
vertex degrees. The harmonic, atom-bond connectivity and Randi¢ indices are three
important examples of such topological indices. The aim of this paper is to find lower
and upper bounds for Randi¢, harmonic and atom-bond connectivity indices of edge
corona product of graphs. Some closed formulas are obtained when the factors are
regular graphs.
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1. Introduction and preliminaries

Suppose G is a simple graph with vertex set V(G) and edge set E(G). The

Randié¢ index of G, R(G), is defined as the sum of ———2L— over all edges
deg(v;)deg(vy)

uwv € E(G), where deg(z), as a short d(x), denotes the degree of a vertex z
in G [10]. This parameter, sometimes referred to as connectivity index, has
been used to characterize the degree of branching of organic compounds. As
an example, this number successfully explained the occurrence of critical alloy
compositions in 18 different binary alloys [9]. The higher order Randi¢ indices
are also of interest in chemical graph theory. For A > 1, the h-th order Randi¢

*. Corresponding author



I. REZAEE ABDOLHOSSEINZADEH, F. RAHBARNIA, M. TAVAKOLI, A. R. ASHRAFI 82

index Rp,(G) of G is the sum of the term 1 overall paths
deg(vi )deg(viy)...deg(vi, , )

iy Vigs s Viy o, Of length h contained as a subgraph in G [5, 6]. The case that
h =1 is ordinary Randié¢ index. We encourage the reader to consult [7, 8, 15]
and references therein for more information on this topic. The Harmonic index
of a graph G, H(G), is defined as H(G) = 3_,,cp(c) m . As far as we
know, this graph invariant first appeared in [3]. The atom-bond connectivity
index (ABC index for short) was introduced by Ernesto Estrada et al. for

studying the stability of alkanes and the strain energy of cycloalkanes [2]. This

index can be defined as ABC(G) = }_,,cp(c) %.

Shwetha Shetty [11] obtained exact formulas for the Harary index of join,
corona product, Cartesian product, composition and symmetric difference of
graphs. Zhong [16] obtained the minimum and maximum values of the har-
monic index for simple connected graphs and trees. He also characterized the
corresponding extremal graphs. Xu [12] established some relationships between
harmonic, Randi¢ and ABC indices of graphs.

The edge corona product of two graphs G and H, Go H, is a graph obtained
by taking a copy of G and |E(G)| copies of H and joining each end vertex of
i-th edge of G to every vertex in the i-th copy of H [1, 4]. Following Yan et al.
[13], the graph R(G) is obtained from G by adding a new vertex corresponding
to each edge of GG, then joining each new vertex to the end vertices of the
corresponding edge. Another way to describe R(G) is to replace each edge of
G by a triangle. It is clear that if G is a graph and H is a trivial graph, then
G o H = R(G). In [14], Yero et al. studied the Randi¢ index of corona product
of graphs. In this paper, we continue this work by computing the Randi¢ index
of edge corona product of graphs.

Throughout this paper our notation is standard. A k-regular graph is a
graph in which degree of each vertex is equal to k. In a graph G with at least
one cycle, the length of a longest cycle is called its circumference and the length
of a shortest cycle its girth. Our other notions are standard and can be taken
from the standard books on graph theory.

2. Main results

The aim of this section is computing the Randi¢ , atom bond connectivity and
harmonic indices of edge corona product of graphs. The following simple lemma
is crucial in our results.

Lemma 2.1. By definition of edge corona we have:
If v € V(G1) then dgyoa, () = da, (x)(n2 + 1),
If v € V(G2) then dg,oq, () = dg,(x) + 2.

Theorem 2.2. Let G1 and G2 be graphs. Thus, we have

my mimz 2mana
Ri(G10Ga) > - + 7
1(G10Go) > A(1+ng)  Ag+2 VAL(A2 +2)(1 +n2)
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mq mimsa 2ming
Ri(G10G2) < T + ‘
1(G10G2) < S1(1+n2) 5y +2 V01(82 +2)(1 + n2)

Proof. Let

_ 1 .
M abeEZ(G’l) Vd(a)d(b)(ng + 1)? = Aq(1+ng)’

1 mim
S Mima

A2 = .
i uve%(G’Q) \/(d(u) + 2)(d(v) + 2) - Ag + 2

2m1n2

> 1 > .
Vid(a)(nz +1)(d(w) +2) — /A1(Az +2)(1 + n2)

a€V(G1),ueV(G2)

Ag =

By summation of Ay, As and As, the result can be proved.
Corollary 2.3. Fori e {1,2}, if G; be d;-regular graph of order n;, then

ma mi1Mmsy 2m1n2

Ri(G10Gy) = + .
HGreG) =5y TS e V01(02 + 2)(1 + n2)

Theorem 2.4. Let Gy and Go be graphs. Then

n1 51 ng(nz — 1) (51 — 1)71%
>
RQ(GlOGQ)_A2+2 n2+1( 5 + 2mo + 5 )
ming (251 + 1)

4
(ng + 1)A1\/A2 +2
1 de, (vi)(da, (vi) — 1)
T W\ lv) ~ 1),
2(?”&2 + 1)3/2A1 dG1%;)>2 da, (Ui

1 da, (ui) (dg, (ui) — 1)
- 2(A2+2)( 2 de, (u;) +2 -

dG2 (u1)22

niy Al
<
R2(G10G2)_62+2 n2+1(

(Al — 1)”‘%)

n2(n2 — 1)
2
5 + 2mg + 9

e (241 +1)

T et os 52
1 ( Z dG1 (Ui)(dCh (1)1) - 1))

-
2(n2 + 1)3/251 dg, (vi)>2 dg, (vi)

n 2(521+ 2)( Z dGQ(u;)(dGZ' u;) 1))'
dey (u3) 22 Gy (ui) +2
Proof. Suppose Vi = {v1,v9,...,0,, } and Vo = {uy, ua, ..., un, } are the vertex
set of G and Ga, respectively. For v € V;, Ng,(v) is the set of all adjacent
vertices to v in G;. Suppose pp(G) denotes the set of all paths of length A in G
and Consider the following partition of paths of length two in G; ¢ Ga.
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1.

2.

7.

Paths u;vjug, i # k where u;, v, € Vo and v; € V4,

Paths u;vjvi, j # k where vj, v, € Vq and u; € Vs,

. Paths vujug, j # k where u;,u;, € Vo and v; € V7,
. Paths u;vjui, where u;, uy, € Va(two different copies of Go) and v; € Vi,
. Paths vjujvg, i # k where u; € Vo, v;, v, € Vi and v, € E(Gh),

. Paths of length two belonging to G,

Paths of length two belonging to mi copies of Gs.

Define T; to be the set of all paths of type i, 1 <i < 7. Therefore, Ry(G1 ©

Gy) =

Ay

ST, A;, where

> 1
Uiy Uig Uiy E{PEP2(G10G2) | PET1} \/d(uu)d(ulz)d(uzs)
- ¥ 1
Ui,ukEV%’UjeVl \/(dG2 (ul) + 2)(dG2 (uk) + 2)(TL2 + 1)dG1 (vj)

no—1 no

1
22 +2)(da, (ur) +2)

(v5) n2—|—1 pa i (da, (u;)

nlng(ng — 1) (51
B 2(A2+2) ' ng—i-l’

_ 3 !

Wiy Uiy Uiy E{PEP2(G10G) | PETy} V/d(uiy)d(uiy ) d(uiy )

- 1

v €V, U EVa \/(dGQ (ul) + 2)dG1 (Uj)dGl (vg)(n2 + 1)2

1
ng + 1 (Z \/dc;Qi chl w2 da, (Uj)dcl(vk)>

vk ENG, (vj)
251m1n2

> s
B (TLQ + 1)A1\/ Ay + 2
2 :

Wiy Uiy ttiy €{PEpa(G10Ga) | PET3} v/ iy )iy )d(uis)

1
s Ve, (v)(n2 + 1) (da, (u;) +2)(de, (ue) +2)

uj,up€Va,v;€Vy
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dGl v;) 1
Z < \/da, (vi)(ng + 1 Z 2 () V (daa (1) +2)(da, (ug) +2)

j= 1uk6NG2
S 2n1may/61
(Ao +2)VT+ng’
1
Ay = >
uiluizui36{P€p2(G10G2) I PET4} \/d(u’ll)d(uw)d(uZB)
_ 3 !
ui€V2t7Uk€V21 (I#t) v eV \/(dG2 (ui) +2)(n2 + 1)da, (vj)(da, (uk) + 2)
n1n2(51 — 1) 51
- 2(A2—|—2) ) (n2—|—1)7
1
As =
Z \/d(ull)d(um)d(uls)

Ujq Uig Uig G{PEPQ (G1<>G2) | P€T5}

1
UjGVQ,UiZU];EE(Gl) \/dG1 (vi)dg, (vg) (n2 + 1)2(dG'2 (u]) +2)

)

1
Cong+1 Z <\/dG1 )dGl V) Z \/dG2 uj) + 2

v; v €EE(G1) j=1
ming

>
B (ng + I)Al\/ Ag + 2’

1
Ar =
6 > /(s () (i)

Ujq Uig Uig e{Pep2(G10G2) | P€Ts}

1
B Z \/dGl Vg dGl(v])dG1< )(712 + 1)3

;v €p2(G)

- 1 Z 1
(nQ + 1)3/2 \/dG1 vl dG1 (vj)dG1 (Uk)

V05V EP2(G1)

. 1 > da, (vi)(de, (vi) — 1)
T 2(ng +1)324 de, (v5) ’
de, (vi)>2 G\
1
A =
' 2 V() d(uz,)duz,)

Uiy Uig Uiy E{PEP2(G10G2) | PET}

1
- V(de, (ui) + 2)(dg, (uj) + 2)(d, (ur) +2)

uiujup€p2(Ga)
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o1 3 day (ui) (g, (ui) — 1)
T 2AA2t2) de (ui) +2
2 1)

Now a simple calculations will complete the proof.

Corollary 2.5. Fori € {1,2}, if G; be d;-regular graph of order n;, then

- ny (51 ?7,2(712 — 1) ((51 — 1)71%
Ro(GroGo) = om\ 1Bt — 5+ =5 )
ming
+ 201 +1
(’I’LQ + 1)51\/(52 + 2( ! )
1 d i) (d i) — 1
f Ly e
(n2+1) ! dg, (vi)>2 de, (i)

1 3 da, (ui) (g, (ui) — 1)

+ -
2(d2 +2) de, (ui) +2

dgy(ui)>2

To prove our main result, we state an important result of [14].

Lemma 2.6 ([14]). Let G = (V, E) be a graph with girth g(G). If § > 2 and
g(G) > h, then the number of paths of length h in G is bounded by

_ \h—2
OIS atwd) - 1 < (@] < L= S aguy ) - 1.
ueV ueV

In what follows, let Nj denote the empty graph of order k.

Theorem 2.7. Let G = (V, E) be a graph with girth g(G), minimum degree ¢,
and mazimum degree A. If 6 > 2 and g(G) > h > 3, then

(A —1)h-2 52 1 2k(h +1)
Ri(G o Ng) < < Sh—1(k + 1)h-1 +5(kj—i—1) + (k+1)5)
k(k—l)(A—lh 3
* (k + 1)h— 15h1)§d -
(6 — 1)h~2 k2 1 2k(h+1)
in(Gro N = (zmh Ter 0t 2 AG D 2k DA

N kE(k—1)(6 — 1)~ 3)

syt )iiaT) 3 d(u)(d(u) — 1)

ueV

Proof. The paths of length A in G contribute to Rj,(G ¢ Ni) in

Z 1

Vi) Vig iy 1 €PR(G) \/(k + 1)h+1 H;l:"rll dg(vl‘l)
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Moreover, each path of length h in G leads to 2k+ k? paths of length h in Go Ny;
thus, the paths of length h in G contribute to Rj,(G ¢ Ni) in

Z ( k k

Uiy Vig -+ Vip 14 €pn(G) \/2 k + 1)h th 1 d vll \/2 k+ 1 h Hthl d(vil)

2
+ K ).

VA + DU T, d(vy)

Furthermore, each cycle of length h in G leads to 2kh paths of length A in Go Ny,
and also each cycle of length h — 1 in G leads to (h — 1)( ) paths of length A in
G © Ni; thus, the cycle of length h and h — 1 in G contribute to Ry (G ¢ Ni) in

Z 2kh
rTTh ’
Viq Vig Vi Vig €Ch(G) \/2(]{3 + 1) HZ:I d(Uil)

) (h=1)(3)

Uiy Vig ++-Viy, 4 Vig ECh—1(G) \/4(k7 + 1)h71 th;II d(vil)

respectively, where (;(G) denotes the set of cycles of length h contained (as
subgraphs) in G. So,

Rh(GONk)

_ oy < 1 ’
vilviQ...vih+1€ph( ) \/(k + 1>h+1 Hh+1 d U’Ll \/2 k + 1 h H d('UZ'Z)

n k k2

V 20k + DT d(oy) \/4 K+ 1)h-L[TM, d(v;)
2kh
+ )

U11U¢2...U¢}Lvi1€Ch(G) \/2(k + l)h H;L:]_ d('UZ'l)

. 5 (h=1)()

_ h—
Vig Vig -+ Uiy, Vig €C—1(G) \/4(k + 1)h ! I_Ilzl1 d<viz>

< G = 2k e

=~ |Ph( )’(\/(k+1)h+15h+1 \/2 k—i—l h§h \/4 k+1 h—1§h— 1>
%h (h—=1)(5)

+ |Ch(G)|m + [Ch-1(G) \/4(k: T l)h_215h—1'

By taking into account that [(,(G)| < |pn(G)], [(h—1(G)| < |pr-1(G)| and
Lemma 2.6 we obtain the upper bound and the lower bound.
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Theorem 2.8. Let Gy and G2 be graphs. Thus, we have

1 mima 2ming
H(G{oGy) > H(Gy) + )
( 1 2)_1—|—n2 ( 1) Ay + 2 A1(7”L2+1)+A2+2
1 mimse 2ming
H(G10Gy) < H(Gq) + + .
(G 2)_1+n2 (G) do+2  S(ne+1)+0d+2

Proof. The edges of G; ¢ G2 are partitioned into three subsets Fy, Fs and Fj
as follows:

Ey ={e € E(G10Gy)le € E(G1)},
Es = {e € E(G1 <>G2)|€ S E(Ggi),i =1,2,.., ’E(Gl)‘},
Es = {6 S E(G1 <>G2)’€ =uv, uc V(Ggi),i =1,2,.., |E(G1)‘,U S V(Gl)}

Therefore,
et = uueE%:ng) dayoc, (u) i dero, (V) At Azt s
Where
Al:quZE1 d(u)id(’lf):uvezEl (ng + 1)dg, (u) —?— (ng + 1)dg, (v) B (1 —:nQ)H(Gl)’
A u; d(u)—zkd(v):m1 u; dasa (0) + 2 ; RO
As woe ks d(u)j—d(v):ués da,(u) + 2 +2(n2 + 1)d(v) = Aq(1 —1—2722)17:—2 Ay +2°

By summation of A, As and As, the result can be proved. Also for the
reverse bound we can do analogously.

Corollary 2.9. Fori € {1,2}, if G; be d;-regular graph of order n;, then

1 m1ms9 2m1n2

H(GroGy) = P HIG) + 5705 )+ Ay 42

Corollary 2.10. For a graph G of size m and an empty graph Ny of order k,
we have

H(GoNy) > ——

H(GoNg) < —/—H(G) +
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Theorem 2.11. Let G1 and Gy be graphs. Thus, we have

\/2 (na+ 1)0, — 2 + Z“mQ V205 + 2
2

+2

> M
Ar(1+ ng

no + 1)(A2 =+ 2)A17
mimsg
AB < — /2 HA 2A 2
C(G1<>G2)_5(1+ \/ (ng +1)A 52+2\/ 2 +

A 1 A
+2m1n2\/ 1(ng + 1)+ Ao

ABC(Gl < Gg)

(ng + 1)(52 =+ 2)51 ’

Proof. The edges of (G; © G2 are partitioned into three subsets Fq, Fo and Ej3
as follows:

by = {e € E(G1oGa)le € E(Gl)},
By, = {6 S E(G1 <>G2)’€ S E(Ggi),i =1,2,.., ’E(Gl)‘},
Es ={ec€ E(G10Gy)le =uv, u € V(Gy,),i =1,2,....|E(G1)|,v € V(G1)}.

Therefore,
ABO(G1oGy) = Y. dG10Gy () + dGroGy (V) —2 Ay
wwe B(G1oG) dayoc, (U)day 06, (V)
Where

Z n2+1 dGl( )+dG1(U))_2> my

(n2 + 1)2dg, (Wde, () — Ar(1+n2) V2(ns + 1), — 2,

uwveFq

dG2 +2+dG2( )+2_2 mims
- Z 205 + 2,
1 m;EQ (da,y (u) +2)(da, (v) +2) Ao + 2\/27

Z n2+1 Yda, (u) + day (v) +2 — 2 > 2ming (ng 4+ 1)1 + 02
woc s n2 + 1)dG1( )(dG2 (U) + 2) - (ng + 1)(A2 + 2)A1'

By summation of Ay, Ao and As, the result can be proved. Also for the
reverse bound we can do analogously.

Corollary 2.12. Fori € {1,2}, if G; be d;-reqular graph of order n;, then

mimsy
—\/2 2 2
(5(1+ \/ (ng +1)01 52+2\/ d2 +

d1(ng + 1) + &2
2 .
* mm\/(n2 )02 £ 2001

ABC(G1 < Gg) =
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Corollary 2.13. For a graph G of size m and an empty graph Ny of order k,
we have

m h(k+1)+2
> — - 7
ABC(G o Ni) > 1(1+k)\/2(k+1)51 2+ 2mk S

m Ay(k+1)+2
AB N <~ k)AL — 24 2mky | ST L
ClGoNy) < Sy V2R DAL =24 2mbky [ =
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